Acta Universitatis Apulensis No. 45/2016
ISSN: 1582-5329 pp- 97-103
http://www.uab.ro/auajournal / doi: 10.17114/j.aua.2016.45.08

STARLIKENESS CONDITIONS FOR NORMALIZED ANALYTIC
FUNCTIONS INCLUDING RUSCHEWEYH OPERATOR

S. SHAMS, P. ARJOMANDINIA

ABSTRACT. In the present paper, we introduce special subclass of analytic
functions using Ruscheweyh operator. By making use of the notion of differential
subordination, we find conditions on the parameters M, «,d and p for which

|<1 —a+alA+ 2)RM2f(Z)> <Rmf(z)>u —a(A+1) <Rmf(z)>u+1 —1| < M,

RMUf(z) )\ BM(2) R\ f(2)

implies that f € S;(0), where n € N. The results obtained here generalize some
previously results given in the literature.
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1. INTRODUCTION

Let A,, denote the class of all analytic functions f(z) in the open unit disk D = {z €
C : |z|] < 1} which are in the form

f(2) =24 apng12" ™+, (1)

with A = A;.
Let 0 < ¢ < 1. The class of (normalized) starlike functions of order 4, S’ (), is
defined by
2f'(2)

Sr(0)=<feA, R
0 ={ e
with S*(6) = S7(0). It is well known that S*(0) = S*, where S* is the class of

(normalized) starlike functions in D, (see [3]). Simillary, we denote by K, () the
class of (normalized) convex functions of order ¢ and define by

Kn(é):{feAnzﬁ?(l—%zﬁé(;;)) >4, zGD}.

> 0, ze]D)},
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It is well known that f € K, (0), if and only if zf'(z) € S’ (), (see [3]).
Let f, g be analytic in D. We say that f is subordinate to g (or g is superordinate
to f) and written as f < g if there exists an analytic function w(z) in D such that

w(0) = 0, [w(z)| < 1 and f(z) = g(w(2)).

Let f,g € A be given by Teylor series expansions of the forms
fz)=z+ Zakzk, g(z) =2+ Zbkzk, (z € D).
k=2 k=2
The Hadamard product (or convolution) of f and g, denoted by f * g, is defined by
(f*9)(2) =2+ > arbpz® = (g% f)(2). (2)
k=2

Suppose that f € A. The Ruscheweyh derivative operator [4], R : A — A, is
defined as follows

Rf(2) = ﬁ «f(2), A\>—1,z€D). (3)

By an easy calculation we find that
ROf(2) = f(2), R'f(2) = 2f'(2) and R2f(2) = Z(2f'(2) + 2f"(2)),

and so on. Using (3) and strightforward calculations we deduce that for each A > —1
and z € D
2ARM) (2) = A+ DR f(2) = ARM (2). (4)

In [6] some conditions on M, a, d and p were determined so that

(1—a) (Jt(;)>u+af’(z) <f(z)>u_1 —-1l<M

z

implies f € S} (9).
Motivated by the recent work of Zhu [6], in the present paper we see that the
results remain true for the functions f € A,, that satisfy the following condition:

o) () - ()

<M. (5)

For special choices of a and A, (5) reduces to the interesting cases that will be given
in the corollaries. For the similar results see [1, 2, 5].
To prove our main results we shall use the following lemmas.
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Lemma 1. ([6]) Let B(z),C(z) and D(z) be complex functions in I and let n be a
positive integer. Suppose that D(0) =0, B(z) # 0 and ?Rggg > —nforall zeD. If
p(2) = ppz™ + ... is analytic in D and satisfies

|B(2)2p/(2) + C(2)p(2) + D(2)| < M,
for all z € D, then |p(z)| < N in D, where

M + |D(2)|
N = A - A — D>.
S“p{rnmz) O
Lemma 2. ([6]) Let & > 0, > 0 and

( (ptna)(1-9) .
n+u(1—0) ’

Mn(a7 9, M) = (#Jrnoé)\/m

\/n2a2+2(n,u+(176),u2)a ’

a(ptna)(1-0) .
2u+(n—p+ud)a ’

n+up(1-9)

) and

where ay =

_ V912 + 2np +n2 — (1812 + 2nu)d + 9u262 — 3u + n + 3ud
2n(1 —90) .

a1

If p(2) and ¢(z) are analytic in D with p(z) = 14+pp2"+...,and ¢(2) = 14+¢,2"+.

and satisfy ¢(z) < 1+ % also ¢(z)(1 —a+ap(z)) < 1+ Mz with 0 < M <

My (a, 9, 1), then R(p(z)) > 6 for all z € D.

2. MAIN RESULTS

Using Lemmas 1 and 2, we state and prove the following results.

Theorem 3. Suppose that «, u,d, M and M, (a,d, 1) be defined as in Lemma 2. If
f € A, satisfies

(1 _ a+a(A+2)R/\+2f(z)> <RH1f(Z)>ua(A+1) <RH1"C(Z)>W <14 M-,

RALf(2) )\ RM(2) RAf(2)
then
R)\+2f(z) B R)‘—Hf(z)
R ((/\ + 2)7]%1]0(2) (A + 1)7R/\f(z) ) > 4.
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I
Proof. Let q(z) = (RHlf(z)) . Using (4), after an easy computation, we obtain

R )
12¢'(2) _ R2f(z) R)
hale) - MR T M TR

This gives that
@
() + ;zq’(z)

_ RM2f(2)\ (RM(2)" B
= (1-eraniazmis) () 00 (i)

By the assumption of the theorem we have ¢(z) + %zq’ (z2) < 14+ Mz, or equivalently

%zq’(z) +q(z) — 1‘ < M. From this we see that all conditions of Lemma 1 are

satisfied. So, we obtain |¢(z) — 1] < N = £ which is equivalent to ¢(z) <

p+no?
uM
1+ P Let,

R)""Qf(z)
RMLf(2)

The assumption of the theorem shows that

R>‘+1f(z)

p(z) = (A +2) e

—(A+1)

gz)1—a+ap(z) <14+ M-z.
Applying Lemma 2, we see that Rp(z) > 0. This completes the proof.
Taking A = —1 in Theorem 3 we obtain [[6], Theorem 2]:
Corollary 4. Let a, p,d, M and M, (a, 0, 1) be defined as in Lemma 2. If f € A,

satisfies . <f(;)>u+af,(z)(f(zz)>“_1<1+Mz

then f € S} ().
Taking A =6 =0 and p = 1 in Theorem 3 we obtain the following result:
Corollary 5. Let a > 0 and

(14+na) . n+1
n+1 ;o n
M (a) _ (1+na)v2a—1 . V9+2ntn?—34n o < ntl
n n2a2+2(n+1)a ’ 2n — n
a(l+na) . V9+2n4n2—3+4n
\ 24+(n—1)a ;o 0<a< 2n :
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If f € A, satisfies
(o) () (1 oo

2 0) ()

Theorem 6. Let > 0and 0 < 3 < ——£E"__If f € A, satisfies

then

RMIF(2)\" RM2f(2) RMf(2)
(o) 0+ 2wy~ gy ] 1| <2
then A2 ( ) A+1 ( )
R f(z R f(z
%(()\+2)R/\+1f(z)—()\+1) R (2) >>6
where,
(ptn)(1-8) ) n
e ; 0<p< 27;11
5= (6)
(ptn)?(1-%)—p?B> . ptn <g< ptn
2(H+n)2,2#252 ’ 2u+n — \/Mz"l‘(li—"‘n)z

Proof. From (6) we have

(ptn)v1-20 ) 7
3 g 0 0 S0S mim
(ptn)(1-9) .
Mn—&-n,u-l-ucs ) 3u/fﬁ-n <o <L

It is easy to show that the inequality

VOuZ + 2np + n2 — (1842 + 2nu)d + 9262 — 3u +n + 3ud
2n(1 =)

<1

is u . Hence, it is seen that all conditions of Theorem 3 are
satisfied with 8 = M (1, (5 p) and we obtain R(p(z)) > 0, where ¢ is given by (6)
and

RA+2 f( z)
RMf(z)

R)‘+1f(z)

p(z) = (A+2) W

—(A+1)

Taking A = —1 in Theorem 6 we obtain [[6], Theorem 3]:
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__ptn :
Corollary 7. Let 4 >0 and 0 < 8 < N/ If f € A, satisfies

7(:) (M)“_l -1

. <B; (2€D),

then f € S’ (9), where 0 is given by (6).

Finally, taking A = —1, u = 1 and zf’(2) instead of f(z) in Theorem 3 we obtain
[[6], Theorem 4]:

Corollary 8. Let 0 < < 1,a >0 and

( (14+na)(1-6) .
n+1—0 )

(I4na)y/2a(1-6)—1

v/n2a2+2(n+1-8)a

a(l+na)(1-9)

| 21 (n—1+d)a 3 0<Oé<(11
where ag = 261:6‘)5 and
N VI+2n+n2—(18+2n)5 + 962 —3+n+ 39
1= .

2n(1 —9)
If f € A, satisfies
If(2) + azf"(z) — 1| < M; (2 € D),

with 0 < M < M,(«,d), then zf" € S*(), i.e., f is convex-univalent function of
order 9.
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