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ABSTRACT. In this article, we derive a sharp estimates for the Taylor-Maclaurin
coefficients of functions in a certain subclass of spirallike functions. Also, we give
several corollaries and consequences of the main results.
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1. INTRODUCTION

Let D be the unit disk {z:|z| <1}, A be the class of functions analytic in D,
satisfying the conditions

f(0)=0 and f(0) = 1. (1)

Then each function f in A has the Taylor expansion
oo
f(z)=2z+ Z anz" (2)
n=2

because of the conditions (1) . Let S denote class of analytic and univalent functions
in D with the normalization conditions (1).

Definition 1. For 0 < a <1 let S* (a) and S¢(«) denote the class of starlike and
convex univalent functions of order o, which are defined as the following, respectively

S* (@) = {f(z) €S :Re <2Jf(iz)>) >a, z€ D}

and

S (a) = {f(z) € S:Re <1+ Zﬁ;?) >aq, z e]D)}.
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Observe that S* (0) = S* represent standard starlike functions. A notation of
a_starlikeness and a_convexity were generalized onto a complex order o by Nasr and
Aouf [7]. Spacek [10] extend the class of starlike functions by introducing the class of
spirallike functions of type £ in D and gave the following analytical characterization
of spirallikeness functions of type £ in D.

Theorem 1. (Spaéek [10]) Let the function f(z) be in the normalized analytic func-
tion class A. Also let B € (—g, g) . Then f(z) is a spirallike function of type 8 in
D if and only if

Re (eiﬁ Zfé?) >0, z€D. (3)

We denote the the class of spirallike functions of type 3 in in D by S8, Libera 6]
unified and extended the classes S* () and S? by introducing the analytic function

class 53 in D as follows.

Definition 2. (Libera [6]) Let the function f(z) ben in the normalized analytic
function class A. Also let § € (—g, g) and o € [0,1). We say that f € S8 if and
only if

(S BZﬁZf/(Z) < COS z , (6
R( f(z)>> B (zeD;0<a<). (4)

From Definition 1 and 2, we have the following inclusions:
59 = 5% (a) and 55 = 5.

Libera [6] also proved the following coefficients bounds for the functions in the class
Sa.

Theorem 2. (Libera [6]) If the function f € SE is given by (2), then

n-2 —a)e P cos ]

The coefficient estimates in (5) are sharp.

[ee] [e.e]
Let f(z) =z+ Z apz" and g(z) = z + Z b,z" be analytic functions in D. The
n=2 n=2

Hadamard product (convolution) of f and g, denoted by f * g is defined by
(Fra) () =2+ anbas", z€D.
n=2
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Let n € Ng = {0,1,2,...}. The Ruscheweyh derivative [8] of the n'" order of f,
denoted by D" f (z), is defined by

z > n+k
D"f(z):m* = kz n+1+ ) 1)!akzk. (6)

The Ruscheweyh derivative gave an impulse for various generalization of well known
classes of functions. Exemplary, for a (0 < o < 1) and n € Ny, Ahuja [1, 2] defined
the class of functions, denoted R, (o), which consist of univalent functions of the
form (2) that satisfying the condition

Re <W> >a, z €D. (7)

We denote that Ry («) = S* («) . The class R, (0) = R, was studied by Singh and
Singh [9]. With the aid of Ruscheweyh derivative we can generalize the spirallike
functions as follows.

Definition 3. Let the function f(z) be in the normalized analytic function class A.
Also let B € (=%,%). Then f(z) is in the class RY if and only if

sz (D" f (Z))')
Re <e D f(2) >0, z €D. (8)
Note that ﬁg = 55.

Definition 4. Let the function f(z) be in the normalized analytic function class A.
Also, let B € (=3,5) and v € [0,1). Then f(2) is in the class R () if and only if

202
Re(zﬁw> > acosf, z€D. 9)

Also, note that ég () = S8, ég (0) = S8 and ]TZS (a) = S* ().

Definition 5. Let a € [0,1), 5 € (—%, g) and let f be an univalent function of the
form (2) such that D™ f (z) # 0 for z € D\ {0}. We say that f belongs to R (o, A)
if and only if

e (D" f (2))'
" < (LN D"/ (2) + A2 (D] (2))

) > acosf, z€D. (10)
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Definition 6. Let f (z) and g (z) are analytic functions in D. We say that f (z) is
subordinate to g (z) in D and we denote

f(z)<9(2) (zeD),

if there exists a Schwarz function w (z) analytic in D, with
w(0)=0and |lw(z)| <1 (z€D),

such that
f(z)=g(w(z) (z€D).

In particular, if the function g is univalent in D, the above subordination is equivalent
to

f(0)=g(0) and f (D) C g (D).

After the proof of the Bieberbach Conjecture [3] (which is also known as de
Branges Theorem [4]), many authors were interested in other interesting subclasses
of normalized analytic function class A. In this paper, we obtain sharp coefficient
bounds for functions in the class Ro (o, A\) and we give a necessary and sufficient
condition such that f € A belongs to Rp (o, M) .

2. MAIN RESULTS

In this section, we obtain coefficient conditions for functions in the class given by
Definition 5. Also, we get sharp estimates for functions belong to Rﬁ (o, N).

Theorem 3. Let o € [0,1) and 8 € (—%,%) and let f(2) is in the form (2) such
that D™ f () # 0 for z € D\{0}. Then, f (z) belongs to the class Rb (o, \) if and
only if

[e.9]

Z{(k— 1) (1= A(a+itan8)) + 2% — A (1 — ) (1 —e2i5> (k — 1)}Akzk £0

= (1)
(z € z € D\ {0}),

where
I'(n+k)

A=+ =D 5y

a, k € N\ {1}
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Proof. Let the function f € S be defined by (2). Define a function
h(z) = D"f (2 —z+ZAkz zeD. (12)

Consider the function

i h(z .
e sec 3 ((I—A)h(z()—i)—)\zh’(z)) —itanf —a
11—«

p(z) =

is an analytic function which satisfies p(0) = 1 and Re (p(z)) > 0, then f € Rj (a, \)
if and only if -
1—e~
p(2) # 11 2B
or,
ePsec Bzh!(2) — (a +itan B) (1 — A) h(z) + Azh/(2)) , 1 — %P
(1 —a)((1 =X h(z) + Azh/(2)) 1+ e

By using the series expantion of h(z) which is given by (12), we get the following

e}

(1 v e%ﬁ) 3 [k —1) (1 — @A — ixtan B) + (1 — @)] Ag2*

k=1
#(1-a) ( 215)2 ) A) A2

k=1
for z # 0. It is equivalent to

o0

Z{(k— 1) (1= A(a+itan B)) + 262 — (1 - ) (1 —em) (k — 1))\} Azt £ 0,

k=1

which completes the proof of Theorem 3. I

_ Now, we prove our coefficient estimates for functions which belong to the class
RS (o, \).

Theorem 4. Let o € [0,1) and 8 € (—%,%) and let f(2) is in the form (2) such
that D™ f (z) # 0 for z € D\ {0}. If f (2) belongs to the class R} (o, ) then

F —i—l .
lag| < e +k” e 11‘[ ‘ N2 —a)ePeosB(1+ M) (13)

(neN\{l}, N:={1,2,3,---}).

This result is sharp.
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Proof. Since f € Rb (ar, \) there exists a Schwarz function w(z), which is already
introduced in Definition 6, such that

e sec z(D"f (2)) _itan 8 — 1+ (1—-2a)w(z)
0 <(1 —A)D"f(z) + Az (D" f (Z))/> ton 1—w(z)

Consider the function h(z) defined by (12). Then, we get

WE

[mw%q%41+umﬂﬂy—@—nAﬂAﬂk

T
[\

= <Z [k‘ew secf+ (1 —2a—itanp) (1+ (k—1) )\)} Akzk> w(z). (14)

k=1

The last equation (14) may be written (for n € N) as follows:

i [ke’ﬁ secf—(1+4itanB) (1 —(k—1) )\)} At + i by2"

k=2 k=m-+1
m—1
= (Z [kew secf+ (1 —2a—itanp) (1 + (k—1) )\)} Akzk> w(z). (15)
k=1

The last sum on the left-hand side of (15) is convergent in D for m =2,3,--- .
Since, by hypothesis, |w (z)] < 1 (z € D), it is not difficult to find by appealing
to Parseval’s Theorem that

m—1 2
ke sec B (1 —2a —itan B) (14 (k — 1) \)| |Ax|?
k=1
m 2
Ejmwmﬁ (1+itan ) (1 — (k — )N 1AL
k=2
or
m—1 2 2
—1)2(1— )
Y4k —a(it (k- D) A > PN, e g
— cos? B8
where A; = 1.
We claim that
1 m—2 ‘
A < _1I[pa—Ay+u1—am%5w%1+jm. (17)

(m— (1 — A" L5
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For m = 2, we get from (16)

2(1—a)cosf

Ay <
el < == =5

which is equivalent to (17). (17) is obtained for larger m from inequality (16) by the
principle of the mathematical induction.

Fix m, m > 3, and suppose that (13) holds for £ = 2,3,--- ,m — 1. Then from
(16) we get the following inequality

9 4(1—a)cos®pB — .
| A gmwﬁyu_Af{l—a+Z;B%wa% (18)
where
B(k,j,a):(1+(k_1)/\)(k_a(k D H‘j (1—X)+2(1—a)cosBe? (1 —I-j)\)2

(%—1ﬂu—Af4> j=0

We must show that the square of the right side of (17) is equal to the right side of
(18) ; that is

H M) +2(1—a)cosBe (1 +])\)‘
7=0

%nfnulf»mﬂr

41— a)cos? {1 +m_1B . }
- -« (kv 7a) (19)
(m =17 (1= 2, ik

form = 3,4, --- . After necessary calculations we can show that (19) is true for m = 3
and proves our claim for m = 3. Assume that (19) is valid for all k, 3 <k <m — 1;
then from (16) and (18) we obtain

4(1—a)cos? 3 { = . , }
Al < l—a+ ) B(kj,a)+B(m-1ja)
(m— 12 (1) 2
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+

m—2 k—2
At k=D E=ak-1)A) [T} =2 +20-a)cosse 1 +jA>)2
k=2 ((k -1 - )‘)k_l) =0

m—3
(1+(m—2))\)(m—1—a(mz—2))\) H ’j(l—/\)—i-2(1—()z)(:osﬁeiﬁ(l—i—]’)\)‘2
((m (1 A)’H) i=0
m—3
H |j(1—>\)—|—2(1—a)cosﬁew(1 —{—j)\)|2
_ =0 (m —2)°
(m -2~ A)’Hf (m—1)°
s (I+(Mm—=2)N)(m—-1—a(m—2)N)
+4(1 — a)cos” B (12 (1 N2 }
m—3

17 (1= ) +2(1 — ) cos Be'® (1+ jA)[*
Jj=0 2 2
= (m—2)"(1-M\)
((m— (1 —A)"H)Z {

+4(1—a)cos®’ B(L+ (m—2)A) (m—1—a(m—2)\)}

1 m—2

_ 2H‘j(l—)\)+2(1—a)cosﬂew(1+j)\)
(<m—1)!(1—x)m—1) j=0

‘ 2

From equality (6) we get the desired result.

3. COROLLARIES AND CONSEQUENCES

By choosing appropriate values of values of n, A\, 8 and « in Theorem 4, we obtain
the corresponding results for several subclasses of S.

Corollary 5. If A =0, we get the following result for function f € RS ()

k—2

F(n+1) . i3
<~ 77 — v .
lax| < Tt k) jlzlo ‘]+2(1 a)e'” cos
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Corollary 6. If n=0 and A =0, we obtain (5) which is stated in Theorem 2.

Corollary 7. If n =0, 8 =0 and A = 0, we obtain the following result for functions
belong to S* (a)

|J+ )|
ar| < .
o] 1:[ J+1

Corollary 8. If A =0 and a = 0, we get the following result for function f € 1725

F 1)
lag| < n—|— H ‘]+2€ZBCOS,8’

Corollary 9. If n =0, A =0 and o = 0, we get the following result for spirallike
functions of type B in D

}j +2ezﬂcosﬁ‘
w < I 2
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