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ABSTRACT. We introduce a subclass of uniformly starlike and convex functions
with negative coefficients defined by Saldgean operator. In this paper, we obtain
coefficient estimates, distortion theorems, closure theorems and radii of close-to-
convexity, starlikeness, and convexity for functions belonging to this class. Several
results for the modified Hadamard products of functions belonging to this class
are obtained. Finally, distortion theorems for fractional calculus functions are also
considered.
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1. INTRODUCTION

Let A; denote the class of the functions of the from
fl2)=z+ > a2z (JeN ={1,23,.}), (1.1)

which are analytic in the open unit disc U={z : |z| < 1} . We note that A; = A. For
a function f (z) € Aj let

Df(z) = f(2),
D'f(z) = Df(2) =zf(2),
D"f(z) = D(D"'f(z))

=z+ Zk”akzk , n€Ng=NuU{0}. (1.2)
k=j+1
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The differential operator D™ was introduced by Saldgean [9]. With the help of the
differential operator D", for 0 < a <1, 0< A <1, 8>0,n € Nyjand m € N, let
Sj (n,m, A, o, f) denote the subclass of A; consisting of functions f (z) of the form
(1.1) and satisfying condition

p [ A=V 2D ) + Az (D f ()
(1—X) D f(z) + AD™Hm f (2)

(1=N)z (D"f (2))' + Az (D™ f (2))
(1 =X Df (2) + AD™+m f ()
The operator D" was studied by Sekine [11], Hossen et al. [6] and Aouf and

Salagean [4] .\We denote by T the subclass of A; consisting of the functions of the
form

B -1

,2€U. (1.3)

f(z)=2z—- Zakzk (ap >0,k >j+1;j €N). (1.4)

Further, we define the class Q; (m,n, A, a, 3) by
Q] (m7 n, )\7 «, ﬂ) = Sj (ma n, )‘7 «, /8> N T‘]

We note that, specializing the parameters «, 5, A\,n and m, we obtain the following
subclasses studied by various authors:

(1) Q1 (1,n, A\, B) =TSx (n,, 8)  (see Aouf et al. [2]);

(73) Q1 (m,n,0,a,8) =T (n,a,3)  (see Aouf [1]);

(143) Qj (m,n, X, ,0) =T (m,n, A\, ) (see Aouf et al. [3]);

(v) Qj (1,n,X,0,0) = P (j,n, A, ) (see Aouf and Srivastava [5]);

(v) Qj (1,n,\, B, k) = Uj (n, A\, o, f) (see Shanmugam et al. [12]);

(vi) Q; (m,0,0,a,B) = TS (m,a, 5) (see Rosy and Murugusudaramoorthy [8]);
(
(

vit) Q; (1,0,0,0,0) = Cy (j) (see Srivastava et al. [15]);
viti) Q1 (0,0,0,,0) = T* (o) and Q; (0, 1,0, ¢, 0) = C' () (see Silverman [13]).

2. COEFFICIENT ESTIMATES

Theorem 1. Let the function f (z) be defined by (1.4). Then f (z) € Q; (m,n, \, o, B)
if and only if

N KRB~ (a+ B [1+ (E" )N ap <1 -a (2.1)
k=j+1
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Proof. Assume that ( 2.1) holds.Then we must show that
(1=Nz (D*f (2)) + Xz (D" (2))
(1 =) D f(z) + ADmf (2)

(1—A)Z (D”f (Z))/—FAZ(Dnerf(z)), B -
Re{ (1 =X)Dnf(2) + ADT™ f (2) a}‘<1 )

8 1| -

We have

(I=A)D"f(2) + AD™" f (z)
Re (1 =X z(D"f (2)) + Xz (D" f (2)) -
(I =A)D"f(2) + AD™" f (z)

-1

B

(146) 5 B (b= 1[I+ — 1) Nt

< k=j+1
- 1— S kn[L+ (™ — 1) A ajzb-!
k=j+1
(1+6) S K (k—1)[1+ (" —1) N ag
< s <1-a.
1= S kn[L+ (k™ — 1)\ a
k=j+1

Hence, f (z) € Qj (m,n, A\, a, 5) .
Conversely, let f (z) € Q; (m,n, A, «, 3). Then we have

1— > E"PH1+ (™ —1) N agzh?
k=j+1

1— > k14 (k™ —1)Aagzkt
k=1

_az

SR (k= 1)1+ (k™ — 1) \] apeh!
k=741

1— > k7[1+ (k™ —1) N agzk1
k=j+1

B

Letting z — 17 along the real axis, we obtain the desired inequality

DR EQ+B) = (a+ B [L+ (k™ —1)Nap <1-a.
k=j+1
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This completes the proof of Theorem 1. §

Corollary 1. Let the function f (z) be define by (1.4) be in the class Q;(m,n, A, o, 3),
Then

11—« .
) e ) T Vb R
The result is sharp for the function
f(z) = — Fkzirn.  (25)

Sk k(14 B) — (a+ B[+ (k™ — 1) A

3. DISTORTION THEOREMS

Theorem 2. Let the function f(z) defined by (1.4) be in the class Qj(m,n, A, o, B). Then
for |z| = r < 1,we have

. 1—a .
D'f(z r— . ri Tt :
A e L G B e W (T B DY @1

(2 r : 1-a ritl .
DrEl st ey s a—anr e oo G2

for z € U and 0 < i < n. The equalities in (3.1)and (3.2) are attained for the
function f(z) given by

=z — L-a P (2= +r
f& = Gy pasmra-aarae =N | i)@a

Proof. Note that f(z) € Q;(m,n,\, a, B) if and only if D' f(z) € Qj(m,n—i,\, a, )
and that

D'f (2) =2z — Z Kapz (3.4)
k=j+1
By Theorem 1,we have
GHD" T HA+B+ A= I+ (G+D)™=1)A Y Ka
k=j+1
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<D KEQAFB) - (@B 1+ E" - 1) Nap <1-a,
k=j+1
that is, that

> . 11—«
kla . . 3.5
k; S I L PG B Gy i e YR

The assertions (3.1) and (3.2) of Theorem 2 would now follow readily form (3.4)
and (3.5). Finally, we note that equalities in (3.1) and (3.2) are attained for the
function f(z) defined by

l-«
GHD"HA+B) + A=)l L+ [ +5)" = 1A
This completes the proof of Theorem 2. 1

Dif(z)=2z— AT (3.6)

Corollary 2. Let the function f(z) defined by (1.4)be in the class Q;(m,n,\, o,
).Then for |z| =r < 1

l1—a

e T A A Gl A+ [ )" — I

AR (3.7)

and.

l-a
G+D" A+ + A —a)[1+[1+)" —1]A]
The equalities in (3.7) and(3.8) are attained for the function f(z) given by (3.3).

f Gl <r+

ritl(3.8)

Proof. Taking i = 0 in Theorem 2, we immediately obtain (3.7) and (3.8). 1

Corollary 3. Let the function f(z) defined by (1.4) be in the class Q;(m, n,\, o, 8
). Then, for |z]=r <1
F) 21— Lo (39
G+ A+ + A=) [T+ [1+5)" —1]A]

and

, 1-a
[f G <1+ —
G+ FA+8)+A—a)]1+[1+5)" —1]A]
The equalities in (3.9) and (3.10)are attained for the function f(z) given by (3.3).

. (3.10)

Proof. Setting i =1 in Theorem 2, and making use of (1.3), we arrive at Corollary
3.1
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4. CONVEX LINEAR COMBINATION

In this section, we shall prove that the class Q;(m;n,\, «, B) is closed under convex
linear combination.

Theorem 3. . Qj(m,n,\, o, ) is a convex set.

Proof. Let the functions
fo(z) =2z— Z ay g 2° (ayr > 0;v=1,2) (4.1)

be in the class Qj(m,n,\,a, 5 ). It is sufficient to show that the function h (z)
defined by

h(z) = ph(z)+ 0 —p)f2(2) O<p< 1) (4.2)

is also in the class Qj(m, n,\, o, B). Since, for 0 < pp < 1,

h(z) =z— Y A{pars+ (1 - p)ars} 2", (4.3)
k=j+1

with the aid of Theorem 1, we have

SRR+ 8) — (at+ B)] [+ (W™ — 1) X] {nas + (1 — ) ago} < 1—a, (44)
k=j+1
which implies that h (2) € Q;(m,n,\, «,3). Hence Qj(m,n,\, o, ) is a convex
set. I

Theorem 4. Let f;(z) =2z and

l—« k .
— k>j+1;neNymeN
TRRO D AT oy P2/ lneNem e
(4.5)
for 0<a<1, B8>0and0 < X< 1, then f(2) is in the class Q;(m,n,\, «a, ), if

and only if it can be expressed in the form

fi (z) =

& = S i), (4.6)
k=j

where v >0(k >j)and Y vp=1.
y
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Proof. Assume that

= vk fi(2)
k=

11—« k
=z : 4.7
= Z kA8 — (@t AL+ (km—1A *° (47)
Then it follows that

i {k"[k(1+ﬂ)—(a+5)] L+ (k" - DA

11—«

k=j+1

l—«

ke (1+8) — (e + B)] [1+(km—1)A]Uk}

=) wm=1-v; <1 (4.8)
k=j+1
So, by Theorem 1, f (z) € Q;j(m,n,\, o, 3 ).
Conversely, assume that the function f (z) defined by (1.4) belongs to the class
Q;(m.nA o, 5). Then

l—«

WS kA8 (at ALt (B - DA

(k> j+1; neNyp;meN).

Setting
- k”[k(l—i—ﬁ)—(alt@] [1+ (A" —1) A ap (k> j+1; n€ Ng;m€N)
(4.9)
and

o0
v;=1- Z Vg

k=j+1

we can see that f (z) can be expressed in the form (4.4) .This completes the proof
of Theorem 4. 1
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5. RADII OF CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY

Theorem 5. Let the function f (z) defined by (1.4) be in the class Qj(m,n, X, o, B). Then
f (2) is close-to-convex of order p (0 < p < 1) in |z| < ri, where

= Tl(m,n,)\,a,ﬁ,p)

e[ LR )~ (o I 67 - )

k 11—«

1
}“ k>j+1). (5.1)
The result is sharp, the extremal function f (z) being given by (2.5).
Proof. We must show that

|f'(z) =1 <1—p  for [2| <ri(m,n,\aB,p),
where r1(m,n, A\, «, 3,p) is given by (5.1). Indeed we find from (1.4), that

‘ z)—1| < Z kay, |2/F7t.

k=j+1
Thus
|f'(z) =1 <1—p

i <1ﬁp> ar |2/F7t < 1. (5.2)

k=j+1
But, by Theorem 1, (5.2) will be true if
( k ) oF < K[k (L+8) — (e+ B)][1+ (K™ — 1) Al
1—p -

1l -«

if

i

that is, if

1

(L=p) k" [E(1+8) = (a+ A1+ (" =N

1l -«

H< | (53)

Theorem 5 follows easily from (5.3). i

Theorem 6. Let the function f (z) defined by (1.4) be in the class Q;(m,n,\, o, B). Then
[ (2) is starlike of order p (0 <p <1)in |z| < ro, where

ro = TQ(m7n7)\7a7/8ap) =

L=p) k" [K(1+8) —(a+ B[+ (F" - DN\ &D
{ (k—p)(1—a) } (k>j+1). (5.4)

The result is sharp, with the extremal function f (z) given by (2.5).

inf
k
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Proof. 1t is sufficient to show that

z f'(2) ‘
—11< 1- for |z| < 7ro(m,n, A\ «, B, p),
where ro(m,n, \, a, B, p) is given by (5.4). Indeed we find, again from (1.4), that
> (k—1)a [2[*
z f'(2) ‘ < k=it
f(Z) B 1— Z ag ’Z|k71
k=j+1
Thus ,
f(2)
if
e o] k _
§:<lﬁakMM1§L (5.5)
- 1—p
k=j+1

But, by Theorem 1, (5.5) will be true if

(£ 0)por < PB4 D=0 4 1067 - 0
1—0p 1—«

that is ,if

(A—p) k" [k +5) = (a+ I+ (K™ - 1)A| &
(k= p)(1—a)

Theorem 6 follows easily from (5.6).

\As[

Corollary 4. Let the function f (2) defined by (1.4) be in the class Q;(m,n, A, o, ).
Then f (z) is convex of order p (0 <p <1)in |z| <3 where

rs = 7"3(771777/, >‘7 «, ﬁ’p) = (57)

e[ LR 0D~ (0 Il (7 - 1)
! (k= p)(1—a)

The result is sharp, with the extremal function f(z) given by (2.5).

}kﬂk>j+n.
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6. A FAMILY OF INTEGRAL OPERATORS
Theorem 7. Let the function f(z) defined by (1.4) be in the class Qj(m,n,\, «, B
), let ¢ be a real number such that ¢ > —1. Then the function F(z) defined by

z

F@):C+1/f4ﬂodt (c> 1) (6.1)

2C
0

also belongs to the class Q; (m,n, A\, o, 3 ).
Proof. From the representation (6.1) of F'(z) , it follows that

where

Therefore,we have

Do K k(L+B) = (a+ B)[L+ (K™ = 1) Al by

k=j+1

> c+1
= E'k(1+06)—(a+B8)][1+ (K™ —=1)A a
3 ) - A+ NESE
<Y KK (B (K" ) A <1 o
k=j+1

since f(z) € Qj(m,n, A, o, §). Hence, by Theorem 1, F'(z) € Q;(m,n, A\, o, 3). 11

Theorem 8. Let the function

be in the class Q;(m,n,\, o, 8). And let ¢ be a real number such that ¢ > —1.Then
the function f(z) given by (6.1), is univalent in |z| < R*, where

Fr L[k (L4 8) — (a+ B)][L+ (k" — DA (e +1)] D
(c+k)(1—a)

(k>j+1).
(6.2)

R* = inf
k
The result is sharp.
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Proof. From (6.1), we have

2T 2F (2)Y [tk i
f(2) I — —z—k§1<c+l>akz.

In order to obtain the required result, it suffices to show that
|f'(z) =1| <1 whenever |z| < R,

where R*is given by (6.2). Now

IHOESIESY ki”k)ak 2|1

k=j+1 +1
Thus |f'(z) — 1| < 1if
> k(c+ k) b1
E _ < 1. .
c+1 ar 2] - (6:3)

k=j+1
But Theorem 1 confirms that

k' [k (L4 8) — (e + B)][1+ (K™ — 1) ]
11—«

ap < 1. (6.4)

Hence (6.3) will be satisfied if

kE(c+k)
c+1

' k(14 8) = (a+B)][1+ (k™ —1) ]

k-1
<
2] T a

that is, if

F U k(14 B) — (a+ B[+ (k™ — 1) A (c+1)] 7D
(c+k)(1—a)

|z| < (k>j4+1). (6.5)
Therefore, the function f(z) given by ( 6.1) is univalent in |z| < R*. Sharpness of
the result follows if we take

(c+k)(1—-a)

f(z):z_kn[k(1+l8)_(a+ﬂ)][1+(l{}m—1)>\] (c+1)

Kk>541).
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7. MoODIFIED HADAMARD PRODUCTS

Let the functions f,(z) (v = 1,2) be defined by (4.1). The modified Hadamard
product (or convolution) of the functions fi(z) and fo(z) is defined by

(fixf2)(2) =2 — Z ar1ap,22". (7.1)
k=j+1
Theorem 9. Let the functions f,(z)(v ,2) defined by (4.1) be in the class
Qj(m,n,A, a, B). Then (f1 + f2) (2) € QJ( 5(m7n7>\7a,5),5), where
d(m,n,\,a, B) =

(J'+1)"[(j+1)(1+ﬁ)—(a+5)]2[1+((3+1)m—1)/\]—(1—04)2

The result is sharp.

Proof. Employing the technique used earlier by Schild and Silverman [10], we need
to find the largest 6 = §(m,n, A, «, 8) such that

0 k" [k — (5 1 k™M — A
Z kA+8)—( 1+_65)] s 2 ]@k,1ak,2 <L (7.3)
k=j+1
Since -
5 k™ [k (1+8) — (a1+_@] i L P (7.4)
k=j+1
and ~
5 k" [k (1+ 8) — (af_@] [+ (k™ —1) )] ars < 1, (7.5)
k=j+1
then by the Cauchy-Schwarz inequality, we have
k=j+1
Thus it is sufficient to show that
K [k(L+8) = (6 + B[+ (K™ - 1) )]
Ak 10k,2

1-90
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SHKHEA+B) —(a+ BI[L+ (™ — 1A

I—a Vak10k,2
(k>j+1), (7.7)
that is, that
LI BRI 1L BT EICE) [y
> h(1+8) —(a+ 8] (16 _
VARG S (15 B) — 6+ A (L) * 2T T (7
Note that
1-a k>jt1). (7.9)

<
VRIS S T+ ) — (a4 AT+ (B — DA
Consequently, we need only to prove that

11—«
K[k (L+8) = (a+ B)] 1+ (k™ — 1) A]

[k(1+8) = (ae+8)](1-9)
[F(A+8)-(0+8I(1-a)

(7.10)

< (k>j+1)

or, equivalently, that

(k= 1)(1+8) (1 - a)? |
S R AT A @4 AP+ (- DA —(—ap 2SN

L (k=1)(1+8) (1 - )’ |
O R A A — @+ AP0+ (- DA —(—ap =T

(7.12)
is an increasing function of k (k > j + 1) then letting k = j + 1 we obtain

j1+8)(1—a)

GHD"GO+B)+ -+ (G+D)" = DA - (1-a)
(7.13)

which proves the main assertion of Theorem 9. Finally, by taking the functions

§<¢(j+1)=1-

=2z— 1-a P (v =
S Rl ey L Gy s ey ¥ ey (g s b L A
(7.14)

we can see that the result is sharp. I
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Remark 1. Putting m = 1 in Theorem 9, we obtain the following corollary
which corrects the result obtained by Shanmugam et al.[12, Theorem 5.1].

Corollary 5. Let the functions f, (z) (v = 1,2) defined by (4.1) be in the class
Uj(n, A, «, B). Then (f1 * f2) (2) € Uj(n, A, v, B), where
j0+p)(1 = a)?

T G+ + DA +8) = (a+BRA+N—(1—a)2 (7.15)

The result is sharp.

Theorem 10. Let fi(z) € Qj(m,n,\, o, ) and fo(2) € Qj(m,n,\,v,B3). Then

£, m,n, Ay, B) = 1-
A+8)1-a)1—=7)].
G+ HA+8)+ A —a)] A+ 8)+ (1 =)
AHGHD)" =DN -1 —a) (-7} (7.16)
The result is the best possible for the functions

- -« L+l
e = Grysarpra-airGrom oy 0

and

L e L P gy ey ey ey VR G

Proof. Proceeding as in the proof of Theorem 9, we get
§<1-[A+8)1-a)@—-7)].
AG+D)" GO +8) + (A=)l [f(1+5) + (1 -7
L+ +D)" =N = (1 —a) (1 -y}
(k=j+1). (7.19)

Since the right-hand side of (7.19) is an increasing function of k, setting k= j + 1
in (7.19), we obtain (7.16). This completes the proof of Theorem 10. i
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Corollary 6. Let the functions f,(z) (v = 1,2,3) defined by (4.1), be in the
class Q;j(m,n, X\, a, f). Then (f1* fox f3) (2) € Q;(m,n, A\, {(m,n, A\, o, B), ), where

C(mvna Avaaﬁ) =1- {j (1 + ﬂ) (1 - a)g}‘

{G+D"GA+B)+A =P L+ ((G+D)" = DA -1 -a)f’} " (7.20)
The result is the best possible for the functions f,(z)(v = 1,2,3) given by (7.14).

Proof. From Theorem 9, we have

(f1* f2) (2) € Qj(m,n, A, 6(m,n, A, v, B), B),

where ¢ is given by (7.2). Now, using Theorem 10, we get (f1 * fa * f3)(2) €
Qj(m7 n, )" C(m> n, )‘7 «, ﬁ)a ﬁ)a where

C(mana )‘70"5) =1- {.7 (1 + B) (1 - a)s}'

LG+ HA+B) 0 -a)P L+ (G+ D" = D)A - (1—a)’} (7.21)
This completes the proof of corollary 6. I

Remark 2. Putting m = 1 in Corollary 6, we obtain similar result for the
class Uj(n, A, o, B).

Theorem 11. Let the functions f,(z) (v = 1,2) be defined by (4.1) be in the class
Qj(m,n, A\, a, B). Then the function

h(z)=z— Z (a,il + aig) 2F (7.22)

belongs to the class Qj(m,n, \,n(m,n,\, a, 3), B), where
n(m,n, A, 8) =1 {25 (1+5) (1-a)*}.

{G+D" GO+ +0 )P+ (G+D)"—DA-2(1-a)*}'. (7.23)
The result is sharp for the functions f, (z) (v =1,2) defined by (7.14).

Proof. By virtue of Theorem 1, we obtain

11—«

i [’f”[’f(1+5)—(a+6)}[1+(’<¢m—1)%] ’

k=j+1
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<!§ik”%ﬂ+ﬁ)(i+gﬂl+wnnﬂ%g <1 (7.24)
k=j+1
and -
> VW%U+B%%a+ﬁHH+%m—DA]aﬂ
1—a k2
k=j+1
12
<{§:kwwu+maﬁuyu+%mﬂﬂ%g <L ()
k=j-+1

It follows from (7.24) and (7.25) that

00 n —(« mo_ 2
S [k [k (14 8) — ( 1+_6a)] 1+ (k 1)”] (2, +a2) <1 (7.26)
k=j+1

Therefore, we need to fined the largest n=n(m,n,\ «,3) such that
k' [k (14 8) — (n+B)I[L+ (k™ —1) A]

<
1—n -
;wau+ﬁrwitﬁur+wm—nﬂr (k2 j+1),
that is,
n<1-{2(k—1)(1+5)(1-a)%}.
AR R+ 8~ @+ BP 1+ (B = 1) A} —2(1 - 0}
(k=j+1). (7.27)
Since
D(k)y=1-{2(k—1)(1+8)(1—-a)’}.
AR RO+ 8) (a4 AP L+ (K" =) A} -2 - a)’} ! (7.28)

is an increasing function of k (k> j+ 1), we readily have
n<DG+1)=1-{2j(1+6)(1-a)}

{G+D)"GA+H)+ A - )P L+ ((+ )" = DA -2(1 -a)*}

and Theorem 11 follows at once. §

Remark 3. Putting m = 1 in Theorem 11, we obtain similar result for the
class Uj(n, A, o, B).
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8. APPLICATIONS OF FRACTIONAL CALCULUS

We begin with the statements of the following definitions of fractional calculus (that
is , fractional derivative and fractional integral) which were defined by Owa [7](and,
subsequently, by Srivastava and Owa [14]).

Definition 1. The fractional integral of order p is defined, for a function f (z)
by

D;Ff(z) = T (1M) /Oz G f(f))l—udc (n>0), (8.1)

where f(z) is an analytic function in a simply-connected region of the z—plane
containing the origin, and the multiplicity of (z — )" ~! is removed by requiring log
(z — ¢) to be real when z — ¢ > 0.

Definition 2. The fractional derivative of order p is defined, for a function

f(z), by : P
DEf(2) = / d¢ 0<u<1), 8.2
Dot ma@ b e ) 52
where f (z) is constrained, and the multiplicity of (z — )" is removed, as in Defi-
nition 1.

Definition 3. Under the hypotheses of Definition 2, the fractional derivative
of order n + p is defined

DI*Hf(2)= W DEf(z)  (0<p<TineNo). (8.3)

Theorem 12. Suppose that the function f(z) defined by (1.4) be in the class
Qj(m,n, X\, o, 8). Then

] ’Z‘1+M

D H(D* >
1-a)(j+2)T (24 p)

'{1U+n”iua+ﬁ>u1wulua+ﬁmumr0+z+mz<}>
8.4

and
1+p

—p/ i 2]
DD )| S By
(1—a)L(j+2)T 2+ p)

'{1+U+D"iuu+ﬁ>u1wulwu+ﬁmunr0+2+mz<}>
8.5
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(L>0,0<i<m;zel).

The result is sharp.

Proof. Let |
F (Z) =T (2 + u) Z_“D;H(sz (Z)) (86)
= TEEDTRA s o o
=z k:;rl Fk+1+p) klagz" =z k:;rlql(k)kakz’
wh
h Wy = DERDECER s ) (8.7)
Fk+1+p) ) . _
Since

T(j+2)T(2+ p)

O0<VU(k)<VU(j+1) = TG+2+m (8.8)
therefore, by using (3.5) and (8.8), we see that
[F ()] 2zl =0+ 1) Y K
k—j+1
> |Z|— ' (1—04)F(j+2)r(2+,u,) |z|j+1
- G+ GA+A+ A —a) L+ [ +)" = AT (G +2+p) 59)
and - '
@) <zl + @G+ Y Ma
k=j+1
N G+ GA+A+A - I+[A+)" =ML G +2+p) @16

which proves the inequalities (8.4) and (8.5) of Theorem 12. The equalities in (8.4)
and (8.5) are attained for the function f(z) given by
2t

DE“(Dif () = m

'{1_ ' 1-a)'(j+2)T(2+p) g}
G+ A+ +A—a)][L+[1+)" =N (G +2+p)
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or, equivalently, by
| (1-a)
G+ [A+8)+ A —a)][1+[(1+5)" —1]A]

Thus we complete the proof of Theorem 12. 1

Dif(2) =z — 2. (8.12)

Taking ¢ =0 in Theorem 12, we have

Corollary 7. Let the function f (z) defined by (1.4) be in the class Q;(m, n, A, o, ).
Then

- ‘Z|1+u
‘Dz f(z)‘ > m
{1_ 1-a)L(j+2)T(2+ u) VV}
' G+ GA+8)+A =) +[(1+)" =N (G +24 p)
(8.13)
and
L ‘Z|1+u
’DZ f(z)’ < m
{1_ 1-—a)T(G+2)T(2+p) VV}
' G+ GA+B8)+A—a)]1+[(1+)" =N (G +2+ p) &10

(u>0;z€U).

The equalities in (8.13) and (8.14) are attained for the function f(z) given by (3.3).
Remark 4. Putting m = 1 in Corollary 7, we obtain the following corollary
which corrects the result obtained by Shanmugam et al. [12, Theorem 6.6].

Corollary 8. Let the function f (2) defined by (1.4) be in the class Uj(n, A, o, ). Then

s

’Dz_uf (Z)’ > m

{1_ 1-a)l(G+2)T(2+p) VV}
' G+D" [A+8)+1—-a)] A+ (G +2+p)

(8.15)

and
1+p

D7) < F'@'M)

{1_ 1—a)'(j+2)T(2+ p) VV}
‘ G+D" GA+8)+ A -]+ +2+p) '
The result is sharp.

(8.16)
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Theorem 13. Let the function f (z) defined by (1.4) be in the class Qj(m,n, A, o, ).

Then | ’1_
|DY(D f (2))| > Te—n
(-G +2T 2 p)

'{1_(j+1)”‘i A+ + A=) A+ [(1+)" =1UNT (G +2—p) . }

(8.17)
and
(D ()] <
TTR2-p)
'{1+ | (1=l (+2)T (2~ p) 2
GHD" A+ + @ =)+ [T +)" =1UNT (G +2-p)
(8.18)
0<u<l;0<i<n-1;z€U).
The result is sharp.
Proof. Let
G(z) = T'(2- )Z”D”(Dif( ))
> k+1 ) i
= —Z k+17 )Mkakzk
= z— Z © (k) k' ay 2
k=j+1
where Pkt )T (2 )
_ K ;
O (k) = —FriT— (k>j+1). (8.20)
It is easily seen from (8.20) that
D<o <O(+1) = U+HITC=—W (8.21)

L(j+2-p)
Consequently, with the aid of (3.5) and (8.21), we have

o

Gz =0 G+ 1) Y Ky

k=j+1
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(1-a)l(j+2)T(2—p)

2 el - 7 . 2P+
G+ A+ +A—a)]I+[1+5)" —UANT (G +2—p)
(8.22)
and .
G () =l +0 G+ 1) 2 ) K ay
k=j+1

< 2| + ' (1-a)(+2)T(2—p) B
B G+ A+ +A—a)] T+ [(1+5)" = 1UNT (G +2—p) 5.23)

Now (8.17) and (8.18) follow from (8.22) and (8.23), respectively. Since the equalities
in (8.17) and (8.18) are attained for the function f(z) given by

P

D?(Dif (2)) = m

1-—a)l'(G+2)I'(2—p)

REE . 2’

{ G+ GA+A+A =T+ [0 +5)" =1NT (G +2—p) }
(8.24)

or for the function D!f(z) given by (8.12), the proof of Theorem 13 is thus com-

pleted. 1

Taking ¢ = 0 in Theorem 13, we have

Corollary 9. Let the function f (2) defined by (1.4) be in the class Q;(m,n, A, a, ).

Then
L f(z)] > 721_#
DL F (2 g
{1 (1) (+2T2-p
' G+D" A+ +A-a)I+[1+5)" —UNT (G +2—p)

%}(&%)

and .
DL F () < Fig—y

(1-a)(j+2)T(2—p) )
{1+@+D"UQ+B%H1—@HLHu+ﬁm_HMFU+2_mz}(&%)

The equalities in (8.25) and (8.26) are attained for the function f(z) given by (3.3).

Remark 5. Putting m = 1 in Corollary 9, we obtain the following corollary
which corrects the result obtained by Shanmugam et al.[12, Theorem 6.7] .
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Corollary 10. Let the function f (z) defined by (1.4) be in the class Uj(n, A, o, ). Then

2k
\D’;f(z)!zm
_ (1-—a)L (j+2)T(2—p) y
'{1 G+D)" GA+8) +(1—a)] A+ (G +2—p) J} (8.27)
and
2AH
W;f(z)\zm.
(1-a)l (j+2)T(2 - p) .
'{1_(j+1)” [j(l+5)+(1—a)](1+j)\)1“(j+2—u)z]}‘ (8.28)

The result is sharp.
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