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ON COEFFICIENT DETERMINANTS INVOLVING MANY
FEKETE-SZEGO-TYPE PARAMETERS OF CONVEX FUNCTIONS

M. A. Ganivyu, K. O. BABALOLA

ABSTRACT. We examine the Hankel determinants involving many Fekete-Szego-
type parameters for the class of convex functions of analytic mappings of the unit
disk U = {z € C: |z|] < 1}, which satisfy the condition

2f"(2)
f'(2)

Re [1+ :|>O,ZEU.
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1. INTRODUCTION

A classical problem settled by Fekete and Szego [6] is to find the maximum value of
the coefficient functional |az — Aa3| for each X over the class A of univalent functions
f in the unit disk U = {z € C: |z| < 1} of the form

f(2) :z—i—ianz",ze U (1.1)

n=2

In [11], Noonan and Thomas defined the gth Hankel determinants of f for ¢ > 1,
n > 0 by:

Qn an4+1 - -- An+q—1
Ap+1

Hy(n) = .
An+tq—1  ~°° -+ Qpy2(g-1)

This determinant has been studied for specific choices of ¢ and n by several authors
and include the Fekete-Szego functional as a special case for A =1, =2 and n = 1.
The definitions given by Babalola [3], called Hankel determinants with Fekete-Szego
parameter as:
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Definition 1. Let A\ be a nonnegative real number. Then for integers n > 1 and
q > 1, we define the qth-Hankel determinants with Fekete-Szego parameter X, H(;\(n)
as:

an, A+l - Apgg—1
A o An+1
Hy(n)=|

antq-1 - s Apgo(g-1)

Definition 2. Let A\ be a nonnegative real number. Then for integers n > 1 and
g > 1, we define the B;‘(n) determinants as:

Qp, ap+1 - Gn4q—1
A o An+1
By(n)=| 7

Antq—1 " oo Apgagg-1)

have been extended to include many Fekete-Szego-type parameters in Babalola [4]
to accomodate a wide variety of emerging functionals in the study of coefficients of
mappings of the unit disk and are given by

Definition 3. Let \;, i = 1,2,...,q be nonnegative real numbers. Then for inte-
gersn > 1 and q > 1, the qth-Hankel determinants with many Fekete-szego- type

parameter \;, Hy "> M (n) is define as:
AlGn  A2lpi1 ... AQGpigq1
H(;\l,)\Q,...,)\q (n) _ an'+1 :
An+4q—1 T coo Onya(g-1)

and

Definition 4. Let \; = 1,2,...,n be nonnegative real numbers. Then for integers
n>1andq>1, B;‘l’)‘Q""’)‘" (n) determinants is given by:

Qp, Ap+1 “. /\1an+q_1

An+q an+g+1 - -- >\2an+2q71

Bg\ly)\%m)\n (n) — Qn+2q pt2g+1 -+ A30n43g—1
Aptq(g—1) e cee s Anlpgg2 g
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for \j =1, 7 = 1,2,...,¢ — 1(n — 1), we write H;‘(n) and Bé‘(n) in place of

H;’l’“"l”\q (n) and B;’l’”"l’)‘" (n) respectively. Note that for real numbers v, and
3, we obtain
L ~yap
HJ](1) =
m=| L
_ 2
= a3 —7ay
a2 «asg
HS(2) =
@)=\ .
= a4 — aa%
and
1 as
BS(1) =
2(1) ag Pas
= azaz — Pay

In this work, we shall examine the determinant Hg\ 12223 (1) for the class of convex
functions satisfying the geometric condition

2f"(2)
f'(2)

Re [l—i- ]>0,26U.
denoted by C'. By definition

Atar Asaz  Azag
A1,A2,A3 _
H; (1) = ao as a4
as a4 as

for f € C, a1 =1 so that
Hg\l’M’)\g(l) = ag()\2a2a4 — )\3&%) — a4()\1a4 — )\3(12&3) + a5()\1a3 — )\2&%)
= Xeaz(agay — aal) + Azas(azaz — Bay) + Mas(az — ya3)

where a = f\‘—;, 8= ﬁ—; and v = ﬁ—f By triangle inequality, we have

|Hy 22 (1)] < Mas||[Hy (1)] + Ao|as||HS (2)] + Aalaa]| By (1)] (1.2)

For the class C' of convex function, the Fekete-Szego functional, |HJ (1)| is known
and given by:

Theorem 1. [8] If f(z) = z+ Y ooy an2z™ is analytic and conver in U and if v is a
complex number, then

1
lag — ya3| = maX{3, Iy — 1\}

The result is sharp for each ~y.
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We shall examine the best possible bounds on H§(2) and Bg (1) to conclude our
investigation.

2. PRELIMINARY LEMMAS

To prove the main results in the next section, we need the following lemmas. Let
P denote the class of Caratheodory functions p(z) = 1 + ¢1z + 2% + - - - which are
analytic and satisfy p(0) = 1, Re p(z) > 0 in open unit disk U.

Lemma 2. [5] Let p € P. Then |c| < 2,k = 1,2,3.... FEquality is attained by the

moebius function
14z

1=z

Lo(2)
Lemma 3. [1] Let p € P. Then we have sharp inequalities

2(1—0), ifo <0,
<9 2 if0 <o <2,
200 —1), ifo>2.

For each o, equality is attained by p(z)given by

1422 )< g <2
o= | [ g0zr=2

2, ifo € [—00,0]U[2,00]

z?

Lemma 4. [5] If f is convez, then |ag| < 1. Equality is attained by the function
f(Z) = 1iz
Lemma 5. [9, 10] Let p € P, then

2 = +x(d—c?) (2.1)

and
des=c4+24— Aeyr —e1(4—cD)a® + 24— A1 — |zH)z (2.2)

for some value of x,z such that |x| <1 and |z| < 1.

3. MAIN RESULTS

Theorem 6. Let f € C, then for real number 3,
3 B
BY(1)] < max { £.15~ 1
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Proof. 1f f € C, then there exist a p € P such that

21"(2)
1+ = p(2).
EN
Equating coefficients of f'(2)+2zf"(2) and f'(2)p(z), we find that as = 5, a3z = C%%
and a4 = %. Therefore
(2-3p) (2-5) B
|BY(1)] = |agas — Bas| = ’ TG Ry ¢ — 3 (3.1)
we observe that if 5 < %, then (3.1) gives
(2-5) B (2-3p)
’B§(1)| S ‘ o C? — ECg + TC]_CQ
applying lemma (2), we obtain
2-P) B 2-3p
Bi) < | P e 2
Bl < |25 - fal+ 25 (52)

substituting for c3 using lemma(5), we have

(2-5) B | _|(4=3p) Ber(d =z Pei(d = cf)a?
‘ 24 ci’_mq”_' 8 9T w1
CBA—|2P)(d—cf)z
24

By lemma (2), |c1] < 2. Letting ¢; = ¢, we may assume without restriction that
c € ]0,2]. Applying the triangle inequality with p = |z|, we get

=8, B |_ (=38, BU-E) Bed—Ap  Ble—2{d— )
‘ 24 C§_63’< s CF T t o 18
= F(p)

The extreme values of F(p) are at p = 0,p =1 and p such that

c(4 — c? c— —c?
F,(p):6(424 ) B 2);:1 P _,

which implies p = 5%

2—c’
Let

(4 — 3ﬁ)c3 N B(4—c?)

Gi(c) = F(0) = 13 1
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Golc) = F(1) = (2;5’5)(:3 + gc
and
Ge) = Flef2 ) = B0 §
By elementary calculus, we find that Gi(c) < G1(0) = 5, Ga(c) < Go(2) = 2322

and Gs(c) < G3(0) = B Hence for g < 2 , the maximum of the functional is —36
Using this in (3.2), we obtaln

4—3B+2—36<1_5

B2(1)| <
By (1)] < G e <

Next, we consider the case 2 < 8 < 2. Then we write (3.1) as

B = | Doy + B0 2o, B2

substituting for ¢s and co by lemma (5)

a —2)c1(4 —c} c1(4 — c})a?
IBE(1)] = ’(ﬁ ;41) L (58 2)418(4 D)z Ba(4 = 1)z
(3.3)
B —|x[*)(4 = )z
* 24 :

then we can write (3.3) as

— c —2)c1(4—c¢ c1(4 — c2)a?
‘B25<1)’ :‘ (62'21) 1 (5/8 2)418(4 1) /8 1( = 1)
Bl — |z*)(4 — cf)=
24

Also by lemma (2), |¢| < 2. Then letting ¢; = ¢ we may assume without restriction
that ¢ € [0,2]. Applying triangle inequality with |z| = p, we obtain

B < BXUE A=) (GO =Deld=p | o= =)

Y 24 48 48
= F(p)
—2)c(4 —c2 c— —c?
F(p) = (58 2318(4 ), B 2)2Z1 )p
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which is negative whenever % < f < 2. Hence F(p) is decreasing on [0,1], so that
F(p) < F(0). That is
B+ s

Fo) <5 24
= G(¢)
Hence G(c) < G(0) = % Therefore ]Bg(l)] < % for 2 < B <2.

Finally, if 5 > 2, we write (3.1) as

B (38 —2) (B-2) .
1By (1)] = ‘1203 Ty et T ¢
and applying lemma (2), we get
Byl <B-1
hence
Bi| << 8, iti<p<2,
B8—1, if B> 2.

Corollary 7. [2] Let f € C. Then
[B2(1)] <

Theorem 8. Let f € C. Then for real number o

1
|Hs(2)| < max{8, |ov — 1]}

c%—i—cg QC3+3clcz+c‘I’

Proof. If f € C, then as in above, as = 5, a3 = 2 z— and a4 = =5, so that

9 —8a)clca (3 —4a)c] ack
O — lanas — a2l — €168 1 1_2% 3.4
123 (2)] = lazaq — aag| = | =7 VYIRSV 36 (34
Suppose a < %. Then
leiles]  (3—4a), ,  « (9—8a)
H(2)| < e S
[Hy @) < = = + g lal + ggleal e 20 2

which by lemmas (2) and (3) noting that 255 > 2 for a < 2 gives

|HY(2)| <1—«a.
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Substituting for ¢y and ¢3 in (3.4) using lemma (5), we obtain

(1-a) 4,  (5-40)3(4- )

HS(2)| =

@)= | et + C=

3¢ 4 20(4 — })] (4 — ¢F)a? N c1(l—|z?)(4 - )z
288 48

(3.5)

We write (3.5) as

(a—1) , (5—4a)c}(4—chHz
HS(2)| = =
|H3(2)] 16 C1 9%
N 3¢ 4 20(4 — ¢})] (4 — ¢})a? Ca(l- |z|?)(4 — ¢})z
288 48

Letting ¢; = ¢, assuming without restriction that ¢ € [0,2] and p = |x|, we obtain

(a—1)ct N c(4 —c?) n (5 —4a)c?(4 —c)p

A (2)] < 16 48 96
n (4 —cH)(c—2)[(3 - 2a)c — 4a]p?
288
= F(p)

Then,

(5 —4a)c?(4 — 2) n (4 — ) (c—2)[(3 —2a)c—4alp
96 144

which is positive whenever % <a< g. Hence F'(p) is increasing on [0, 1] so that

F(p) < F(1). Thus we have

F'(p) =

8a — 9)ct 9 — 8a)c?
(Ba=9)c!  (9-8a)

o
HS(2)| < F(1 —

IN

= G(c)

The maximum of G(c) on [0,2] occurs at ¢ = 1 if 2 < a < § while it is at ¢ = 2 for
% < a < 2 and is thus given by G(1) = 80;59 + 952“ +5 = % and G(2) = a—1
suppose a > 2. Then we write (3.5) as

(a—1)cf N (4o —5)c2 (4 — )z

16 96
N 3¢ +2a(4 — c})] (4 — ¢})=? Ca(l- |z?)(4 — ¢2)z
288 48

|H3(2)] =
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By similar argument

|H§(2)| < (Oé - 1)64 N 0(4 — 02) n (40é _ 5)02(4 . Cg)p

16 48 96
n (4 —cH(c—2)[(3 - 2a)c —4a] p?
288
= F(p)
F(p) = (4o — 5)c2 (4 — ¢2) N (4—cH(ec—2)[(3—2a)c—4a]p
96 144
which is negative whenever o > 2. Hence F(p) is decreasing on [0,1], so that
F(p) < F(0). Therefore,
(a—1)ct  c(4—c?)
Hs(2] <
A e TR T
= G(c)
we find that G(c) < G(2) = a — 1 which yields for o > §
|Hy(2)] <a—1
we thus conclude that
l-—a, f0<a<?,
[HS(2)] < { 5 if § <a<y,
a—1, ifa> %.

Corollary 9. [7] Let f € C. Then

1
Ha(2)| <

Theorem 10. Let f € C. Then for real numbers \;,j =1,2,3, ...
A A
|H3' 73 (1)] < max {31 o — >\1|} + max {82 A3 — AQ\}

+max{>%1, |)\1 — )\3|}

Corollary 11. Let f € C. Then

1,1,1 15 112 T 121 13
V)] < 2 ) < T ) <

1,2,2 9 212 7 2921 8 132
220 < L) < Lm ) < 3|

|Hy"' (1)) = |H3(1)| < 15 was reported in Babalola [2].
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