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SOME FAMILIES OF MEROMORPHIC FUNCTIONS WITH
POSITIVE COEFFICIENTS GIVEN BY AN INTEGRAL
OPERATOR

A. AKGUL

ABSTRACT. In the present study, the author define a new subclass of mero-
morphic functions with positive coefficient defined in the punctured unit disc U =
{z € C:0< |z] <1} with a simple pole at the origin with residue 1, by using the
certain integral operator. Coefficient inequality, convex linear combinations, ex-
treme points are obtained. We also investigated meromorphically radii of close-to-
convexity, meromorphically convexity, meromorphically starlikeness and Hadamard
product. Then, we prove a property using an integral operator for the functions f
in this class.
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1. INTRODUCTION

Let 3 symbolized the class of analytic functions, which are whith a simple pole at the
origin with residue 1 of the form in the punctured unit disc U = {z € C: 0 < |z| < 1},
and are in the form of the

() = % +3 ann (1)
n=1

For functions f € ¥ given by (1) and g € ¥ defined by
@=L >
g z) = P —~ n<
their Hadamard product [10] is given by

(Fr)(2) =1+ D anbos"
n=1
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A. Akgiil — Some families of meromorphic functions ...

Let Y., > "(), > .(«) be the subclass of Y consisting of univalent, meromor-
phically starlike of order a and meromrphically convex of order o(0 < a < 1)
respectively.

A function given by (1) in the class >_*(«) if and only if

@Y,
R( f(z)>> (z€ )

and f € Y .(«) if and only if

2f(2)
R{ <1+ f,()>}>oz (z€U) .

Recent years, many authors investigated the subclass of meromorphic functions
with positive coefficient (see [1], [4], [2], [3], [6], [8], [14]). Juena and Reddy (see
[12]) introduced the class of }_  functions of the form

1 o0
z)_z—i—z:lanz”, an >0 (2)
n=

which are regular and univalent in U. The functions in this class are said to be

meromorphic functions with positive coefficient.

Analogous to the integral operator defined by Jung at all [13] on the normalized
analytic functions, Lashin [15] defined the integral operator Qg X = X, for
8>0,v>1; ze€U*

1 [ 71
Q)= QUf(z) = mzw/ﬁﬁ(l‘i) fdt

where ' is the familiar Gamma function. Using the integral representation of the
Gamma and Beta functions, it can be shown that

n=1

1 o0
==+ Ln,B,7y)anz"
Fn+ﬁ+7—|—1) 2 =7 Z (n, B8, 7)an

where
'+~ T'n+pB+1)

L(n, B,7v) = .
(B = —Fy Tt B+ + 1)
Now we introduce the following subclass of ¥, associated with the integral op-

erator ng(z).
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A. Akgiil — Some families of meromorphic functions ...

Definition 1. A function f € Y is said to be in the class > Q(a, A, 5,7,(,q) if

and only if the following condition is satisfied:

—2 (9(2))
i {wu} =

wheTeO§C<1,B>0,7>1,0§a§>\<%,q20and

!

z(¥(2))

oz !

+¢ (3)

¥(2) = 22 (QF(2))" + (A = a) 2(Q}f(2)) + (1 = A + @) Q) f () (4)
It is noted that

D QA B7:¢9) =Y Q@A B7.¢an) .
p

p

Lemma 1. [5] Let o s a real number and w = u+ v is a complex number.
Then,
R(w) > 0 = |w— (1+0)| < w+(1-0)|.

Lemma 2. [5] Letw=u+iv and o,7 are real numbers. Then
R(—w) >o|-w— 1|+ < {-w(l +0e®) —0e®} >, (-7 <6 < 7).

2. COEFFICIENT BOUNDS

We obtain in this section a necessary and sufficient condition for a function f to be
in the class Zp Q(a, N\, B,7,C,q). We employ the technique adopted by Aqlan at all
[5] and Athsan and Kulkarni [7] to find the coefficient estimates for the functions
f defined by the equation (1) in the class Zp Qa, N\, B8,7,¢,q).

Theorem 3. A meromorphic function f defined by the equation (1) in the class
5, Qe A, 8,7,C, q) if and only if

DI+ +a(n+1)][(n—1) (nAa+ A — )] L(n, 8,7)an
n=1
< (1-¢)(2ar—2 \+2a+1) (5)
forsom60§C<1,,8>0,7>1,0§0z§)\<% and q > 0.

Proof. Let f € Zp and satisfies the condition (5). Then by applying lemma 2 we
have to show that
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A. Akgiil — Some families of meromorphic functions ...

—2 ((2))’ i0) _ it
R{ o) (1+ge”)—q }>C

(-m<0<m0<(<1,g>0)

or equavalentily

—2 ((2)) (1 + qe®) — qey(2)
R{ o(2) } =<

Let

o(2) = = (2) |1+ ge” ] - ge(2).

Thus, the equation(6) is equivalent to

@(Z))
R ——= .
()~
In view of Lemma 1 it is sufficient to prove that
lp(2) + (1 = Qvo(2) — l(2) = (L 4+ Q)o(2)[ > 0 .

Therefore

lp(2) + (1 = Oy (2)]
- ‘(2 — () (2ha— 2\ + 20 + 1) <1)

+i [(1 —n—¢)+q(—n— 1)69]
n=1

[(n —1)(nA\a+ X — ) + 1] L(n, B,7)anz"|

> (2-0)(2ha— 27+ 20+ 1) i'
=Y [(n+¢—=1)+qn+1)
n=1

[(n—1)(nAa+ X\ —a) + 1] L(n, B,7)an |2"].

Also, similarly we obtain
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A. Akgiil — Some families of meromorphic functions ...

p(2) = (1 + O)(2)]
< C(Q)\a—Q)\—i—Qa—i—l)‘l'

z

+) [+ ¢+ 1) +qn+1)]

n=1

[(n—1)(nAa+ A — ) + 1] L(n, B,7)an |2"] . (10)
Thus from (9) and (10) we get

p(2) + (1 = O (2)] = le(2) = (1 + Oy (2)|
> 2(1-¢) (2 a—2 +2a+1)

—[2(n+¢) +2¢(n+ D [(n — D(nra+ A — o) + 1] L(n, §,7)an
> 0.

If we use the inequality (5) in last inequality, then we obtain the desired re-
sult. Conversely, let the function f defined by the equation (1) be in the class

Zp Q(a, A, B,7,C,q). That is, the inequality (4) holds for the function f. By choos-
ing the value of z on the positive real axis, where 0 < z = r < 1 the inequality (4)
reduces to

(14+¢) (2ha =2 +2a +1) =3 2, [(n+ () +q(n+1)]
[(n—1)(nAa+ X — )+ 1] L(n, B,7)a,r" !

>0,
(2ha—22+2a+1)+> 2 [(n—1)(nrAa+A—a)+1] | —
L(n, B, y)anr™*!
where R(—e") > — ‘eie‘ = —1. Letting » — 1~ through positive values we obtain
> [+ Q) +a(n+ 1] [(n—1) (Ao + X = a) + 1] L(n, 8,7)an
n=1

< (1-¢) (Rar—2 \+2a+1)
and this is desired result.

Corollary 4. Let the function f defined by the equation (2) be in the class
Zp Q(Ck, >\a 67 Y, C, Q) Then

(1-¢)(2ar =22+ 2a+1).
an < [(n+ Q) +qn+1)][(n—1) (mra+r—a)+ 1 L(n,B,9)’ (n>1).
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The result is sharp for the function f of the form

f(Z)=1+ (1—¢) (20X —2X 4+ 22+ 1)

z [(n-l-C)+q(n+1)][(n—1)(n)\a+)\_a)+1]L(n75’7)zn_ (n>1)

(11)

3. CoONVEX LINEAR COMBINATION

Theorem 5. The class Zp Q(a, A, B,7,C,q) is closed under convexr combination.

Proof. Let the functions
1 R
f(z) = 2 + zjlanz" and g9(z) = 2 + Z:l bp 2"
n= n=

be in the class ZPQ(a, A, B,7,¢,q). Then, by Theorem 3, we have

i[(n + ) +qn+D][(n—1) (nAa+ X —a)] L(n, ,7)an
< ?1:1— ) (20X — 2X 4 2a + 1) (12)
and
i[(n + 0 +qn+1D][(n—1) (nAa+ X —a)] L(n, ,7)bn
< ?1:1—4) (2a\ — 2\ + 20+ 1). (13)

For 0 < 7 <1, define the function h as

h(z) = 7f(z) + (1 = 7)g(2).
Then, we get

h(z) = % + 3 [ran + (1= 7)b] 2,
n=1

Now, we obtain

o

Y I+ ¢ +aln+1)][(n—1) (nAa+ A —a)] L(n, 5,7) [ran + (1 —7)by]

n=1

Tl(n+ Q) +a(n+1)][(n—1) (nAa+ A = )] L(n, B,7)an

+(1 =7)[(n+¢) +q(n+ 1] [(n - 1) (RAa + A — a)] L(n, B,7)bn
Tl—a)+(1—-7)(1-0a)

(1—a).

A
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So, h(Z) S ZPQ(CV,)HB,'%Caq)'

4. EXTREME POINT

Theorem 6. Let

and
1 (1 -0 (2aA —2XA+2a+1)

o) = T O T dmr =D ma+ A=) L By )

Then f € Zp Q(a, A, B,7,(, q) if and only if it can be represented in the form

f(Z) = Zﬂnfn(z)
n=0

where i, > 0and 7 1, = 1.
Proof. Assume that f(z) = > 07 g pinfn(2), (tn >0, n=10,1,2,...5 > (1 = 1).
Then, we have

fz) = > pinfalz)
n=>0

= pofo(z) + Zﬂnfn(z)
n=1

B 1 > (1 -0 (2aA —2XA 4+ 2a + 1)
— +T;’u"[(n—|—§)+q(n—l—1)] [(n—1)(nAa+ X —a)] L(n,B,7)

z".

Therefore,

[e.e]

Y M+ Q) +an+1)][(n—1) (nAa+ A = )] L(n, 5,7)pn

n=1
(1-¢) (2aA —2X2+2a+1)
[(n+ Q) +a(n+D][(n—1) (nAa+ X =) L(n, 5,7)

= (1-QQaA—22+20+1)) pn
n=1

(1-¢) 2ar—2X2+2a+1) (1 — po)
(1-0¢)2ar —2\+2a+1).

IA
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A. Akgiil — Some families of meromorphic functions ...

Hence, by Theorem3, f € ZPQ(a,)\,B,fy,C,q).
Conversely, suppose that [ € Zp Q(a, A\, B,7,C,q). Since by Corollary 4,

(1-0¢)(2aXr—2X+ 20+ 1)
an < [(n+¢) +qn+1)][(n—1)(nAa+ X —«a)] L(n, 3,7)’ (n>1),

If we set

_n+ O +aln+1)][(n—1) (nAa+ A —a)] L(n,B,7)
= (1—0) (2ar—27+ 20+ 1) an, - (nz1)

and p1o =1 — 3 7% | fin, then we obtain

f(2) = pofo(z +Zunfn

This completes the proof of the theorem.

5. RADII OF STARLIKENESS AND CONVEXITY

We now find the radii of meromorphically close-to-convexity, starlikeness and con-
vexity for functions f in the class Zp Qa, A\, B,7,¢(,q).

Theorem 7. Let f € Zp Q(a, N, B,7,(,q). Then f is meromorphically close-to-
convez of order 6 (0 <0 < 1) in the disk |z| < r1, where

(1=0)[(n+¢) +a(n+ 1] [(n — 1) (nAa+ A — )] L(n, ,7) ] 71
n (1=90)2aX—2\+2a+1)

(14)

n

r1 = inf [
(n > 1) and the result is sharp.
Proof. Let f € Ep Q(a, N\, B,7,¢,q). Tt is sufficient to prove that
’zzf,(z)ﬁ—l‘gl—é, 0<0<1, |z|l<m
By Theorem 3, we have

[(n+¢)+qn+1)][(n—1)(nAa+ X —a)] L(n, 3,7)
Z (1-0) (2ar—2)\+2a +1) an = 1.

n=1

So the inequality

27 @+

E Nnap2

oo
Z a2t <1 -6
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holds true if

nlz™ _ [(n+¢) +q(n+1)][(n 1) (nAa+ A — )] L(n, 5,7)
1—6 = (1—¢) (20X —2X+2a + 1) '

Then, inequality (14) holds true if

2 < (1=9)[(n+ ) +qn+DJ[(n—-1) (nra+ A - a)]L(n,5,7)
- n (1-¢)2ar—2X+2a+1)

, (n>1)
which yields the close-to-convexity of the family and completes the proof and the
result is sharp for the function given by (11).

Theorem 8. Let f € Zp. Then f is meromorphically starlike of orderé (0 < 4§ < 1)
in the disk |z| < ra, where

(1-0) [+ +qn+1)][(n—1) (nAa+A—a)] L(n, f,7)] "
(n+2-19) (I1-0¢)(2aX—2X+2a+1)

r9 = inf {

(n>1).
The result is sharp.

Proof. Let [ € Ep Q(a, A, B,7,¢,q). It is sufficient to prove that

2f (2)

e

<1—-9, 0<d0<1,|z|<re (15)

Then we have

2f'(2) 1l = >0 (n+ 1)ayz"t!
f(z) 14y anen

Y oner (n+ Dag |o["*

By Theorem 3 we have

oo n‘l—C +C]n+ )H(n_1)(”>‘O‘+)\—Oé)]L(n,,8,fy)
Z (1—-2¢)(2aX —2X+2a +1) an < 1.

n=1

Then inequality (15) holds true if

(n+2-— )| < [(n+¢) +gq(n+1)][(n—1) (RAa + A — a)] L(n, B,7)
1-0) (1-C) (2ah—2X\ + 2a + 1)
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A. Akgiil — Some families of meromorphic functions ...

which is equivalent to

2 < (1=0) [+ +qn+D]l(n—1) (nAa+ - )] L(n,5,7)
- m+2-90)1—-¢ (2ar—2X+2a+1)

or

(1-5) [(n+¢)+aq(n+1][(n—1)(RAa+ A — )] L(n, B,7)] 7

2| < (n+2-9) (1—C) (20X — 22+ 20+ 1)

which yields the starlikeness of the family and completes the proof. Also, the
result is sharp for the function given by the equation (11).

Theorem 9. Let f € ZPQ(a,/\,ﬂ,’y,g,q). Then f is meromorphically convex of
order 6 (0 <6 < 1) in the disk |z| < r3, where

(1-68) [(n+¢Q+a(n+D][(n—1)(nAa+A—a)]L(n,B,7)] 7

rs = inf n(n+2-9) (1—0) (20h—2X +2a + 1) » (nz1).
(16)
The result is sharp for the extremal function f given by
1 n(l—¢) (2a\ —22+2a+1) n
PO O an Dl Dt Aol L g " 2(11)7')

Proof. By using the technique employed in the proof of Theorem 8 and 9, we can
show that

2f(2)
f(2)

for |z| < r3, and prove that the assertion of the theorem is true.

+2| <1—yu,

Theorem 10. For functions f,g € ¥, defined by (1) let f,g € ZPQ(a, A\ B,7,¢,q).
Then the Hadamard product f x g € Zp Q(a, A\, B,7,p,q) , where

[(n+¢) +a(n+D][(n— 1) (nAa+ 1 — )] L(n, B,7) —n(1 - a)®

0= [(n+¢) +a(n+ D] [(n = 1) (Aa+ A = Q)] L(n, ,7) + (1 — )2 [1 = §(n +1)]

Proof. From Theorem 3, we have

S 1040 g+ Din— 1) (a4 A — )} L 517)

(1—0) (2ar— 22+ 2a + 1) an <1, (18)
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o[+ O +alnt D][(n— 1) (mhar+ ) = )] L 6,7)
(1-¢)(2ar—2X+2a+1)

by < 1. (19)
n=1

From (18) and (19) we find, by means of the Cauchy-Schwarz inequality, that

00 [(n+{)+qn+ D] [(n—1)(nAa+ X —a)] L(n, 8,7)
Z (1-0¢) (2aA — 22 +2a+1) @S 1. (20)

n=1

We need to find the largest p such that

i [(n+p) +qn+ D][(n = 1) (nAa+ A = a)] L(n, 5,7)
(1—=p)(2aX =22+ 2a+ 1)

anb, < 1.

n=1
Thus it is enough to show that
[(n+p)+an+1)

(I—p
< [+ +an+1)
- 1-¢

(n—1)(nAa+ A — a)] L(n,ﬁ,’y)a
20\ — 2\ +2a + 1)

(n—1)(nAa+ A —a)] L(n, 8,7)
20\ =2\ +2a+ 1)

nbn

anbnp,

/\'—'/-\'_‘

]
) (2
]
)

that is,

anby <
On the other hand, from 20 we have
(1-0¢) (2aA —2XA+2a+1)

anby, < . 22

Ve S gt D] (- 1) (e A - [ L B
Therefore in view of 21 and 22 it is enough to show that

(1-0¢) (2aA —2XA+2a+ 1)
[(n+ Q) +a(n+1D][(n—1) (nAa+ A —a)] L(n, 5,7)

(1—=p)[(n+¢) +qn+1)]
- (1=9Qln+p) +aln+1)]

which simplifies to

p<1
_ 2(1-¢)%(2ar—2X+2a+1)L(n,8,7)
[(n+0O)+q(n+1D) ] [(n—1) (nAa4+-A—a)|L(n,8,7)+2(1—C)2 (20A—22+2a+1) ©

Let
¥(n)
_ 2(1-¢)?(2aA—2X1+2a+1)L(n,B,7)
T (O +e(n+ 1) [(n—1) (nAa+A—a) L(n,8,7)+2(1—¢)2 (2aA—2A+2a+1)
Clearly ¥(n) is an increasing function of n(n > 1). Letting n = 1, we prove the
assertion.
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Theorem 11. For functions f,g € ¥, defined by the equation 1 let
fag € Zp Q(Oé, )‘75777 C?q) Then the functz’on k(z) = % + 27010:1(&31 + b%)zn is in
the class 3, Q(a, A, B,7, p, q) and

B 4(1 — )% (2aX — 22 4+ 20 + 1) L(n, B,7)
{[(n+¢) +an+ DI} [(n—1) (nha+ A — )] L(n, B,7) — 2(1 = {)2[n + q(n + 1)] (2aX — 2X + 20 + 1)

p<1

Proof. Since f,g € ZPQ(a, A, 8,7, ¢, q) we have

= [+ +qn+D][(n—1) (nAa+A—a)]L(n,B,7) \°
Z{ (1—=0) (20X —2A+ 2a + 1) @n} <1 (23)

n=1

2 ([(n+0O) +qn+D][(n—1)(nAa+ X —a)] Ln, B,7) 2
Z{ (1-¢) (2ax =2\ +2a + 1) bn} <1 ()

n=1

combining the inequalities (23) and (24), we get

1 [[(n+Q) +gn+D][(n—1) (nAa+ A= )] L(n, 3,7)*
22{ (1—2¢) (20X — 2\ +2a + 1) } (

n=1

a2 +b2) < 1.

But, we need to find the largest p such that

i [(n+p)+qn+D][(n—1) (nAa+ X — )] L(n, 5,7)

(1—p) (2ah— 23+ 20+ 1) (ap+bp) <1 (25)

n=1

The inequality (25) would hold if

[(n+p) +q(n+ D][(n = 1) (nAa + A = )] L(n, 5,7)
(1—=p) (20X —2XA 4+ 2a + 1)

FUESETIES) [(n—1)(nAa+A—a)]L(n,ﬁ,’y)}2.

= 2 (1-2¢) (2aX — 2\ +2a + 1)

Then we have

p<1
B 4(1-¢)%(2aA—2XA+2a+1) L(n,B,7)
{[(n+¢)+q(n+1)]}2[(n—1) (nAat+-A—a)] L(n,8,7)—2(1—C) 2 [n+q(n+1)] (2aA—22+20+1)
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A. Akgiil — Some families of meromorphic functions ...

Let

¢(n)
_ 4(1—-¢)2 (2ar—224+2a+1)L(n,B,7)
{{(n+O)+a(n+ D]} [(n—1) (nAa+A—a)|L(n,8.7) —2(1—C)2[ntq(n+1)] (2aA—21+20a-+1)

A simple computation shows that ¢(n+1) —¢(n) > 0 for all n. This means that
¢(n) is increasing and ¢(n) > ¢(1). Letting n = 1, we prove the assertion.

6. INTEGRAL OPERATORS

In this section, we consider integral transforms of functions in the class Zp Q(a, A\, B8,7,¢,q)
of the type considered by Goel and Sohi [11].

Theorem 12. . Let the function f € X, given by (1) is in the class Zp Qa, A\, B,7,¢,q) .
Then the integral operator

F(z):c/ uf(uz)du, O<u<l, 0<c<oo (26)
0

B 2¢(1 = () 2aX —2A +2a + 1)
c(1-0¢)2ar =2 +2a+1)+ (c+2)2k+(C+1)

p<1

and the result is sharp.

Proof. Let the function f € X, given by (1) is in the class ZPQ(a,)\,,B,’y,C, q).
Then by a simple computation we have

1
F(z) = C/o uCf (uz) du

1 > c n
. S 27
z+zc+n+1a"'z (27)

n=1

We have to show that

i cfin+p)+an+D][(n 1) (nRAa+ A - )] L(n, 8,7)
(c+n+1)(1—p) (2ar —2X 4+ 20+ 1)

an <1.  (28)

n=1

Since f € 2, Q(a, A, 8,7,¢, q), we have

93



A. Akgiil — Some families of meromorphic functions ...

X ((n4+C) +qn+ 1] [(n=1) (nRAa+ X — )] L(n, 3,7)
Z (1—2¢) (2aN —2X +2a + 1) an < 1.

n=1

We note that the inequality (28) is satisfied if

cln+p) +qn+1D][(n—1) (nAa+ X —a)] L(n, 5,7)

]
(c+n+1)(1—p)(2aX —2X2 420+ 1)
< M+ +an+Di[(n—1)(nAa+ A - )] L(n,B,7)
- (1—-0¢)(2ar—2\+2a+1)

Then we get
p<1- 2¢(1=¢) [n+ k(n+1)]
T =B+ Dlnt e+ )+ (1 - - Bn+1)]

By a simple computation, we can show that the function

1I-9Y1+p(n+1)]+cn
(c+n+1l)n+B+k(n+1)]—c(l—-75)n+k(n+1)]

bn) =1 -

is an increasing function of n(n > 1) and ¢(n) > ¢(1). Using this, we obtain the
desired result.
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