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1. INTRODUCTION

Let H be the class of functions analytic in E = {z : |z| < 1} and H[a,n] be the
subclass of H consisting functions of the form

2=a+apz" +api12" T 4.
+

Let A be the subclass of H consisting of functions f, analytic in the open unit disk
E = {z: |z| < 1} and normalized by the conditions f(0) = f/(0) —1 = 0. A function
f € A is said to be starlike of order 8, 0 < § < 1, if and only if

a (20
f(z)
The class of such functions is denoted by S$*(3). Note that S*(0) = S*, the class of

univalent starlike functions.
A function f € A is said to be close-to-convex in E if it satisfies the condition

%(?&?>>uzeEngGSf

>>,3, z € E.

The class of close-to-convex functions is denoted by C. Noshiro [2] and Warchawski
[6] independently proved in 1934-35 that f is close-to-convex if

R(f'(2)) > 0.
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Let ® : C?> x E — C be an analytic function, p be an analytic function in E with
(p(2),2p'(2); 2) € C? x E for all z € E and h be univalent in E. Then the function p
is said to satisfy first order differential subordination if

O(p(2), 2p'(2);2) < h(z), @(p(0),050) = h(0). (1)

A univalent function ¢ is called a dominant of the differential subordination (1) if
p(0) = ¢q(0) and p < ¢ for all p satisfying (1). A dominant ¢ that satisfies § < ¢ for
all dominants g of (1) is said to be the best dominant of (1).

Let ¥ : C? x E — C be analytic and univalent in domain C? x E, h be analytic in
E, p be analytic and univalent in E, with (p(z), 2p/(2);2) € C? x E for all z € E.
Then p is called a solution of the first order differential superordination if

h(z) = ¥(p(2), 2p'(2); 2), h(0) = ¥(p(0),0;0). (2)

An analytic function ¢ is called a subordinant of the differential superordination (2),
if ¢ < p for all p satisfying (2). A univalent subordinant ¢ that satisfies ¢ < ¢ for all
subordinants ¢ of (2) is said to be the best subordinant of (2).
The function f € A is called ¢—like in the open unit disk E, if

" <¢<J;<(>)>> 7 0zek

where ¢ is analytic in a domain containing f(E), #(0) =0 = ¢'(0) — 1 and ¢(w) # 0
for w € f(E)\ {0}. This concept was first introduced by Brickman [1] and he estab-
lished that a function f € A is univalent if and only if f is ¢-like for some ¢.
Using the concept of differential subordination Ruscheweyh [9] introduced and stud-
ied the following more general class of ¢—like functions:
Let ¢ be analytic function in the domain containing f(E), ¢(0) =0 = ¢/(0) — 1 and
¢(w) # 0 for w e f(E)\ {0}. Then f € A is called ¢-like w.r.t. a univalent function
EING
q(z) if

o(f(2))
In 2005, Ravichandran et al.[10] proved the following result for ¢-like functions:

Let a # 0 be a complex number and ¢(z) be a convex univalent function in E.
Suppose h(z) = ag?(z) + (1 — a)q(z) + azq'(z) and

?R{l;a-i-Qq(z)—i- <1+ Zj;;i?)} >0, 2 ¢ E.

< q(2), z € E.

If f € A satisfies

FE) (0" | al(E) — (B(F()
(” O )*h(”
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then
zf'(z)
o(f(2))

<q(z), z€eE

and ¢(z) is best dominant.

Recently, Shanmugam et al. [5] and Ibrahim [3] also obtained the results for ¢-like
functions parallel to the results of Ravichandran [10] stated above.

In the present paper, we investigate the differential operator

21'(2) () (bg())
%(g(z))”(” 7 T éle) )

where f, g € A and ¢ is an analytic function in a domain containing g(E) such that
#(0) =0=¢(0)—1 and ¢(w) # 0 for w € g(E)\ {0}, for real numbers a and b(#£ 0).
We, here, obtain some sufficient conditions for ¢-like, starlike and close-to-convex
functions.

2. PRELIMINARIES

We shall need the following definition and Lemmas to prove our main results.

Definition 1. [7, Def. 2.2b, p.21]. We denote by Q the set of functions p that are
analytic and injective in E \ B(p), where

B(p) = {C €K ligép(Z) = OO} :

are such that p'(¢) # 0 for ¢ € OE \ B(p).

Lemma 1. [7, Theorem 3.4h, p.132]. Let q be univalent in E and let 6 and ¢
be analytic in a domain D containing q(E), with @(w) # 0, when w € q(E). Set
Q1(2) = 2¢'(2)pla(2)], h(z) = 0lq(2)] + Q1(2) and suppose that either

(i) h is convex, or

(ii) Q1 is starlike.

In addition, assume that

(iii) R <Zh,(z)> > 0.

Q1(2)
If p is analytic in E, with p(0)= q(0), p(E) C D and

O0[p(2)] + 20 (2)p[p(2)] < 0la(2)] + 24’ (2)plg(2)],

then p(z) < q(z) and q(z) is the best dominant.
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Lemma 2. [4]. Let q be univalent in E and let 6 and ¢ be analytic in a domain D
containing q(E). Set Q1(z) = 2¢'(2)p[q(2)], h(z) = 0[q(2)]+ Q1(z) and suppose that
(i) Q1 is starlike in E and

9/
(ii) R [ (q('z))} >0, z€E.

(a(2))
If p € Hlg(0),1] N Q, with p(E) C D and 0[p(z)] + zp'(2)¢[p(2)] is univalent in E

and

0la(2)] + 24 (2)la(2)] = Olp(2)] + 2P (2)lp(2)], = € E,
then q(z) < p(z) and q(z) is the best subordinant.

3. MAIN RESULTS
Theorem 3. Let q, q(z) # 0 be a univalent function in E and satisfies the condition
2q"(z)  2¢'(2) a
1 _ _Z
R ( g ) T {0, = TRa(=))} 3)

where a and b(# 0) are real numbers. Let ¢ be analytic function in a domain
containing g(E), #(0) =0 = ¢/(0) — 1 and ¢(w) # 0 for w € g(E)\ {0}. If f, g €

/
, 2f'(2) # 0, z € E, satisfy the differential subordination
¢(9(2))

UG
P(9(2))

) ) L)
+b<” e o) >< SRR @)

then

and q(z) is the best dominant.

Proof. Define the function p(z) by

Therefore

and (4) reduces to
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Define 6 and ¢ as 0(w) = aw & p(w) = % Both 6 and ¢ are analytic in C\ {0}
and p(w) # 0, w € C\ {0}. Therefore Q1(2) = 2¢'(2)p(q(z)) = széz) and
h(z) = 0a(=)) + Q1(2) = ag(z) + b§(<)>

A little calculation yields

Q) _ L A e)
Q1(2) ¢(z)  q(2)
e P () () ()
W (z) _a 2q"(z)  2q(z
Qe o e e
In view of Condition 3, we have Q(z) is starlike in E and R (;h/((;) > > 0.
1

The proof, now, follows from the Lemma 1.

On taking ¢(z) = z in Theorem 3, we have the following result:

Theorem 4. Let g, q(z) # 0, be a univalent function in E, satisfying the Condition
3 of Theorem 3 for real numbers a, b(# 0). If f, g € A, Z;C(/S) #0, z € E, satisfy
the differential subordination

2f'(2)
9(2)

2f"(2)  24'(2)
f'(z)  g(?)

2f'(2)
9(2)

2q'(z)
q(z)

a

+b(1+ ><aq(z)+b

then

<q(z), z €E,

and q(z) is the best dominant.
On taking ¢(z) = z and g(z) = f(z) in Theorem 3, we have the following result:
Theorem 5. Let g, q(z) # 0 be a univalent function in E and satisfies the Condition

3 of Theorem 3 for real numbers a and b(#£ 0). If f € A, z;;i;) # 0, z € E, satisfies
2f'(2) 2f"(2) 2q'(2)
=05 +o (1455 a5
then (2)
2f(z
) < q(2), z €E,

and q(z) is the best dominant.
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On selecting ¢ = 1 and b = « in the Theorem 5, we get the following result for the
class of a-convex functions.

Theorem 6. Let « be a non zero real number and let q, q(z) # 0 be a univalent
function in E satisfying the Condition 3 of Theorem 3. If f € A, z € E, satisfies

2f1(2) 21"(2) (2)
A=)y to (1 ) > <@ Famny
then ,
Z;(ij) <q(z), z€E,

and q(z) is the best dominant.
By defining ¢(z) = g(z) = z in Theorem 3, we obtain the following result:

Theorem 7. Let q, q(z) # 0 be a univalent function in E and satisfying the Condi-
tion 8 of Theorem 3 for real numbers a, b(#0). If f € A, f'(2) #0, z € E, satisfies
the differential subordination

" /
f(z) + bz;/((z)) < aq(z) + bzg(i;;),
then
f'(z) < q(2), 2 €E,
and q(z) is the best dominant.
1+2\°
Remark 1. It is easy to verify that dominant q(z) = 1) 0 < 6 <1, satisfies

the Condition 8 of Theorem 3, for real numbers a and b(# 0). Consequently, we get:

Theorem 8. Let ¢ be analytic function in the domain containing g(E) such that

6(0) = 0 = ¢/(0) — 1 and $(w) # 0 for w € g(B)\ {0}. If . g € A, <z><fg<(>)> ’

0, z € E, and for real numbers a and b(# 0), satisfy

2f'(2) 2f"(2)  2(e(g(2)) 1+2\°  2bsz
a¢(g(z))+b(1+ fz)  ole(=) ><“(1—z> 1

27

then

z2f'(z) 1+z2
oo (i

On taking ¢(z) = z in above theorem, we obtain:

5
) ,z€E, 0<d<1.
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Corollary 9. Let a and b(# 0) are real numbers and 0 < 6 < 1. If f, g €

A, 1) #0, z € E, satisfy
9(2)
azf’(z) < zf"(z) zg’(z)> " (1—{—2)5 2bdz
o T e ) i) T
then

T () e

For ¢(z) = z and g(z) = f(z) in Theorem 8, we obtain the following result:

2f'(2)
f(2)

Corollary 10. Let a and b(# 0) are real numbers and0 < § < 1. If f € A,
0, z € E, satisfies the differential subordination

(a - b)Z}C;S) +b <1 i zﬁ/;S)) . th)é . 12i5;7

4

then

2f'(2) | (1+2)°
7(2) <(1—z)’ZEE’

and hence f(z) is starlike.

Selecting a = 1 and b = « in above corollary, we get the following result for the class
of a-convex functions:

2f'(2)

Corollary 11. Let a be a non-zero real number. If f € A, ) #0, z € E,
z
satisfies
2f'(z) 2f"(2) 1+2\°  2b62
1-— 1
( wa@)+a<_kﬂ@) i) fioe
then

! é
Z;(i§)<<1jj> , z€E, 0<d<1.

Hence f(z) is strongly starlike.

On taking ¢(z) = g(z) = z in Theorem 8, we have:
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Corollary 12. Let a and b(# 0) are real numbers. If f € A, f'(z) #0, z € E,
satisfies

af'(z) +b

z2f"(2) e 1+2\° 26z 7
(2) 1—2z 1— 22
then

5
1
f’(2)<<14_ri> , z€E, 0<é§ <1,

and hence f(z) is close-to-convex.

Remark 2. When we select the dominant q(z) = €*, then this dominant satisfies the

b
Condition 3 of Theorem 3 for non-zero real numbers a and b such that R(e*) > ——.
a

Consequently, we obtain the following result:

b
Theorem 13. Let a and b be non-zero real numbers such that R(e*) > —— and

let ¢ be analytic function in a domain containing g(E), $(0) = 0 = ¢'(0) — 1 and

zf'(2) ,
d(w) #0 forw € g(E)\ {0}. If f, g € A, 5(9(2)) #0, z € E, satisfy
2f'(2) ) GG
ol <1 OO > o rhs
then 70
sotz)) PR

On choosing ¢(z) = z in above theorem, we obtain:

b
Corollary 14. Let a and b non-zero real numbers such that R(e*) > ——. If f, g €
a

2f'(2)

A, ) #0, z € E, satisfy the differential subordination
g(z
2f'(2) < zf"(2) Z!/(Z))
a +b(1+ — < ae® + bz,
9(2) =) g(z)
then ,
) <e*, z€R.
9(2)

On selecting ¢(z) = z and g(z) = f(z) in Theorem 13, we get:
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b
Corollary 15. Let a and b are non-zero real numbers such that R(e*) > ——. If
a

feA, Z}fé(;) #£0, z € E, satisfies the differential subordination
2f'(2) 2f"(2) 2
(a —b) ) +b<1—|— f’(z)><a€ + bz,
then .
Z;(S;) <e*, z€eE,

and hence f(z) is starlike.
on choosing a = 1 and b = « in above corollary, we obtain:

Corollary 16. Let a be a non-zero real number such that R(e®*) > —a. If f €

A, Z}C;g) #0, z € E, satisfies
(1-a) Z]{ES) +a (1 + Zﬁ;i?) < e* +az,
z}“giz)) <e*, z€R.

Therefore, f € S*.

For ¢(z) = g(2) = z in Theorem 13, we obtain the following result:
b

Corollary 17. Let a and b are non-zero real numbers such that R(e*) > ——. If
a

feA fl(z)#0, z €E, satisfies

2f"(2)
f'(2)

af'(z) +b

< ae® + bz,
then

f'(z) < €%, z €E,
and hence f(z) is close-to-convex.

Remark 3. By selecting the dominant q(z) = 14+ mz, 0 < m < 1, we observed that
the Condition 8 of Theorem 3 holds for all real numbers a and b(#£ 0) having same
sign. Thus from Theorem 3, we have the following result:
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Theorem 18. Let ¢ be analytic function in the domain containing g(E), where
#(0) =0=¢(2)—1 and ¢(w) # 0 for w € g(E)\{0}. Let real numbers a and b( 0)
!/

be such that % >0.If f, g€ A, 212) #£0, z € E, satisfy

?(9(2))
21 2"(2) 2009\ L gy bmE
slotz) T (1 e T e ) <ol dmea) b
then 72)
m—<1+mz, where 0 <m <1, z € E.

Taking ¢(z) = z in above theorem, we get the following result:

Corollary 19. Let a and b are non-zero real numbers having same sign and 0 <

m<1.1Iff geA 22 #0, z € E, satisfy
9(z)
zf'(z) zf"(z)  29'(2) bz
a ) +b <1+ ) — o) > <a(l+mz)+ T+ms
then /
F1z) <14+mz, z€E.
9(z)

From Theorem 18, for ¢(z) = z and g(z) = f(z), we obtain:

Corollary 20. Let a and b be non-zero real numbers having same sign and 0 <

m<1.If f €A, foéz) #0, z € E, satisfies
zf'(2) 2f"(2) bmz
=05+ (14 55 <t S
then 72
2f'(z
702) <14+mz, z€E,

and hence f(z) is starlike.

On selecting a = 1 and b = « in above corollary, we get the following result:

2f'(2)
f(2)

z2f'(2) z2f"(2) amz
- 5 v (1 ) <m0

124
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then
zf'(2)
f(z)

and hence f(z) is starlike.

<14+mz, 0<m<1,

Selecting ¢(z) = g(z) = z, in Theorem 18, we have:

Corollary 22. Let a and b(# 0) be real numbers having same sign. If f € A, f'(z) #
0, z € E, satisfies

2f"(2) bmz

af'(z) +b 70) <a(l+mz)+ T+ ma

?

then
fl(z) <1+mz, 0<m<1, z€E,

and hence f(z) is close-to-convex.

Remark 4. Let q(z) = M, then
B —z
") @) g (B .
(5 ) = (a0 oo

and

Rq(z) =R (5(51__;)> > 0.

In view of the above calculations, the Conditon 3 of Theorem 38 is satisfied for real

numbers a and b(#£ 0) such that % > 0. Consequently, we obtain the following result:

Theorem 23. Let ¢ be analytic function in the domain containing g(E), where

¢w)=0=¢%@—1mm¢w0#0ﬁww€gﬁﬁﬁm_ﬁf6A,;gg%¢0,z6E
for real numbers a, and b(# 0) such that % > 0, satisfies
(1-p)z

2 f(2) ) o) p0-2)
awm@>+bo*‘f@> ¢@u>>‘< 5= roaa-a
then
() B1-2)
RO RETE

Taking ¢(z) = z, we get the following result from above theorem:

z € E, where g > 1.
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Corollary 24. If f, g € A, Z;{S) # 0, z € E, satisfy the differential subordination
2f'(2) < 2f"(2) 29’(Z)> af(l —2) b(1—B)z

b _
oo T T ) ST TGan

a

then P2 B2
oz Bz

where > 1 and a, b(# 0) are real numbers having same sign.

, 2 € E,

On selecting ¢(z) = z and g(z) = f(2) in Theorem 23, we obtain:

Corollary 25. Let a and b(# 0) be real numbers having same sign and > 1. If

zf'(z) :
feA ) #0, z € E, satisfies
2 () 2f"(2) aB(l— =) b(1-B)z
005 o (1 FF) S i
then

f(2) B0 —2)
) B-z

and hence f(z) is starlike.

Choosing a = 1 and b = « in above corollary, we get:

2f'(2)
f(z)

Corollary 26. For a > 0, if f € A, % 0, z € E, satisfies the differential

subordination

L@ () BO-2) | a(l-B):
A=)y (” ff(z))< 5= T B-0-2)

then £z B—2)
) -z

B>1, z€E,
i.e. fedS*.

Taking ¢(z) = g(z) = z in Theorem 23, we have:
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Corollary 27. Let a, b(# 0) be real numbers having same sign and > 1. If
feA fl(z)#0, z €E, satisfies

') aBll—2) | b= B):

S 7 e (RS TGS
then
re <%= sex

and hence f(z) is close-to-convex.

2
Remark 5. On selecting the dominant q(z) = 1+ =22 in Theorem 8, it is easy to

check that this dominant satisfies the Condition 3 of Theorem 3 for real numbers a
and b of same sign, as

Hg ) () e

and

2
Rq(z) =R <1 + 322) > 0.
Consequently, we obtain the following result:

2f'(2)
o(g(2))

Theorem 28. For real numbers a and b(# 0) of same sign, if f, g € A, =+

0, z € E, satisfy
A1) +b<1+zf”(2) B z<¢<g<z>>’) <a(1+2z2) L 4

P(9(2)) f'(z) o(9(2) 3 3+ 222
then f’( ) )
i i *22 z .
gz "1 TaTeEE

Here, ¢ is an analytic function in the domain containing g(E), such that ¢(0) =0 =

¢/(2) = 1 and $(w) # 0 for w € g(E) \ {0}.

By selecting ¢(z) = z in above theorem, we obtain:

Corollary 29. Let a and b(# 0) be real numbers such that % > 0. If f, g €
zf'(z)

A 9(2)

#0, z € E, satisfy

zf'(2) 2f"(2)  zd'(2) " 222 422
“9(2) +b(1+ f(z) g(z))< <1+3 >+3+222’
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then
zf'(2)
9(2)

On taking ¢(z) = z and ¢g(z) = f(z) in Theorem 28, we have:

2
<1—|—§, 2?2 z € E.

2f'(2)
f(2)

Corollary 30. Let a and b(# 0) be real numbers such that % >0. If f € A, #

0, z € E, satisfies

(a—b) ZJ{;S) +b (1 + Z}f,,;g)) <a (1 + §z2) + 3%2;2,

then

zf'(2) 2 9
f(z) ‘<1+§Z y Z€E7

and hence f(z) is starlike.

If we take a = 1 and b = « in above corollary, we get:

/!
Corollary 31. For a > 0, if f € A, Z}C((Z)’) # 0, z € E, satisfies the differential
z
subordination
zf'(2) 2f"(2) 2 5 4az?
1-— 1 14 = —
(1—a) ) —|—a< + 70 =< +32 +3+2z2’
then (2)
zf'(z
14 222 E
02) <1+ 3% zel,

and hence f € S§*.

In Theorem 28, by selecting ¢(z) = g(z) = z, we obtain:

Corollary 32. Let real numbers a and b(# 0) be such that, % >0.Iffe A fl(z)#
0, z € E, satisfies

, z2f"(z) 2, 4bz?
af(z)—i—bf/(z) <a<1+3z>+3+222,

then

2
flz) <1+ §22, z e E,

and hence f(z) is close-to-convex.
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4. SANDWICH TYPE RESULTS

Theorem 33. Let a and b(# 0) be real numbers such that % > 0. Let q, q(z) #0

2q'(2)
q(2)

univalent in E and Rq(z) > 0. Let ¢ be analytic function in the domain containing

9(B), where $(0) = 0 = ¢/(0) — 1 and ¢(w) # 0 for w € g(E) \ {0}. If f, g € A,

be univalent function in the unit disk E, with q(0) = 1 such that is starlike

27(2) A () el
¢<tg<f>>e”“) NQ with 2758 (” 72 ¢<g<z>>> font . I,
satisfy
W) G (), ) )
aq(z) Ty ¢<g<z>+b< o) elel) > ©)
then

1)
42 = 5502

and q(z) is the best subordinant.
2f'(2)
¢(9(2))’

, z € E,

Proof: Write p(z) =

then (5) becomes

¢ (2)

q(z)

2p'(2)
p(2)

aq(z) +b <ap(z)+b

By defining 6 and ¢ as f(w) = aw and ¢(w) = 2, where 6 and ¢ are analytic in
w
C\ {0} and p(w) # 0, w € C\ {0}. Therefore,

A little calculation yields

2Q1(z) 2q"(z)  z¢'(2)
SN A TE NTE)

and

0'(q(2))
v(q(2))

In view of the given conditions, Q1 (z) is starlike and R [ ] >0, z € E. Hence

the proof, now, follows from Lemma 2.
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Theorem 34. Let q1(z) # 0 and g2(z) # 0 be univalent in E such that q1(z) satisfies
the condition of Theorem 33 whereas q2(z) satisfies the Condition 3 of Theorem 3.
Let ¢(z) be analytic function in the domain containing g(E) such that ¢(0) = 0 =

@' (0) —1 and ¢p(w) # 0 for w € g(E)\ {0}. Let f, g € A, 2 (2) e H[1,1]NQ and

f'(2) f'(z)  2(e(g(2)) o)
z2f'(z z2f"(z)  z2(¢p(g(z : .
a(b(g(z)) +b <1 + - > be univalent in E, where a and b(# 0) are

f'(z) ¢(9(2))

real numbers. Further, if

) G ) @) | ()
alx) b0y S ¢<g<z>>+b(” ) o) )* 2+ 5
then f’( )

q(z) < () < q2(2), z €E.

Moreover, q1(z) and q2(z) are the best subordinant and the best dominant respec-
tively.

Taking ¢1(z) = 14+ mz and ¢2(z) = 14+nz, 0 <m <n <1, in Theorem 33, we have
the following result:

Corollary 35. Let ¢(z) be a analytic function in the domain containing g € E such
that ¢(0) = 0 = ¢/(0) — 1 and ¢p(w) # 0 for w € g(E) \ {0}. Let a, b(£ 0) be real

/
numbers such that % > 0. If f, g € A be such that 2f'(2) € HI[L,1] N Q with

¢(9(2))
() +b (1 + () - z(¢(g(z))’) is univalent in E and satisfy

“o9()) 7)) o)
bmz  2f'(2) THONECICIO) AN
al+ma) s S e <” ) oe(2) > <allna)
then f’( )
1+mz < 5(9()) <1+nz, z€E,

where m and n are real numbers, such that 0 < m < n < 1.
On selecting m =1/4, n =1/2 and a = 1 = b in above corollary, we obtain:

Example 1. Let ¢(z) be a analytic function in the domain containing g(E), where
#(0) =0=¢'(0) — 1 and ¢(w) # 0 for w € g(E) \ {0}. Let f, g € A be such that

Zfl(z) : zf’(z) zf”(z) — z(qb(g(z))’ 18 unwvalent mn an
ou(z) CHILUNQ with 1+ 200N T 77~ olg(2) tent in E, and
satisfy

17715 e TP

9(2)) = 2 24z

SR WO U, ©)

130



P. Kaur, S. Singh Billing — Some sandwich-type results ...

then

2 zf'(2) z
1+4<¢(g(z))<1+2, € E. (7)

In Example 1, on taking ¢(z) = z, we get:

/ /
Example 2. Let f, g € A be such that () € H[1,1]NQ with 1 + 2f2) +
ample 2 e e
Zf, (2) _ (2) s univalent in E and satisfy
f'(z)  9(2)
z z 2f'(2)  z2f"(z)  =24'(2) =z z
=+ < + - <+
4 4+=z g(2) f(2) 9(2) 2 242z
then 72)
z  zfl(z z
14— 14 = E.
1% ) ity eE
On selecting ¢(z) = z and g(z) = f(2) in Example 1, we get:
/ 1
Example 3. Suppose f € A is such that Z;((j) € H[1,1]NQ with 1 + Zf,((i;) is
z z
univalent in E and satisfies
z z zf"(z) =z z
4+4+z B f'(2) = 2+2+z
then 72)
z  zf'(z z
14— 14 = E.
+4< 702) = +2, z €
On taking ¢(z) = g(z) = z in Example 1, we have:
: / o 2f"(2)
Example 4. Suppose f € A is such that f'(z) € H[1,1] N Q with f'(z) + ) is
z

univalent in E and satisfies

1!
) g2, 2

z z ,
gt e '(z) 2 242

4 44z

then . .
1+Z<f@o<1+?zeE.
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b5

0.0

-13

G5

L]

2.0 I D.Iﬁ I 1 .Ii' 1 .Ij
Figure 2

Using Mathematica 10.0, we plot the images of the unit disk under the functions
z

4_1+4-T—z and %+2j—z of (6) in Figure 1 and 1+Z and 1+§of(7) in Figure 2. It

!/ 1 /
follows that if 2f(2) + Q) - 29(9(2)) takes values in the light shaded portion

¢(9(2))  f'(z)  o(9(2))
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zf'(2)
¢(g(2))

Consequently, in view of Example 3 and Example 4, f is starlike and close to convex
respectively.

of Figure 1, then

will take values in the light shaded portion of Figure 2.
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