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D.L. Suthar, S.D. Purohit, K.S. Nisar

Abstract. The present paper deals with the three new integral formulas in-
volving the extended generalized hypergeometric function and are expressed in term
of the generalized hypergeometric functions. Some important particular cases in-
volving the extended Gauss hypergeometric and confluent hypergeometric functions
are also pointed out.
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1. Introduction

Recently, Srivastava et al. [11] studied and established in a methodical manner the
following extended generalized hypergeometric function:

rFs

[
(δ1, m), δ2, . . . , δr;

ξ1, . . . , ξs;
x

]
=
∞∑
p=0

(δ1, m)p (δ2)p , . . . , (δr)p
(ξ1)p , . . . , (ξs)p

(x)p

p !
, (1)

where (λ; m)ν denotes the Pochhammer symbol defined, as follow (see [11], p. 485
Eq.(1.66))

(λ; m)ν =

{
Γm(λ+ν)

Γ(λ) , (<(m) > 0; ν, λ ∈ C) ,

(λ)ν , (m = 0; ν, λ ∈ C) .
(2)

Here, Chaudhary and Zubair ([1], p. 9, eq.(1.66)) is introduced the generalized
gamma function as follows:

Γm (z) =

{ ∫∞
0 tz−1 exp(−t−m/t)dt, (<(m) > 0; z ∈ C) ,

Γ(z), (m = 0; <(z) > 0) .
(3)
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The corresponding extensions of Gauss’s hypergeometric and confluent hypergeo-
metric function are as follows:

2F1

[
(δ, m), ξ;

γ;
x

]
=

∞∑
p=0

(δ, m)p (ξ)p
(γ)p

(x)p

p !
, (4)

and

1F1

[
(δ, m);
γ;

x

]
=
∞∑
n=0

(δ, m)p
(γ)p

(x)p

p !
. (5)

Recently, the integral representations of various special functions are studied widely
(see [4, 5, 6, 7, 8, 9, 12, 13, 14]). Here, we aim to find the integral and double integral
representations of generalized hypergeometric function. To approach toward our
main findings, we recall the following Lavoie-Trottier integral formula [3]∫ 1

0
xϑ−1 (1− x)2τ−1

(
1− x

3

)2ϑ−1 (
1− x

4

)τ−1
dx =

(
2

3

)2ϑ Γ(ϑ)Γ(τ)

Γ(ϑ+ τ)
, (6)

provided <(ϑ) > 0, <(τ) > 0.
Also, we need the Edward integral formula [2, 7, p.445; see also p.243]:∫ 1

0

∫ 1

0
yϑ (1− x)ϑ−1 (1− y)τ−1 (1− xy)1−ϑ−τ dxdy =

Γ(ϑ)Γ(τ)

Γ(ϑ+ τ)
, 0 < <(τ) < <(ϑ).

(7)

2. Main Results

We establish three generalized integral formulas, which are represented in terms of
the generalized hypergeometric functions (1) by inserting with the suitable argument
in the integrand of (6) and (7).

Theorem 1. Let x > 0, α1, α2, . . . , αr, δ, η ∈ C; and β1, . . . , βs ∈C\Z0 with
<(m) > 0, <(δ) > 0, <(η) > 0, <(δ + η) > 0, then the following result holds:∫ ∞

0
xδ−1 (1− x)2η−1

(
1− x

3

)2δ−1 (
1− x

4

)η−1

× rFs

[
(α1 : m), α2, . . . , αr;

β1, . . . , βs;

(
y
(

1− x

4

)
(1− x)2

)]
dx

=

(
2

3

)2δ Γ (δ) Γ (η)

Γ (δ + η)
r+1Fs+1

 (α1 : m), α2, . . . , αr , η;

β1, . . . , βs, δ + η;
y

 . (8)
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Proof. Let S1 be the left-hand side (LHS) of (8). Using (1) in the integrand of (8)
and then interchanging the order of integration and summation, which is valid under
the given conditions, we get

S1 =

∞∑
p=0

(α1 : m)p (α2)p . . . (αr)p
(β1)p . . . (βs)p n !

yp

×
∫ 1

0
xδ−1 (1− x)2 (η+p)−1

(
1− x

3

)2δ−1 (
1− x

4

)η+p−1
dx, (9)

Now, on using the integral formula (6), the above integral (9) can be written as:

S1 =

∞∑
p=0

(α1 : m)p (α2)p . . . (αr)p
(β1)p . . . (βs)p p !

yp
(

2

3

)2δ Γ (δ) Γ (η + p)

Γ (δ + η + p)
,

=

(
2

3

)2δ Γ (δ) Γ (η)

Γ (δ + η)

∞∑
p=0

(α1 : m)p (α2)p . . . (αr)p
(β1)p . . . (βs)p

(η)p
(δ + η)p p !

(y)p ,

In accordance with the definition of (1), we easily obtain the result (8).

Theorem 2. Let x > 0, α1, α2, . . . , αr, δ, η ∈ C; and β1, . . . , βs ∈C\Z0 with
<(m) > 0, <(δ) > 0, <(η) > 0, <(δ + η) > 0, then∫ ∞

0
xδ−1 (1− x)2η−1

(
1− x

3

)2δ−1 (
1− x

4

)η−1

× rFs

[
(α1 : p), α2, . . . , αr;

β1, . . . , βs;
yx
(

1− x

3

)2
]
dx

=

(
2

3

)2δ Γ (δ) Γ (η)

Γ (δ + η)
r+1Fs+1

 (α1 : p), α2, . . . , αr , δ;

β1, . . . , βs , δ + η;

4y

9

 . (10)

Proof. Denoting the LHS of (10) by S2. Now, we make use of (1) in the integrand
of (10), and then interchange the order of integration and summation, which is valid
under the given conditions, to obtain

S2 =

∞∑
p=0

(α1 : m)p (α2)p...(αr)p
(β1)p...(βs)p p !

yp

×
∫ 1

0
xδ+p−1 (1− x)2 η−1

(
1− x

3

)2(δ+p)−1 (
1− x

4

)η−1
dx, (11)
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which on using integral formula (6) arrive at

S2 =

∞∑
p=0

(α1 : m)p (α2)p . . . (αr)p
(β1)p . . . (βs)p p !

yp
(

2

3

)2(δ+p) Γ (δ + p) Γ (η)

Γ (δ + η + p)
,

=

(
2

3

)2δ Γ (δ) Γ (η)

Γ (δ + η)

∞∑
p=0

(α1 : m)p (α2)p . . . (αr)p
(β1)p . . . (βs)p

(δ)p
(δ + η)p p !

(
4y

9

)p
.

Now, in accordance with the definition of (1), we obtain the result (10).

Remark 1. In Theorems 1 and 2, by making some suitable adjustment of the pa-
rameters, we arrive at the known result given by Parmar and Purohit ([10]).

Now, we derive double integral involving generalized hypergeometric function using
the formula (7).

Theorem 3. Let x > 0, α1, α2, · · · , αr, λ, µ ∈ C and β1, · · · , βs ∈ C \ Z0 with
<(µ) > 0, 0 < <(µ) < <(λ), then the following formula hold true.

∫ 1

0

∫ 1

0
yλ (1− x)λ−1 (1− y)µ−1 (1− xy)1−λ−µ

×rFs
[

(α1,m), α2, ..., αr;
β1, ..., βs;

ay(1−x)(1−y)
(1−xy)2

]
=

Γ(λ)Γ(µ)

Γ(λ+ µ)
r+2Fs+2

[
(α1,m), α2, ..., αr, λ, µ;

β1, ..., βs,
λ+µ

2 , λ+µ+1
2 ;

a
4

]
.

Proof. Let the left hand side be denoted by I, then

I =

∫ 1

0

∫ 1

0
yλ (1− x)λ−1 (1− y)µ−1 (1− xy)1−λ−µ

×rFs
[

(α1,m), α2, ..., αr;
β1, ..., βs;

ay(1−x)(1−y)
(1−xy)2

]
,

Now, on using the definition (1), we get

I =

∫ 1

0

∫ 1

0
yλ (1− x)λ−1 (1− y)µ−1 (1− xy)1−λ−µ

×
∞∑
p=0

(α1,m)p, (α2)p, ..., (αr)p
(β1)p, ..., (βs)pp!

apyp(1− x)p(1− y)p

(1− xy)2p
dxdy,
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which on changing the order of integration and summation arrive at

I =
∞∑
p=0

(α1,m)p, (α2)p, ..., (αr)p
(β1)p, ..., (βs)pp!

ap

×
∫ 1

0

∫ 1

0
yp+λ (1− x)p+λ−1 (1− y)p+µ−1 (1− xy)1−λ−µ−2p dxdy,

Further, on applying the integral formula given (7), we get

I =
∞∑
p=0

(α1,m)p, (α2)p, ..., (αr)p
(β1)p, ..., (βs)pp!

ap
Γ(λ+ p)Γ(µ+ p)

Γ(λ+ µ+ 2p)
,

and then by using the formula,

(λ)kn = kkn
(
λ

k

)
n

(
λ+ 1

k

)
n

....

(
λ+ k − 1

k

)
n

, (12)

we obtain

I =
Γ(λ+ p)Γ(µ+ p)

Γ(λ+ µ+ 2p)

∞∑
p=0

(α1,m)p, (α2)p, ..., (αr)− p(λ)p(µ)p
(β1)p, ..., (βs)pp!

×
(
λ+ µ

2

)
p

(
λ+ µ+ 1

2

)
p

(a
4

)p
,

In view of (1), we arrived at the desired result.

3. Special Cases

Some important particular cases of the main theorems are considered in this sec-
tion. We present certain integrals as Corollaries, given below for extended Gauss
hypergeometric and confluent hypergeometric functions (4) and (5).

Corollary 4. Let x > 0, α, β, δ, η ∈C; and γ ∈C \Z0 with <(m) > 0, <(δ) >
0, <(η) > 0, <(δ + η) > 0, then there hold the following results:∫ ∞

0
xδ−1 (1− x)2η−1

(
1− x

3

)2δ−1 (
1− x

4

)η−1

×rFs
[

(α : m), β;
γ;

(
y
(

1− x

4

)
(1− x)2

)]
dx
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=

(
2

3

)2δ Γ (δ) Γ (η)

Γ (δ + η)
3F2

 (α : m), β, η;

γ, δ + η;
y

 . (13)

Corollary 5. Let x > 0,α, β, δ, η ∈C; and γ ∈C\Z0 with <(m) > 0, <(δ) > 0,
<(η) > 0, <(δ + η) > 0, then there hold the following results:∫ ∞

0
xδ−1 (1− x)2η−1

(
1− x

3

)2δ−1 (
1− x

4

)η−1

×rFs
[

(α : m), β;
γ;

yx
(

1− x

3

)2
]
dx

=

(
2

3

)2δ Γ (δ) Γ (η)

Γ (δ + η)
3F2

 (α : m), β, δ;

γ, δ + η;

4y

9

 . (14)

Corollary 6. Let x > 0, α, β, λ, µ ∈ C and β1, · · · , βrC \ Z0 with <(µ) > 0, 0 <
<(µ) < <(λ), then the following formula hold true.

∫ 1

0

∫ 1

0
yλ (1− x)λ−1 (1− y)µ−1 (1− xy)1−λ−µ

2F1

[
(α,m), β;

γ;
ay(1−x)(1−y)

(1−xy)2

]
dxdy

=
Γ(λ)Γ(µ)

Γ(λ+ µ)
4F3

[
(α,m), β, λ, µ;

γ, λ+µ
2 , λ+µ+1

2 ;
a
4

]
.

Corollary 7. Let x > 0, α, δ, η ∈ C; and γ ∈ C\Z0 with <(m) > 0, <(δ) > 0,
Re(η) > 0, <(δ + η) > 0, then there hold the following results:∫ ∞

0
xδ−1 (1− x)2η−1

(
1− x

3

)2δ−1 (
1− x

4

)η−1

×rFs
[

(α : m) ;
γ;

(
y
(

1− x

4

)
(1− x)2

)]
dx

=

(
2

3

)2δ Γ (δ) Γ (η)

Γ (δ + η)
2F2

 (α : m), η;

γ, δ + η;
y

 . (15)

Corollary 8. Let x > 0, α, δ, η ∈ C; and γ ∈ C\Z0 with <(m) > 0, <(δ) > 0,
<(η) > 0, <(δ + η) > 0, then there hold the following results:

∫ ∞
0

xδ−1 (1− x)2η−1
(

1− x

3

)2δ−1 (
1− x

4

)η−1

rFs

[
(α : m) ;

γ;
yx
(

1− x

3

)2
]
dx
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=

(
2

3

)2δ Γ (δ) Γ (η)

Γ (δ + η)
2F2

 (α : m), δ;

γ, δ + η ;

4y

9

 . (16)

Corollary 9. Let x > 0, α, β, λ, µ ∈ C and β1, · · · , βr C \ Z0 with <(µ) > 0, 0 <
<(µ) < <(λ), then the following formula hold true.

∫ 1

0

∫ 1

0
yλ (1− x)λ−1 (1− y)µ−1 (1− xy)1−λ−µ

2F1

[
(α,m);
γ;

ay(1−x)(1−y)
(1−xy)2

]
dxdy

=
Γ(λ)Γ(µ)

Γ(λ+ µ)
4F3

[
(α,m), λ, µ;

γ, λ+µ
2 , λ+µ+1

2 ;
a
4

]
.
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