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SOME PROPERTIES FOR CERTAIN ANALYTIC FUNCTIONS

D. Breaz, N. BREAZ, S. OwA

ABSTRACT. For analytic functions f(z) in the open unit disk U with f(0) =0
and f'(0) = 1, R. Singh and S. Singh (1982) showed some interesting results for
univalency and starlikeness of f(z). Also, for analytic functions p(z) in U with
p(0) = 1, M. Nunokawa gave some interesting theorems concerning with univalency
and starlikeness of functions. The object of the present paper is to discuss some
properties of functions which are the generalizations of results due to R. Singh and
S. Singh, and due to M. Nunokawa.
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1. INTRODUCTION

Let A be the class of functions f(z) of the form
f(z) = Z+Zanz” (1)
n=2

which are analytic in the open unit disk U = {z € C: |z| < 1}. A function f(z) in
the class A is said to be univalent in U if it satisfies f(z1) # f(z2) for z1 # 22 (21 €
U,z € U) and denoted by f(z) € S. Also a function f(z) € S is said to be starlike
in U if f(z) maps U to a starlike domain with respect to the origin. We write that
f(z) € S* for such functions. It is well-known that f(z) € S* is equivalent to

Re (zf/(z)> >0 (z€U). (2)

f(z)
Let Py(a) denote the class of functions p(z) with p(0) > 0 which satisfy
p(z) —p(0)] <a (z€U) (3)

for some real a (0 < a < p(0)).
In order to discuss our problems for p(z) € FPy(a), we have to recall here the
following results.
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Lemma 1. (L.S. Jack [2]) Let w(z) be analytic in U with w(0) = 0. If |w(z)| attains
its maximum value on the circle |z| =1 <1 at a point zo, then

zow (20) = kw(zo) (k> 1). (4)

Lemma 2. (M. Nunokawa [4]) Let p(z) be analytic in U, p(0) = 1 and suppose that
there exists a point zg € U such that

Rep(z) >0 for |z|] <|z0| <1,
Rep(z0) =0 and p(z0) = *ia.

Then
20p (z0) =ik,
p(20)
where
1 1 )
kzi (a—i—) >1 when p(z)=r1a (a>0)
a
and
1 1 .
k< —3 <a + > < —1 when p(z)=—ia (a>0).
a

Further, we need

Lemma 3. (M. Nunokawa [5]) Let p(z) be analytic in U, p(0) =1, p(z) #0 in U
and suppose that there exists a point zg € U such that

s
larg(p(2))| < Ga for 2] <lz0] <1,

and
T
jara(p(z0))] = 3o
for a> 0. Then

2op (20) _ ika,
p(20)
where
k> 1 <a+ 1) >1 when argp(zp) = T
— 2 a) ~ 27
k< —% <a—i— i) < —1 when argp(zy) = —ga,
and

p(z())i =+ia (a>0).
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2. SOME PROPERTIES

We first introduce the following two results concerning with our results.
Theorem A. (R. Singh and S. Singh [7]) If f(z) € A satisfies

P& -1 7@ <1 ew) (5)

for some real v > 0, then
‘f@y—Q<1 (z € U). (6)

Theorem B. (M. Nunokawa [6]) Let p(z) be analytic in U with p(0) = 1. If p(z)
satisfies

‘p(z)—i—zp/(z)—l‘ <2 (z€U), (7)

then
po-11<Y ev) ®)

and

T
4
Our first property for Py(a) is as follows.

larg(p(2))| < 7 (2 € U). (9)
Theorem 4. Let p(z) be analytic in U with p(0) > 0. If p(z) satisfies
p(z) = p(0)|* 29 (2)7 < a®*? (2 € V) (10)

for some a >0, >0, and 0 < a < p(0), then p(z) € Py(a) and

-1 @ 5
larg(p(z))| < sin <p(0)> (ze€U). (11)
Proof. Let us define a function w(z) by
w@y_“”;pm)(zeU) (12)
with w(0) = 0. Since zp'(z) = azw'(z), we see that
2w (2) g
[p(z) = p(0)|* 29 (2)) = law(z)|* Jazw'(2)|” = a*P|w(z)|*7 0 (13)
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We suppose that there exists a point zg € U such that

max [w(z)] = [w(zo)| =1,
J2/<Izol

then Lemma 1 gives us that w(zp) = € and zqw'(29) = kw(z) (k > 1). This shows
us that

Ip(20) — p(0)|* |z0p (20)|° = a®FPkP > ao+F (14)

which contradicts our condition (10) for p(z). Therefore we say that there is no
20 € U such that |w(zp)| = 1. This means that |w(z)| < 1 for all z € U, that is, that

p(z) —p(0)| <a (z€U).

Thus we obtain that p(z) € Py(a) and

larg(p(2))| < sin™* <p(a0)> (z€U).

Letting p(z) = f'(z) for f(z) € A in Theorem 4, we see
Corollary 5. If f(z) € A satisfies

e zf”(z)‘ﬂ <@ (zeU) (15)
for some a >0, B> 0, and 0 < a < 1, then we have
‘f/(z)—1‘<a (€ V) (16)
and
’arg(f/(z))‘ <sinla (zeU). (17)

Corollary 5 is the generalization of Theorem A.
Next, we consider

Theorem 6. Let p(z) be analytic in U with p(0) > 0. If p(z) satisfies
p(2) +bp'(2) = p(0)| < a1 +8) (z € D) (18)

for some a (0 < a <p(0)) and b > 0, then we have p(z) € Py(a) and

larg(p(z))| < sin™! <p(a0)> (z€U).
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Proof. Defining a function w(z) by (12), we obtain that

’ ’ Z’LUI z
() + 057 (2) (0] = law() + abeu ()] = alu( |1+ 072 ) )
Therefore, we suppose that there exists a point zg € U such that
max |w(z)| = |w(zo)| = 1.
|2[<]zol
Then Lemma 1 gives us that w(z) = ¢ and
2w (0) _ sy
w(zo)
It follows from the above that
[p(20) + bz0p (20) — p(0)] = a|1 +bk| > a(1+0). (20)

This contradicts the condition (18) of the theorem. Therefore w(z) has to satisfy
that

lw(z)| <1 (z€U).
This completes the proof of the theorem.

Letting a = % in Theorem 6, we have

Corollary 7. Let p(z) be analytic in U with p(0) = 1. If p(z) satisfies

1+b

p(z) +bzp (2) — 1] < vl (z € U) (21)
for some b > 0, then we have
o) -1l< % (eD) (22)
and
arg(p(=))| < 5 (2 € V). (23)
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Corollary 7 is the generalization of Theorem B.
Next, we introduce the following result due to R. Singh and S. Singh [7].
Theorem C. If f(z) € A satisfies

~

£ (z) =17 1+ ZJ{,(S) < (2)7 (zeU) (24)
for some real v > 0, then
If(z) =1 <1 (z€U). (25)

For Theorem C, we derive

Theorem 8. Let p(z) be analytic in U with p(0) > 0. If p(z) satisfies

B
a

2p () o ’
<a <1+a+p(0)> (z€U) (26)

b p(2)

p(z) — p(0)|*

for some real « > 0, f >0 and % < a < p(0), then we have p(z) € Py(a) and

.1 a
arg(p(z))| < sin <> zeU).
|arg(p(2))]| 20) ( )
Proof. Defining the function w(z) by (12), we obtain that

zp (2) azw (2)

Pz aw(z) +p(0) 27
It follows from (12) and (27) that
/ B /
o b O ] e)
p(2) = 2O [+ 22| = a1+ S
1 azwl(z) g
— 0w (z)[*+P SRTIC) . (28)

w(z)  aw(z)+ p(0)
Therefore, we suppose that there exists a point zg € U such that

max |w(z)| = |w(zo)| = 1.
ERSEN
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Applying Lemma 1 for w(z), we say that w(zp) = € and

zow/(zo)

=k>1.
w(z0)

Thus we see that

ZOPI(ZO) ’
p(20)

Ip(20) — p(0)[* |1+

(29)

o, ak A a<a2(k+1)2+p2(0)+2a(k+1)p(0)cos€)6

—_— >
ae’ +p(0)| ~ ¢ a? + p2(0) + 2ap(0)cosb

Since this contradicts our condition (26) we say that |w(z)| < 1(z € U). This
completes the proof of the theorem.

(30)

Letting p(z) = f'(z) for f(z) € A in Theorem 8, we have
Corollary 9. If f(z) € A satisfies
zf (2)
f'(2)

for some real o > 0, 5 >0, and % <a<1, then

’

[f () = 1" |1+

o (zjjll)ﬁ (zeU) (31)

1F'(z) =1 <a (z€U). (32)

Corollary 3 is the generalization of Theorem C.

3. SUBORDINATIONS OF FUNCTIONS

Let f(z) and g(z) be analytic in U. Then the function f(z) is said to be subordinated
to g(z) if there exists a function w(z) which is analytic in U with w(0) = 0 and
|w(z)| <1, and such that f(z) = g(w(z)). We denote this subordination by

f(z) <g(z) (2€U). (33)
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If g(z) is univalent in U, then the subordination f(z) < g(z) (z € U) is equivalent

to f(0) = g(0) and f(U) C g(U)(see [1], [3]).

Now we derive

Theorem 10. Let a function p(z) be analytic in U with p(0) = 1. If p(2) satisfies

da—1
’ —_— (1 < S 2)
zZp (z 2 1
Re (p(Z)+ p(i))> < (o(fjﬁ) ) .
for z € U, then
a(l —2)
_ U
(=202 (ep
and
o'
’p(z)— a—i—l‘ < o (z€U).
Proof. Let us define w(z) by
_a(l —w(z))
p(Z)— O[—’U)(Z) (Z€U>
Then we obtain that
(2) + 2p (2) _a(l—w(z) 2w (2) 2w (2)
P p(z)  a—w(2) 1—w(z) a—wz)
Suppose that there exists a point zy € U such that
max [w(2)] = [w(z0)| = 1.

ERNEN
Therefore, Lemma 1 gives us that w(z) = € and

zowl(zo)

=k>1.
w(zp) -
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It follows from the above that

Re <p(20) + ZOpl(ZO)) = Re (Oé(l — <) e + e >

p(20) a—e? 11—l " q—eif
ala+1)(1 —cosh) k k(acosd —1) a+1 (a2 —1)(k+1-a)
a? + 1 — 2acosb 2 " a2+1—2acos 2 2(a? + 1 — 2acosh)
>a+1 (@® - 1)(2 - a)
-2 2(a? + 1 — 2acosh)
a+1 n (a—1)2—-a) ba-1

” = 3a (1<a<?2)
2 a—2i-1 (a—zl—(l)al—)a)_2€)z:11) 5 5 (39)
> P 21 " 2a-p B<e<d

This contradicts the condition (34) of the theorem. This means that there is no any

point zp € U such that |w(zp)| = 1 and w(0) = 0. It follows that |w(z)| < 1 for all

z € U. Therefore we say that

a(l — z)
a—z

p(z) < (zeU).

Further, nothing that

a(p(z) — 1)
p(z) —a

we obtain (36). This completes the proof of the theorem.

2f ()
f(2)

Corollary 11. If f(z) € A satisfies

w(z)] =

‘ <1l (z€U), (40)

Taking p(z) = in Theorem 10, we may have

Sa—1
" — (I<a<?2
Re (1 + 2 (Z)) <{AatD | | (41)
f () a1 (2<a<3)
for z € U, then we have
2f(2) ol —2)
75 g (z€U) (42)
and
zf (2) a o'
fz)  a+1| a+1 (z€U). (43)
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Remark 1. The inequality shows that f(z) € S* and the function

z

£(2) = 2 (1 _ 7)%1 1<a<3) (44)

a

is the extremal function for Theorem 10.

Remark 2. R. Singh and S. Singh in 1982 showed that if f(z) € A satisfies
2f'(2) L 2Al-2)
f(2) 1—=2

then f(z) € S*. Thus Corollary 11 is the improvement of the result due to R. Singh
and S. Singh [7].

(z € U), (45)
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