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ABSTRACT. In this study, we define a generalized formulae for well-known types
of Chebyshev polynomials and give Binet’s like formulae for these polynomials. Af-
terwards, we show the relations between our proposed generalization polynomials
and different kinds of Chebyshev polynomials.
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1. INTRODUCTION

In recent years, many researchers focus their attentions on the study of orthogonal
polynomials, especially Chebyshev polynomials that have many useful analytical and
algebraic properties [1, 3, 6]. These polynomials can also be effectively used in the
applied branches, for example, the solution of ordinary differential equations with
mixed boundary conditions is proposed by the Chebyshev approximations in [2, 4,
8]. Four kinds of those polynomials are, mainly, well-known and have widespread
applications. These kinds can be defined as the following recurrence relations for
n > 1 respectively [1, 3]:

(1)

Kind I Tnti1(x) — 22T (x) + Tho1(x) =0, To(z) =1,Ti(z) = =z,
-Kind I1 Un+1(z) — 22Uy (z) + Up—1(z) =0, Up(z) = 1,Ui(z) = 2z,
Kind I11 Vot1(z) =22V (z) + Voo (z) =0, Vo(z) =1, Vi(z) =22 — 1,
-Kind IV Whti(z) = 22Wy(x) + Wh_1(z) =0, Wo(z) =1, Wi(x) =22+ 1,

Even though the relations between generalized Chebyshev polynomial with these
types of Chebyshev polynomials have been shown and studied, no generalization can
be drawn to include four kinds in a single recurrence formula. Also, the relations
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between these types of Chebyshev polynomials have been shown in eqn. (17), eqn.
(18) and eqn. (19). In this paper, we first present a generalization of Chebyshev
polynomials for well-known four kinds. Then we obtain relations between this new
generalized polynomials and their kinds.

2. MAIN RESULTS

In this section, we define a generalized sequence {G,(x)} of Chebyshev polynomials
for well-known four kinds. We also give some equalities showing the relations be-
tween Chebyshev polynomials of the four kinds and our proposed generalization on
Chebyshev polynomials. We define the following polynomials sequence.

Definition 1. For |z| < 1, Generalized Chebyshev polynomials sequence {Gy(x)} is
defined by the recurrence relation

Gni1(z) =22Gp(z) — Gp1(z), n>1 (2)

{Gn(2)} = {1,az + b, 2a2? + 2bx — 1,4ax® + 4ba? — (a +2)x — b,- - }, with the
initial conditions Go(z) = 1, G1(x) = ax + b where the a and b are integers.

We call each term G, (x) of this sequence as Generalized Chebyshev polynomials
for n > 1. We also indicate that this sequence can be transformed into the other
kinds of Chebyshev polynomials for the special choices of a and . Namely, in the
sequence of {G,(z)};

dIf @ = 1 and b = 0, then it turns into the first kind Chebyshev polynomial
sequence known as

{To(z)} = {1,2,22% — 1,42° — 3z,--- },

dIf @ = 2 and b = 0, then it turns into the second kind Chebyshev polynomial
sequence known as

{Un(2)} = {1,22,42% — 1,82° — da,--- },

dIf @ = 2 and b = —1, then it turns into the third kind Chebyshev polynomial
sequence known as

(Va(z)} ={1,20 — 1,42® — 22— 1,82 —42® —da + 1,--- },

dIf @ = 2 and b = 1, then it turns into the fourth kind Chebyshev polynomial
sequence known as

(Wi(x)} = {1,220+ 1,42% + 22 — 1,82° + 42® — 4z — 1,--- }.
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The characteristic equation of eqn. (2) is
r? = 2xr — 1, (3)

hence, we can easily write the following four properties of r; and 7o for eqn. (3):

1 ri =x+vVri-—1,r = —+Va2-1

2. ro <0< ry, |ro| < 71,

3. r14+re=2x, riro=1, r1 —ryg = 2\/x27—1, (4)
4 limy, o0 GG%(IJ(}_;U) =71y, forall zeR.

We can give the following Binet’s-like formula for G, (x).
Theorem 1. For n > 1, we have

s T ) b ) - (T )

r —7Tre

Gp(x) =

(5)

Proof. To show above equality, we use induction method on m. It is obvious that
Go(z) =1, Gi(z) = ax + b, for m = 0 and m = 1, respectively. Assume that

o 3 (r]” —ri* + 1“71”_2 - r’2n_2) +b (7{”_1 — 7‘72”_1) — (T?L_Q - r;”_z)S
noile) = L )
3 (7"1”'H — rg“rl + r{”_l - r;”_l) +b(r* —ry') — (ri”_l - 7"5”_1)
Gmla) = =T

is true for every integer m. Then, using eqn. (2) and the property r + 7o = 2z of
eqn.(4), we can write

(r1 +72) Gin(2) = Gro1(2) = G (2). (7)
When we write eqn. (6) in the eqn.(7), we obtain

_ 5 (7“1""+2 — T£n+2 +r — 7“’2”) +b (r{nﬂ - 7“;”“) — (r" —7r5)
Gm-i—l(‘r) -

T —T9

Thus, the proof is completed.

Corollary 2. Forn > 1, we can verify the following famous Binet’s formulas for

different kinds from eqn. (5), these are,
- Fora =1 and b = 0, Binet’s formula for the first kind Chebyshev polynomials
18
ri +ry
Tp(z) = 4+ —2 : 2 (9)
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- Fora =2 and b = 0, Binet’s formula for the second kind Chebyshev polynomials
18
rn—f—l . Tn—l—l
U, -1 2 10
) = T2 (10)

- Fora =2 and b= —1, Binet’s formula for the third kind Chebyshev polynomials

18
Pl _pntl
Vi(z) = - 2L 2 _Uu(z)— Uy () (11)

T —T9 r —Tg
- Fora =2 and b = 1, Binet’s formula for the fourth kind Chebyshev polynomials

18

At AN s
Wh(z) = -+ =Up(z) + Up—1(x) (12)
T —T9 r —7To

as given in [5, 7].
We can give the following generating function for n th degree polynomial G, ().

Theorem 3. For p > rq, the equality

i 3 G0) _ (et Pp ] (13)
n—00 o pI p* —2px +1

holds.

Proof. From eqn. (5), we have

lim i Gji(lq) (14)

n—)oojzl p]
g 1 ) () ()
= lim
n—o00 — pJ (rl — r2)
‘]7
1 a4 — 1\’ <r2)j (rl)j <T‘2>j
= /7 r|{— ) —re|{— | +r{—| —m|—
(rl—r2)2j§1[1<p> “\p “\p \p
1 n (& j 9 J 1 ~ ™ J 79 J
P ()_(> b s S (2Y )
(7”1—7“2)].;[ p p ("”1—7“2)].21 \p "\p
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If necessary arrangements are made on the eqn. (14), we obtain

i3 - st () e (5) o]
T { <p> oo <p> = mJ
b r r
=) Kp) oo <p> (pfm)]
B [ (p) TR (5) (prQ)] |

Therefore, simplifying expression in the eqn. (15) and using properties of the char-
acteristic roots

(15)

.= Gy(2) ~ (az+b)p—1
D R MRS 19)

holds. The proof is completed.

It looks like the following: the transition relation to the another kind from other
kind of n th degree Chebyshev polynomials [5, 7].

T (x) — Thto(z)

Un(z) = 2112 (17)
Ty(z) = V2@ _2V”_1(x), (18)
T, (x) = Vo) = Wt @), (19)

In the same way, we can give the following two theorems that show the relations
between our proposed polynomial G,,(z) and four kinds of Chebyshev polynomials.

Theorem 4. The polynomial Gy (x) can be attached to the first kind and second
kind of Chebyshev polynomials as

Gn(2) = Un(z) +[(a = 2) & + b] Un—1(2) (20)
and )
G () = (1—bz—ax )Tn(xi—l_—i(:—l):r—i—b]Tn_l(x). 1)
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Proof. From eqn. (5), we have

(22)
Gy = RO ) g o) - (17 )
" T1L = T2
a a
By substituting Up—2(x) = 22Up,—1(x) — Uy (z) in the eqn.(22), we obtain
Gn(z) = Up(x) + [(a —2) x + b] Up—1 (). (23)

This completes the proof of eqn. (20). For the proof of eqn. (21), when use eqn.
(17), eqn.(20) and the relation 7,41 (x) = 22T, (x) — T,,—1(x), it is easy to see

(1 —bx — az?) Tp(z) + [(a — 1)  + b] Tn,l(m).

Gn(w) = 1 — 22

(24)

Thus, the proof is completed.

Theorem 5. The polynomial G, (z) can be attached to the third kind and fourth
kind of Chebyshev polynomials as

[(1=0)4+ (1 —a—b)z— az?] Vyo(z)

Gn(z) = TrE) (25)
[(14b)+ (a+b— 1)z + (a — 2)z?] Vooi(2)
+ 2(1—22)

and

[(14b)+ (a—b— 1)z — az?| Wy(z)

Gn(z) = S ) (26)
[(b—1)+ (a—b—1)z+ (2 — a)a?]| Wy_1(z)
+ 2(1—22) '

Proof. 1t is easy to see that the first and second equalities in the theorem (5) are
obvious when the polynomial 7;,(x) is replace by (18) and (19) in the equation (21)
respectively.

We give another important property of n th degree generalized polynomial.
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Theorem 6. The equality
Gn(z) + G_p(x) = 2T, () (27)
is satisfied for all x € R.

Proof. If we put —n instead of integer n in (5), then we can write

(28)
% (Tfn+1 _ T;nJrl + 7nlfnfl _ T;nfl) +5b (T;n _ T;n) _ (,rlfnfl _ T;nfl)
G_p(z) =
rL— 1y
Since | = r;l and ro = rfl, we can write
(29)
oy = | BT ST o b ) - (7 - )
- Ty —T2
(P =gt — (7 =15
rn — T2
Therefore, using (5) and (9), it is clear that
Gn(x) + G_p(x) = 2T, (x) (30)

holds. The proof is completed.

In the following theorem, we give D’ocagne-like formula for the polynomial

Gr(x).
Theorem 7. For n,m € R, we have

Gp(2)Gms1(2) — G (2)Gii(z) = [Gi(z) — 22G1(z) + 1] Up—m—1(z). (31)
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Proof. From (5), we write

n
Pt =Y T ) b (e — ) —

(1 -5

KT —T9

SO =) + S0 — ) b (T -

)

— 7 =)

KT —T9

2
a
_ n+m+3 n—m—1 n+m+1 n—m-+1
= [*4 (rq -7 +ry -

n— m+1+r;z+m+1+r§z+m+1

) -

n—m-— 3+Tg+m+1 ry

1
-y nTmT 4

-7} n4+m— 1)+

_7“2 ™ 2

n+m-+1 n—m+1
5] -7 — T2

2(
n—m—1 n+m—1 ab n+m-+2
—Tg +7 )+ = 5 —(r] -
T
n—m—1 n+m+1 n+m n—m
7"2 ) ) = b(r{™™ =1y

(T711+m+1 T{L—m—?)_’_r?-&-m—l ,r,’ib m—1

_nm1+rn+m1) (n+m T;LmQ

+(T711+m—1 711 m—1 T‘S m— 1+T£L+m—1)]

_'_Tn+m+2+rn+m n—m-—2 _ p—m— 2

n—m—1

— T

n—m-—3 + r'iz—i-m—l

o\

n—m-— 2+ n+m+2_r§ m+rn+m)_’_b2(rn+m+l

ab( n+m+2

n—m—1

-

+ n+m)
n—m-l—l_i_rg—l—m—&-l_i_r?—&—m—l

_rl

n—m-— 2+Tn+m_ n—m

™

n—m—1

-]

+ ,rn—i-m)

— T2

Tnm2

2
1

In the same manner, we can obtain the following equality:

4 n+m)

(ry —r2)?

n+m+3
+ 7y

n—m

n—m—1

n—m-— 3+T£L+m+1

G (2)Gny1(2)
B G M ol 1o - 0 A G 10 el G At
L —T9
9 ST =) + §0f —rB) + 0 (T — g™ — (] — 1h)
TN — T2
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2
a n+m+3 m—n—1 n+m+1 m—n+1 m—n—1 n+m+3
= | 1 (r{ - + 7 - — Ty ) (33)
_T,m—n-i-l + 7,n—l—m—i—l + rn—f—m—&—l _ 7Jn—n—S + rn—i—m—l . 7Jn—n—l . rm—n—S
2 2 1 1 1 1 2
n+m+1 m—n—1 n+m—1 ab n+m-—+2 m—n m—n
+ry — + 75 )+ E(Tl - =y
n+m+2 n+m m—n—2 m—n—2 n+m a, ntm+1
+75 + T =] — Ty +ry ) — 5(7'1
—n+1 —n—+1 1 —1 —n—1 —n—1 -1
_7,7171 n+1l r;n n+ + r;z+m+ + rvlwrm _ T;n n—1 _ 7”2" n=l 4 Tngm )
ab n+m-+2 m—n—2 n+m m—n m—n—2 n+m-+2
+§(T1 - try oy Ty +ry
m—n n+m 2/, n+m+1 m—n—1 m—n—1 n+m+1
=y "y T 4+ b7 (r] —ry —rh + 7 )
a
n+m m—n m—n n+m n+m+1 m—n—3
=b(ri =T =y T ) — 5(7"1 -
n+m—1 m—n—1 m—n—3 n+m-+1 m—n—1 n+m—1
+7] —ry -y + 75 — Ty + 75 )
n+m m—n—2 m—n—2 n+m
—=b(ri™" =y — Ty +ry" ™)
1

_|_(7,71“L+m71 _ ,r;nfnfl _ Tgnfnfl + ,r.gLerfl)] 5
(r1 —2)

By subtracting eqn. (33) from eqn. (32), we obtain

G ()Gt (2) — G (@) Grgr (2) (34)
= [(am +b)? — 2z (ax +b) + 1] <T1T1::z> .

And when eqn. (10) and eqn. (34) are combined, the proof is completed.

Next theorem shows a remarkably important property of polynomial G, (z) of
n th degree that can considered as Catalan-like formula.

Theorem 8. For n,m € R, we write

Gr-m(2)Grim(z) = [Gh(2) = G}, (2)] = G1(2)Uzm-1(2) — Uzm-2(z).  (35)
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Proof. By using eqn. (5), we obtain the following two equations:

Grnm()Gnim(z) (36)
_ %(T?—m—&—l . T,;—m-i—l) + %(T?—m—l . T,;—m—l)
=72
(=) = ()]
=T

St gt 4+ gt - )

=72

+b (T?+m _ T;L+m) _ (r?—l-m—l _ Tg—o—m—l)]

=T

and

a(,.n+1 n+1 a(,.n—1 n—1
Gi([]}) o Gzn(x) _ E(Tl+ — 7"2+ ) + 5(7"1 -7 ) (37)
TN —T9
2
A G ) Rl G et S | I
TL— T2
A S B TGt
T — T2
2
b (=) = (r T =
TL— T2
Therefore, when we subtract eqn. (37) from eqn. (36), we can see
Grm(2)Grym () — [Gi(x) - G?n(x)] (38)

2m 2m 2m—1 2m—1
r{™m—r r —r
e () (R,
ryL—7re rE—T2

Thus, the proof is completed by combining eqn. (10) and eqn. (38).

Finally, we can give the following Honsberger-like formula for the polynomial

Gn(z).
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Theorem 9. For n,m € R, the equality:

Gn(2)Gmr1(®) + Gro1(2) G (2) (39)
_ oz (G2 () — 1] T (z) — 22 [G1(z) — 2] Trpm—1(2)
x?—1
B [G}(z) — 222G (x) + 1] Tmm—1 ()
2?2 —1

holds.

Proof. The proof of Theorem 9 is done easily by using eqn. (5) as in the proofs of
Theorem 7 and Theorem 8.

3. CONCLUSION

In this study, we present a generalization of Chebyshev polynomials for well-known
four kinds. Then we obtain relations between generalized Chebyshev polinomial
Gy (z) and well-known four kinds using characteristic roots of generalized Chebyshev
polinomial G, (x). Therewithal, we give the generating function for the polynomial
Gn(z). Also, we give Binet’s-like formula, D’ocagne-like formula, Catalan-like for-
mula and Honsberger-like formula for the polynomial Gy, (z). In addition, we are
continuing our studies on orthogonality of Chebyshev polynomials which can be
obtained while a,b ¢ {—1,0,1,2}.
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