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Abstract. In recent years, several interesting families of recursion formulas for var-
ious classes of classical hypergeometric functions are investigated. The aim of this
present work is to develop certain interesting new families of recursion formulas,
differential recursion formulas, integration formulas, differential operators, integral
operators and infinite summation formulas analogue of Horn’s hypergeometric func-
tions H1, H2, H3, H4, H5, H6, H7, H8, H9, H10 and H11 using different techniques
including contiguous relations of Horn’s hypergeometric series. Some interesting
special cases of our main results are also demonstrated.The results to be obtained
are presented in a compact way, in order to make the topic accessible to a wider
audience.
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1. Introduction and Preliminaries

The Gamma function Γ(a) is defined as [16]

Γ(a) =

∫ ∞
0

e−tta−1dt,<(a) > 0.

The Pochhammer symbol (a)n is defined as

(a)n =
Γ(a+ n)

Γ(a)
=

{
a(a+ 1)(a+ 2) . . . (a+ n− 1), n ∈ N, a ∈ C;
1, n = 0; a ∈ C \ {0},

where N and C are the set of natural numbers and complex numbers, respectively.
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For n,m ∈ N0 = N ∪ {0} and a ∈ C, we have

(a)n+m = (α)n(α+ n)m = (α)m(a+m)n,

(a)m−n =

{
(−1)n(a)m
(1−a−m)n

, 0 ≤ n ≤ m;

0, n > m.

(a)2m−n =

{
(−1)n(a)2m
(1−a−2m)n

, 0 ≤ n ≤ 2m;

0, n > 2m.

(1)

Suppose that a satisfy the condition (1), the Horn hypergeometric functions H1,
H2, H3, H4, H5, H6, H7, H8, H9, H10 and H11 are defined by [[6], [5], page 226,
Equations (29)-(39)]

H1(a, b; c;x, y) =

∞∑
m,n=0

(a)m−n(b)m+n

(c)mm!n!
xmyn; |x| < 1, |y| <∞, c 6= 0,−1,−2, . . . , (2)

H2(a, b, c; d;x, y) =
∞∑

m,n=0

(a)m−n(b)m(c)n
(d)mm!n!

xmyn; |x| < 1, |y| <∞, d 6= 0,−1,−2, . . . , (3)

H3(a, b; c;x, y) =

∞∑
m,n=0

(a)m−n(b)m
(c)mm!n!

xmyn; |x| < 1, |y| <∞, c 6= 0,−1,−2, . . . (4)

H4(a, b; c;x, y) =
∞∑

m,n=0

(a)m−n(b)n
(c)mm!n!

xmyn; |x| <∞, |y| <∞, c 6= 0,−1,−2, . . . , (5)

H5(a; b;x, y) =

∞∑
m,n=0

(a)m−n
(b)mm!n!

xmyn; |x| <∞, |y| <∞, b 6= 0,−1,−2, . . . , (6)

H6(a; b;x, y) =

∞∑
m,n=0

(a)2m+n

(b)m+nm!n!
xmyn; |x| < 1

4
, |y| <∞, b 6= 0,−1,−2, . . . , (7)

H7(a; b, c;x, y) =
∞∑

m,n=0

(a)2m+n

(b)m(c)nm!n!
xmyn; |x| < 1

4
, |y| <∞, c 6= 0,−1,−2, . . . , (8)
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H8(a, b;x, y) =
∞∑

m,n=0

(a)2m−n(b)n−m
m!n!

xmyn; |x| < 1

4
, |y| <∞, b 6= 0,−1,−2, . . . , (9)

H9(a, b; c;x, y) =

∞∑
m,n=0

(a)2m−n(b)n
(c)mm!n!

xmyn; |x| < 1

4
, |y| <∞, c 6= 0,−1,−2, . . . , (10)

H10(a; b;x, y) =

∞∑
m,n=0

(a)2m−n
(b)mm!n!

xmyn; |x| < 1

4
, |y| <∞, b 6= 0,−1,−2, . . . (11)

and

H11(a, b, c; d;x, y) =
∞∑

m,n=0

(a)m−n(b)n(c)n
(d)mm!n!

xmyn; |x| <∞, |y| < 1, d 6= 0,−1,−2, . . . .(12)

In order to recall the abbreviated notations, for n ∈ N0 and a, b ∈ C, we need the
notations

(a)n+1 = a(a+ 1)n,

(a)n−1 =
1

a− 1
(a− 1)n; a 6= 1,

(a+ 1)n =

(
1 +

n

a

)
(a)n; a 6= 0,

(a− 1)n = (a− 1)(a)n−1 =
a− 1

a+ n− 1
(a)n =

(
1− n

a+ n− 1

)
(a)n; a 6= 1− n,

1

(b− 1)n
=

b+ n− 1

(b− 1)(b)n
=

1

(b)n
+

n

(b− 1)(b)n
; b 6= 1, 0,−1,−2, . . . .

(13)

Sayyed and Abul-Ez [1, 14] defined an integral operator Î in the form

Î =
1

x

∫ x

0
dx+

1

y

∫ y

0
dy. (14)

Horn essentially identified 34 distinct convergent series. Amongst them, we have se-
lected eleventh Horn series that occur more frequently in a wide variety of problems
in diverse areas of theoretical physics, mathematical physics, mathematical analy-
sis, applied mathematics, numerical analysis, chemistry, potential theory, statistics,
probability theory and engineering sciences. Several recursion formulas involving
Horn hypergeometric functions which play an important role in several physical
problems are developed.
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Motivated by the investigations of recursion formulas for special functions, which
are mentioned in [2, 3, 4, 7, 8, 9, 10, 11, 12, 15, 13, 17], we provide a new way
of obtaining the results of some rather complicated integral formulas and infinite
summation formulas. The structure of this work is as follows. In Sections 2-12, we
discuss several classes of recursion formulas, differential recursion formulas, integral
formulas and infinite summation formulas for Horn functions H1, H2, H3, H4, H5,
H6, H7, H8, H9, H10 and H11 with all the parameters.

2. Certain new formulas for H1

Here we give the recursion formulas, differential recursion formulas, integral formulas
and infinite summation formulas for the Horn function H1 with all the parameters.

Theorem 1. For c 6= 0,−1,−2, . . . and n ∈ N, the recursion formulas for Horn
function H1 are as follows

H1(a+ n, b; c;x, y) = H1(a, b; c;x, y) +
bx

c

n∑
k=1

H1(a+ k, b+ 1; c+ 1;x, y)

− by
n∑

k=1

H1(a+ k − 2, b+ 1; c;x, y)

(a+ k − 1)(a+ k − 2)
, a 6= 1− k, a 6= 2− k, k ∈ N,

(15)

and

H1(a− n, b; c;x, y) = H1(a, b; c;x, y)− bx

c

n∑
k=1

H1(a− k + 1, b+ 1; c+ 1;x, y)

+ by
n∑

k=1

H1(a− k − 1, b+ 1; c;x, y)

(a− k)(a− k − 1)
, a 6= k, a 6= 1 + k, k ∈ N.

(16)

Proof. By using the definition of the Horn function H1 (2) and transformation

(a+ 1)m−n = (a)m−n

(
1 +

m− n
a

)
, a 6= 0,

we get the relation:

H1(a+ 1, b; c;x, y) = H1(a, b; c;x, y) +
bx

c
H1(a+ 1, b+ 1; c+ 1;x, y)

− by

a(a− 1)
H1(a− 1, b+ 1; c;x, y), c 6= 0, a 6= 0, a 6= 1.

(17)
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If we compute the Horn function H1 with the numerator parameter a + n by con-
tiguous relation (17) for n times, we obtain the formula (15).

From the contiguous relation (17) and replacing a by a− 1, we get

H1(a− 1, b; c;x, y) = H1(a, b; c;x, y)− bx

c
H1(a, b+ 1; c+ 1;x, y)

+
by

(a− 1)(a− 2)
H1(a− 2, b+ 1; c;x, y), c 6= 0, a 6= 1, a 6= 2.

(18)

If we apply this contiguous relation (18) to the Horn function H1 with the numerator
parameter a− n for n times, we get the recursion formula (16).

Theorem 2. For a 6= 1 and c 6= 0,−1,−2, . . ., the recurrence relations hold true for
the Horn hypergeometric function H1:

H1(a, b+ n; c;x, y) = H1(a, b; c;x, y) +
ax

c

n∑
k=1

H1(a+ 1, b+ k; c+ 1;x, y)

+
y

a− 1

n∑
k=1

H1(a− 1, b+ k; c;x, y)

(19)

and

H1(a, b− n; c;x, y) = H1(a, b; c;x, y)− ax

c

n∑
k=1

H1(a+ 1, b− k + 1; c+ 1;x, y)

− y

a− 1

n∑
k=1

H1(a− 1, b− k + 1; c;x, y).

(20)

Proof. Using (2) and the relation

(b+ 1)m+n = (b)m+n

(
1 +

m+ n

b

)
, b 6= 0,

we get the contiguous function

H1(a, b+ 1; c;x, y) = H1(a, b; c;x, y) +
ax

c
H1(a+ 1, b+ 1; c+ 1;x, y)

+
y

a− 1
H1(a− 1, b+ 1; c;x, y), a 6= 1, c 6= 0.

(21)

By iterating this method on H1 with the parameter b+ n for n times, we get (19).
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Replacing b by b− 1 in contiguous relation (21), we obtain

H1(a, b− 1; c;x, y) =H1(a, b; c;x, y)− ax

c
H1(a+ 1, b; c+ 1;x, y)

− y

a− 1
H1(a− 1, b; c;x, y), a 6= 1, c 6= 0.

(22)

If we compute the Horn function H1 with the numerator parameter b − n by the
contiguous relation (22) for n times, we obtain the recursion formula (20).

Theorem 3. The Horn hypergeometric function H1 satisfies the following identity:

H1(a, b; c− n;x, y) =H1(a, b; c;x, y) + abx

n∑
k=1

H1(a+ 1, b+ 1; c− k + 2;x, y)

(c− k)(c− k + 1)
,

(c 6= k, c 6= k − 1, k ∈ N)

(23)

and

H1(a, b; c+ n;x, y) =H1(a, b; c;x, y)− abx
n∑

k=1

H1(a+ 1, b+ 1; c+ k + 1;x, y)

(c+ k − 1)(c+ k)
,

(c 6= −k, c 6= 1− k, k ∈ N).

(24)

Proof. From (2) and the relation

1

(c− 1)m
=

1

(c)m
+

m

(c− 1)(c)m
, c 6= 1,

we obtain the contiguous function

H1(a, b; c− 1;x, y) = H1(a, b; c;x, y) +
abx

(c− 1)c
H1(a+ 1, b+ 1; c+ 1;x, y), c 6= 0, 1.(25)

Iterating this method on H1 with the parameter c− n for n times, we obtain (23).
Replacing c by c+ 1 in contiguous relation (25), we obtain

H1(a, b; c+ 1;x, y) = H1(a, b; c;x, y)− abx

c(c+ 1)
H1(a+ 1, b+ 1; c+ 2;x, y), c 6= 0,−1.(26)

If we apply the Horn function H1 with the denominator parameter c + n by the
contiguous relation (26) for n times, we obtain the recursion formula (24).

Now we apply differential operators θx = x ∂
∂x and θy = y ∂

∂y and state the
following theorem.
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Theorem 4. Differential recursion formulas for the function H1 are as follows

H1(a+ 1, b; c;x, y) =

(
1 +

θx − θy
a

)
H1(a, b; c;x, y), a 6= 0 (27)

H1(a, b+ 1; c;x, y) =

(
1 +

θy + θx
b

)
H1(a, b; c;x, y), b 6= 0, (28)

and

H1(a, b; c− 1;x, y) =

(
1 +

θx
c− 1

)
H1(a, b; c;x, y), c 6= 1. (29)

Proof. Defining the differential operators

θxx
m = x

∂

∂x
xm = mxm, θyy

n = y
∂

∂y
yn = nyn.

By using the above differential operators, we obtain the differential recursion formula
for H1(a+ 1, b; c;x, y)

H1(a+ 1, b, c; d;x, y) =

∞∑
m,n=0

(a)m−n(b)m+n

(c)mm!n!
xmyn

+

∞∑
m,n=0

(a)m−n(b)m+n

a(c)mm!n!

[
mxmyn − nxmyn

]
= H1(a, b; c;x, y) +

θx − θy
a

H1(a, b; c;x, y), a 6= 0.

Similarly, we can prove (28) and (29).

Theorem 5. The derivative formulas hold true for Horn hypergeometric function
H1

∂r

∂xr
H1(a, b; c;x, y) =

(a)r(b)r
(c)r

H1(a+ r, b+ r; c+ r;x, y), c 6= 0,−1,−2, . . . , (30)

and

∂r

∂yr
H1(a, b; c;x, y) =

(−1)r(b)r
(1− a)r

H1(a− r, b+ r; c;x, y), a 6= 1, 2, 3, . . . . (31)
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Proof. Differentiating (2) with respect to x yields

∂

∂x
H1(a, b; c;x, y) =

ab

c
H1(a+ 1, b+ 1; c+ 1;x, y), c 6= 0.

Repeating the above process, we eventually arrive at

∂r

∂xr
H1(a, b; c;x, y) =

a(a+ 1) . . . (a+ r − 1)b(b+ 1) . . . (b+ r − 1)

c(c+ 1)(c+ 2) . . . (c+ r − 1)
H1(a− r, b+ 2r;x, y)

=
(a)r(b)r

(c)r
H1(a+ r, b+ r; c+ r;x, y).

In the same way we can prove (31).

We now apply integral operator Î defined in (14) and state the following theorem.

Theorem 6. For x, y 6= 0, a 6= 1, a 6= 2, b 6= 1 and b 6= 2. The integration formulas
of the Horn hypergeometric function H1 hold true:

Î2H1(a, b; c;x, y) =
(c− 1)(c− 2)

x2(a− 1)(a− 2)(b− 1)(b− 2)
H1(a− 2, b− 2; c− 2;x, y)

+
2(c− 1)

xy(b− 1)
H1(a, b− 1; c− 1;x, y) +

a(a+ 1)

y2(b− 1)(b− 2)
H1(a+ 2, b− 2; c;x, y).

(32)

Proof. Let Î acts on the Horn hypergeometric function H1, then we have the relation

ÎH1(a, b; c;x, y) =

∞∑
m,n=0

(a)m−n(b)m+n

(c)m(m+ 1)!n!
xmyn +

∞∑
m,n=0

(a)m−n(b)m+n

(c)mm!(n+ 1)!
xmyn

=
c− 1

x(a− 1)(b− 1)
H1(a− 1, b− 1; c− 1;x, y) +

a

y(b− 1)
H1(a+ 1, b− 1; c;x, y), x, y 6= 0, a, b 6= 1

and we can write Î = Îx + Îy where Îx = 1
x

∫ x

0
dx and Îy = 1

y

∫ y

0
dy, then the operator Î2

is such that

Î2 = ÎÎ = ( ˆdIx)2 + 2ÎxÎy + (Îx)2 =
1

x2

∫ x

0

∫ x

0

dxdx+
2

xy

∫ y

0

∫ x

0

dxdy +
1

y2

∫ y

0

∫ y

0

dydy.
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We see that,

Î2H1(a, b; c;x, y)

=

∞∑
m,n=0

(
1

(m+ 1)(m+ 2)
+

2

(n+ 1)(m+ 1)
+

1

(n+ 1)(n+ 2)

)
(a)m−n(b)m+n

(c)mm!n!
xmyn

=

∞∑
m,n=0

(a)m−n−2(b)m+n−2

(c)m−2m!n!
xm−2yn + 2

∞∑
m,n=0

(a)m−n(b)m+n−2

(c)m−1m!n!
xm−1yn−1

+

∞∑
m,n=0

(a)m−n+2(b)m+n−2

(c)mm!n!
xmyn−2

=
(c− 1)(c− 2)

x2(a− 1)(a− 2)(b− 1)(b− 2)
H1(a− 2, b− 2; c− 2;x, y) +

2(c− 1)

xy(b− 1)
H1(a, b− 1; c− 1;x, y)

+
a(a+ 1)

y2(b− 1)(b− 2)
H1(a+ 2, b− 2; c;x, y), x, y 6= 0, a, b 6= 1, 2.

Theorem 7. The integration recursion formulas of the Horn hypergeometric func-
tion H1 hold true:

ÎrH1(a, b; c;x, y) =
(1− c)r

xryr(1− b)2r

r∏
k=1

(θx + θy − k + 1)H1(a, b− 2r; c− r;x, y),

(x, y 6= 0, b 6= 1, 2, 3, . . .).

(33)

Proof. Using the operator Î, we get

ÎH1(a, b; c;x, y) =
∞∑

m,n=1

(m+ n+ 2)(a)m−n(b)m+n

(c)m(m+ 1)!(n+ 1)!
xmyn

=
∞∑

m,n=0

(m+ n)(c− 1)(a)m−n(b− 2)m+n

m!n!(c− 1)m(b− 1)(b− 2)
xm−1yn−1

=
(c− 1)

xy(b− 1)(b− 2)
(θx + θy)H1(a, b− 2; c− 1;x, y), x, y 6= 0, b 6= 1, 2.

By iterating for r times, we find (33).

Theorem 8. For Horn hypergeometric function H1, we have the integral operators
Îrx and Îry :

Îx
r
H1(a, b; c;x, y) =

(−1)r(1− c)r
xr(1− a)r(1− b)r

H1(a− r, b− r; c− r;x, y), x 6= 0, a, b 6= 1, 2, 3, . . . , (34)
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Îy
r
H1(a, b; c;x, y) =

(−1)r(a)r
yr(1− b)r

H1(a+ r, b− r; c;x, y), y 6= 0, b 6= 1, 2, 3, . . . (35)

and(
ÎxÎy

)r

H1(a, b; c;x, y) =
(1− c)r

xryr(1− b)2r
H1(a, b− 2r; c− r;x, y), x, y 6= 0, b 6= 1, 2, 3, . . . . (36)

Proof. Also, we get relations concerning Îx and Îy individually,

Îx H1(a, b; c;x, y) =
c− 1

x(a− 1)(b− 1)
H1(a− 1, b− 1; c− 1;x, y), x 6= 0, a, b 6= 1.

Iterating for n times, we find

Îx
r
H1(a, b; c;x, y)

=
(c− 1)(c− 2) . . . (c− r)

xr(a− 1)(a− 2) . . . (a− r)(b− 1)(b− 2) . . . (b− r)
H1(a− r, b− r; c− r;x, y)

=
(−1)r(1− c)(2− c) . . . (r − c)

xr(1− a)(2− a) . . . (r − a)(1− b)(2− b) . . . (r − b)
H1(a− r, b− r; c− r;x, y)

=
(−1)r(1− c)r

xr(1− a)r(1− b)r
H1(a− r, b− r; c− r;x, y), x 6= 0, a, b 6= 1, 2, 3, . . .

Similarly, for Iy, we have

Îy H1(a, b; c;x, y) =
∞∑

m=0,n=1

(a)m−n(b)m+n

(c)m(n+ 1)m!n!
xmyn

=
∞∑

m,n=0

a(a+ 1)m−n(b+ 1)m+n

(c)mm!n!(b− 1)
xmyn−1

=
a

y(b− 1)
H1(a+ 1, b− 1; c;x, y), y 6= 0, b 6= 1.

Iteration of above relation for r, we obtain

Îy
r
H1(a, b; c;x, y) =

a(a+ 1) . . . (a+ r − 1)

yr(b− 1)(b− 2) . . . (b− r)
H1(a+ r, b− r; c;x, y)

=
(−1)r(a)r
yr(1− b)r

H1(a+ r, b− r; c;x, y), y 6= 0, b 6= 1, 2, 3, . . . .
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By using the operator ÎxÎy, we get

ÎxÎy H1(a, b; c;x, y) =

∞∑
m=1,n=1

(a)m−n(b)m+n

(c)m(m+ 1)m!(n+ 1)n!
xmyn

=

∞∑
m,n=0

(a)m−n(b)m+n

(c)m(m+ 1)!(n+ 1)!
xmyn

=
(c− 1)

xy(b− 1)(b− 2)
H1(a, b− 2; c− 1;x, y), x, y 6= 0, b 6= 1, 2.

Iteration of above relation for r, we get(
ÎxÎy

)r

H1(a, b; c;x, y) =
(1− c)r

xryr(b− 1)(b− 2)(b− 3)(b− 4) . . . (b− 2r)
H1(a, b− 2r; c;x, y)

=
(1− c)r

xryr(1− b)2r
H1(a, b− 2r; c− r;x, y), x, y 6= 0, b 6= 1, 2, . . . .

Theorem 9. For |t| < 1, the infinite summation formulas for Horn function H1

hold true:
∞∑
k=0

(a)k
k!

H1(a+ k, b; c;x, y)tk = (1− t)−aH1

(
a, b; c;

x

1− t
, y(1− t)

)
(37)

and
∞∑
k=0

(b)k
k!

H1(a, b+ k; c;x, y)tk = (1− t)−bH1

(
a, b; c;

x

1− t
,

y

1− t

)
. (38)

Proof. Using the fact that

(1− t)−a =

∞∑
k=0

(a)k
k!

tk, |t| < 1,

in (2) and (13), we obtain

(1− t)−aH1

(
a, b; c;

x

1− t
, y(1− t)

)
=

∞∑
m,n=0

(a)m−n(b)m+n

(c)mm!n!
xmyn(1− t)−a+n−m

=

∞∑
k,m,n=0

(a)m−n+k(b)m+n

(c)mk!m!n!
xmyntk =

∞∑
k=0

(a)k
k!

tk
∞∑

m,n=0

(a+ k)m−n(b)m+n

(c)mm!n!
xmyn

=

∞∑
k=0

(a)k
k!

tkH1

(
a+ k, b; c;x, y

)
.

The same technique can prove (38).
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3. Certain new formulas for H2

Here we establish classes of recursion formulas, differential recursion formulas, in-
tegral formulas and infinite summation formulas for the Horn function H2 with all
the parameters by the same technique as in the above section 2.

Theorem 10. For n ∈ N and d 6= 0,−1,−2, . . ., the Horn function H2 satisfy
recursion formulas

H2(a+ n, b, c; d;x, y) = H2(a, b, c; d;x, y) +
bx

d

n∑
k=1

H2(a+ k, b+ 1, c; d+ 1;x, y)

− cy
n∑

k=1

H2(a+ k − 2, b, c+ 1; d;x, y)

(a+ k − 1)(a+ k − 2)
, a 6= 1− k, a 6= 2− k, k ∈ N,

(39)

and

H2(a− n, b, c; d;x, y) == H2(a, b, c; d;x, y)− bx

d

n∑
k=1

H2(a− k + 1, b+ 1, c; d+ 1;x, y)

+ cy
n∑

k=1

H2(a− k − 1, b, c+ 1; d;x, y)

(a− k)(a− k − 1)
, a 6= k, a 6= 1 + k, k ∈ N.

(40)

Theorem 11. For d 6= 0,−1,−2, . . ., the recurrence relations hold true for the Horn
function H2:

H2(a, b+ n, c; d;x, y) = H2(a, b, c; d;x, y) +
ax

d

n∑
k=1

H2(a+ 1, b+ k, c; d+ 1;x, y),

H2(a, b− n, c; d;x, y) = H2(a, b, c; d;x, y)− ax

d

n∑
k=1

H2(a+ 1, b− k + 1, c; d+ 1;x, y).

(41)

Theorem 12. For a 6= 1, the Horn function H2 satisfies the identity:

H2(a, b, c+ n; d;x, y) = H2(a, b, c; d;x, y) +
y

a− 1

n∑
k=1

H2(a− 1, b, c+ k; d;x, y),

H2(a, b, c− n; d;x, y) = H2(a, b, c; d;x, y)− y

a− 1

n∑
k=1

H2(a− 1, b, c− k + 1; d;x, y).

(42)
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Theorem 13. The Horn function H2 satisfy the following identity:

H2(a, b, c; d− n;x, y) =H2(a, b, c; d;x, y) + abx
n∑

k=1

H2(a+ 1, b+ 1, c; d− k + 2;x, y)

(d− k)(d− k + 1)
,

(d 6= k − 1, k ∈ N),

H2(a, b, c; d+ n;x, y) =H2(a, b, c; d;x, y)− abx
n∑

k=1

H2(a+ 1, b+ 1, c; d+ k + 1;x, y)

(d+ k − 1)(d+ k)
,

(d 6= 1− k,−k ∈ N).

(43)

Theorem 14. The differential recursion formulas hold true for the parameters of
the Horn function H2:

H2(a+ 1, b, c; d;x, y) =

(
1 +

θx − θy
a

)
H2(a, b, c; d;x, y), a 6= 0,

H2(a, b+ 1, c; d;x, y) =

(
1 +

θx
b

)
H2(a, b, c; d;x, y), b 6= 0,

H2(a, b, c+ 1; d;x, y) =

(
1 +

θy
c

)
H2(a, b, c; d;x, y), c 6= 0,

H2(a, b, c; d− 1;x, y) =

(
1 +

θx
d− 1

)
H2(a, b, c; d;x, y), d 6= 1.

(44)

Theorem 15. The derivative formulas hold true for Horn function H2

∂r

∂xr
H2(a, b, c; d;x, y) =

(a)r(b)r
(d)r

H2(a+ r, b+ r, c; d+ r;x, y), d 6= 0,−1,−2, . . . ,

∂r

∂yr
H2(a, b, c; d;x, y) =

(−1)r(c)r
(1− a)r

H2(a− r, b, c+ r; d;x, y), a 6= 1, 2, 3, . . . .

(45)

Theorem 16. For x, y 6= 0, the integration recursion formulas of the Horn function
H2 hold true:

Î2H2(a, b, c; d;x, y) =
(d− 1)(d− 2)

x2(a− 1)(a− 2)(b− 1)(b− 2)
H2(a− 2, b− 2, c; d− 2;x, y)

+
2(d− 1)

xy(b− 1)(c− 1)
H1(a, b− 1, c− 1; d− 1;x, y)

+
a(a+ 1)

y2(c− 1)(c− 2)
H2(a+ 2, b, c− 2; d;x, y), a, b, c 6= 1, 2,

(46)

ÎrH2(a, b, c; d;x, y) =
(1− d)r

xryr(1− b)r(1− c)r

r∏
k=1

(θx + θy − k + 1)H2(a, b− r, c− r; d− r;x, y),

(b, c 6= 1, 2, 3, . . .)

(47)
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and

Îx
r
H2(a, b, c; d;x, y) =

(−1)r(1− d)r
xr(1− a)r(1− b)r

H2(a− r, b− r, c; d− r;x, y), a, b 6= 1, 2, 3, . . . ,

Îy
r
H2(a, b, c; d;x, y) =

(−1)r(a)r
yr(1− c)r

H2(a+ r, b, c− r; d;x, y), c 6= 1, 2, 3, . . . ,(
ÎxÎy

)r

H2(a, b, c; d;x, y) =
(−1)r(1− d)r

xryr(1− b)r(1− c)r
H2(a, b− r, c− r; d− r;x, y), b, c 6= 1, 2, 3, . . . .

(48)

Theorem 17. For |t| < 1, the infinite summation formulas for Horn function H2

hold true:

∞∑
k=0

(a)k
k!

H2(a+ k, b, c; d;x, y)tk =(1− t)−aH2

(
a, b, c; d;

x

1− t
, y(1− t)

)
,

∞∑
k=0

(b)k
k!

H2(a, b+ k, c; d;x, y)tk =(1− t)−bH2

(
a, b, c; d;

x

1− t
, y

)
,

∞∑
k=0

(c)k
k!

H2(a, b, c+ k; d;x, y)tk =(1− t)−cH2

(
a, b, c; d;x,

y

1− t

)
.

(49)

4. Certain new formulas for H3

In this section, we establish several recursion formulas, differential recursion formu-
las, integral formulas and infinite summation formulas for the Horn function H3

with all the parameters. In the same way as the technique followed in section 2, we
obtain the resulting theorems.

Theorem 18. For n ∈ N and c 6= 0,−1,−2, . . ., the recurrence relation hold true
for the Horn function H3:

H3(a+ n, b; c;x, y) = H3(a, b; c;x, y) +
bx

c

n∑
k=1

H3(a+ k, b+ 1; c+ 1;x, y)

− y
n∑

k=1

H2(a+ k − 2, b; c;x, y)

(a+ k − 1)(a+ k − 2)
, a 6= 1− k, a 6= 2− k, k ∈ N,

H3(a− n, b; c;x, y) = H3(a, b; c;x, y)− bx

c

n∑
k=1

H3(a− k + 1, b+ 1; c+ 1;x, y)

+ y
n∑

k=1

H2(a− k − 1, b; c;x, y)

(a− k)(a− k − 1)
, a 6= k, a 6= 1 + k, k ∈ N.

(50)
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and

H3(a, b+ n; c;x, y) = H3(a, b; c;x, y) +
ax

c

n∑
k=1

H3(a+ 1, b+ k; c+ 1;x, y),

H3(a, b− n; c;x, y) = H3(a, b; c;x, y)− ax

c

n∑
k=1

H3(a+ 1, b− k + 1; c+ 1;x, y).

(51)

Theorem 19. The Horn function H3 satisfies the following identity:

H3(a, b; c− n; x, y) = H3(a, b; c; x, y) + abx
n∑

k=1

H3(a + 1, b + 1; c− k + 2; x, y)

(c− k)(c− k + 1)
, c 6= k − 1, k ∈ N,

H3(a, b; c + n; x, y) = H3(a, b; c; x, y)− abx
n∑

k=1

H3(a + 1, b + 1; c + k + 1; x, y)

(c + k − 1)(c + k)
, c 6= 1− k,−k ∈ N.

(52)

Theorem 20. The differential recursion formulas hold true for the parameters of
the Horn hypergeometric function H3:

H3(a+ 1, b; c;x, y) =

(
1 +

θx − θy
a

)
H3(a, b; c;x, y), a 6= 0,

H3(a, b+ 1; c;x, y) =

(
1 +

θx
b

)
H3(a, b; c;x, y), b 6= 0,

H3(a, b; c− 1;x, y) =

(
1 +

θx
c− 1

)
H2(a, b; c;x, y), c 6= 1.

(53)

Theorem 21. The derivative formulas hold true for Horn hypergeometric function
H3

∂r

∂xr
H3(a, b; c;x, y) =

(a)r(b)r
(c)r

H3(a+ r, b+ r; c+ r;x, y), c 6= 0,−1,−2, . . . ,

∂r

∂yr
H3(a, b; c;x, y) =

(−1)r

(1− a)r
H3(a− r, b; c;x, y), a 6= 1, 2, 3, . . . .

(54)

Theorem 22. The integration recursion formulas of the Horn function H3 hold
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true:

Î2H3(a, b; c;x, y) =
(c− 1)(c− 2)

x2(a− 1)(a− 2)(b− 1)(b− 2)
H3(a− 2, b− 2; c− 2;x, y)

+
2(c− 1)

xy(b− 1)
H3(a, b− 1; c− 1;x, y) +

a(a+ 1)

y2
H3(a+ 2, b; c;x, y), x, y 6= 0, a, b 6= 1, 2,

ÎrH3(a, b; c;x, y) =
(1− c)r

xryr(1− b)r

r∏
k=1

(θx + θy − k + 1)H1(a, b− r; c− r;x, y),

(x, y 6= 0, b 6= 1, 2, 3, . . .),

Îx
r
H3(a, b; c;x, y) =

(−1)r(1− c)r
xr(1− a)r(1− b)r

H3(a− r, b− r; c− r;x, y), x 6= 0, a, b 6= 1, 2, 3, . . . ,

Îy
r
H3(a, b; c;x, y) =

(a)r
yr

H3(a+ r, b; c;x, y), y 6= 0,(
ÎxÎy

)r

H3(a, b; c;x, y) =
(1− c)r

xryr(1− b)r
H3(a, b− r; c− r;x, y), x, y 6= 0, b 6= 1, 2, 3, . . . .

(55)

Theorem 23. For |t| < 1, the infinite summation formulas for Horn function H3

hold true:

∞∑
k=0

(a)k
k!

H3(a+ k, b; c;x, y)tk =(1− t)−aH3

(
a, b; c;

x

1− t
, y(1− t)

)
,

∞∑
k=0

(b)k
k!

H3(a, b+ k; c;x, y)tk =(1− t)−bH3

(
a, b; c;x(1− t), y

)
.

(56)

5. Certain new formulas for H4

In this section, we discuss several recursion formulas, differential recursion formulas,
integral formulas and infinite summation formulas for the Horn function H4 with all
the parameters. The methods of proof given in section 2 can establish the following
theorems.

Theorem 24. For c 6= 0,−1,−2, . . . , and n ∈ N. Recursion relations for the Horn
function H4 are as follows

H4(a+ n, b; c;x, y) = H4(a, b; c;x, y) +
x

c

n∑
k=1

H4(a+ k, b; c+ 1;x, y)

− by
n∑

k=1

H4(a+ k − 2, b+ 1; c;x, y)

(a+ k − 1)(a+ k − 2)
, a 6= 1− k, a 6= 2− k, k ∈ N,

(57)
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and

H4(a− n, b; c;x, y) = H4(a, b; c;x, y)− x

c

n∑
k=1

H4(a− k + 1, b; c+ 1;x, y)

+ by
n∑

k=1

H4(a− k − 1, b+ 1; c;x, y)

(a− k)(a− k − 1)
, a 6= k, a 6= 1 + k, k ∈ N.

(58)

Theorem 25. For a 6= 1, the recurrence relation hold true for the function H4:

H4(a, b+ n; c;x, y) = H4(a, b; c;x, y) +
by

a− 1

n∑
k=1

H4(a− 1, b+ k; c;x, y),

H4(a, b− n; c;x, y) = H4(a, b; c;x, y)− by

a− 1

n∑
k=1

H4(a− 1, b− k + 1; c;x, y).

(59)

Theorem 26. The Horn hypergeometric function H4 satisfies the following iden-
tity:

H4(a, b; c− n;x, y) = H4(a, b; c;x, y) + ax

n∑
k=1

H4(a+ 1, b; c− k + 2;x, y)

(c− k)(c− k + 1)
, c 6= k − 1, k ∈ N,

H4(a, b; c+ n;x, y) = H4(a, b; c;x, y)− ax
n∑

k=1

H4(a+ 1, b; c+ k + 1;x, y)

(c+ k − 1)(c+ k)
, c 6= 1− k,−k ∈ N.

(60)

Theorem 27. The differential recursion formulas hold true for the parameters of
the Horn function H4:

H4(a+ 1, b; c;x, y) =

(
1 +

θx − θy
a

)
H4(a, b; c;x, y), a 6= 0,

H4(a, b+ 1; c;x, y) =

(
1 +

θy
b

)
H4(a, b; c;x, y), b 6= 0,

H4(a, b; c− 1;x, y) =

(
1 +

θx
c− 1

)
H4(a, b; c;x, y), c 6= 1.

(61)

Theorem 28. The derivative formulas hold true for Horn function H4

∂r

∂xr
H4(a, b; c;x, y) =

(a)r
(c)r

H4(a+ r, b; c+ r;x, y), c 6= 0,−1,−2, . . . ,

∂r

∂yr
H4(a, b; c;x, y) =

(−1)r(b)r
(1− a)r

H4(a− r, b+ r; c;x, y), a 6= 1, 2, 3, . . . .

(62)
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Theorem 29. The integration recursion formulas of the Horn hypergeometric func-
tion H4 hold true:

Î2H4(a, b; c;x, y) =
(c− 1)(c− 2)

x2(a− 1)(a− 2)
H4(a− 2, b; c− 2;x, y)

+
2(c− 1)

xy(b− 1)
H4(a, b− 1; c− 1;x, y)

+
a(a+ 1)

y2(b− 1)(b− 2)
H4(a+ 2, b− 2; c;x, y), x, y 6= 0, a, b 6= 1, 2,

ÎrH4(a, b; c;x, y) =
(1− c)r

xryr(1− b)r

r∏
k=1

(θx + θy − k + 1)H4(a− r, b− r; c− r;x, y),

(x, y 6= 0, b 6= 1, 2, 3, . . .),

(63)

Îx
r
H4(a, b; c;x, y) =

(1− c)r
xr(1− a)r

H4(a− r, b; c− r;x, y), x 6= 0, a 6= 1, 2, 3, . . . ,

Îy
r
H4(a, b; c;x, y) =

(−1)r(a)r
yr(1− b)r

H4(a+ r, b− r; c;x, y), y 6= 0, b 6= 1, 2, 3, . . . ,(
ÎxÎy

)r

H4(a, b; c;x, y) =
(1− c)r

xryr(1− b)r
H4(a, b− r; c− r;x, y), x, y 6= 0, b 6= 1, 2, 3, . . . .

(64)

Theorem 30. For |t| < 1, the infinite summation formulas for Horn function H4

hold true:

∞∑
k=0

(a)k
k!

H4(a+ k, b; c;x, y)tk =(1− t)−aH4

(
a, b; c;

x

1− t
, y(1− t)

)
,

∞∑
k=0

(b)k
k!

H4(a, b+ k; c;x, y)tk =(1− t)−bH4

(
a, b; c;x,

y

1− t

)
.

(65)

6. Certain new formulas for H5

Here we obtain the recursion formulas, differential recursion formulas, integral for-
mulas and infinite summation formulas for the Horn function H5 with all the pa-
rameters by the technique used in section 2.

Theorem 31. For n ∈ N and b 6= 0,−1,−2, . . .. Horn function H5 satisfy the
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recursion relations

H5(a+ n; b;x, y) = H5(a, b; c;x, y) +
x

b

n∑
k=1

H5(a+ k; b+ 1;x, y)

− y
n∑

k=1

H5(a+ k − 2; b;x, y)

(a+ k − 1)(a+ k − 2)
, a 6= 1− k, a 6= 2− k, k ∈ N,

(66)

and

H5(a− n; b;x, y) = H5(a; b;x, y)− x

b

n∑
k=1

H5(a− k + 1; b+ 1;x, y)

+ y

n∑
k=1

H5(a− k − 1; b;x, y)

(a− k)(a− k − 1)
, a 6= k, a 6= 1 + k, k ∈ N.

(67)

Theorem 32. The Horn function H5 satisfies the following identity:

H5(a; b− n;x, y) = H5(a; b;x, y) + ax
n∑

k=1

H5(a+ 1; b− k + 2;x, y)

(b− k)(b− k + 1)
, b 6= k − 1, k ∈ N, (68)

and

H5(a; b+ n;x, y) = H5(a; b;x, y)− ax
n∑

k=1

H5(a+ 1; b+ k + 1;x, y)

(b+ k − 1)(b+ k)
, b 6= 1− k,−k ∈ N. (69)

Theorem 33. The differential recursion formulas hold true for the parameters of
the Horn function H5:

H5(a+ 1; b;x, y) =

(
1 +

θx − θy
a

)
H5(a; b;x, y), a 6= 0,

H5(a; b− 1;x, y) =

(
1 +

θx
b− 1

)
H5(a; b;x, y), b 6= 1.

(70)

Theorem 34. The derivative formulas hold true for Horn function H5

∂r

∂xr
H5(a; b;x, y) =

(a)r
(b)r

H5(a+ r; b+ r;x, y), b 6= 0,−1,−2, . . . ,

∂r

∂yr
H5(a; b;x, y) =

(−1)r

(1− a)r
H5(a− r; b;x, y), a 6= 1, 2, 3, . . . .

(71)
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Theorem 35. For a 6= 1, 2, the integration recursion formulas of the Horn function
H5 hold true:

Î2H5(a; b;x, y) =
(b− 1)(b− 2)

x2(a− 1)(a− 2)
H5(a− 2; b− 2;x, y)

+
2(b− 1)

xy
H5(a; b− 1;x, y) +

a(a+ 1)

y2
H5(a+ 2; b;x, y), x, y 6= 0, a 6= 1, 2,

(72)

ÎrH5(a; b;x, y) =
(−1)r(1− b)r

xryr

r∏
k=1

(θx + θy − k + 1)H5(a; b− r;x, y), x, y 6= 0,

Îx
r
H5(a; b;x, y) =

(1− b)r
xr(1− a)r

H5(a− r; b;x, y), x 6= 0, a 6= 1, 2, 3, . . . ,

Îy
r
H5(a; b;x, y) =

(a)r
yr

H5(a+ r; b;x, y), y 6= 0,(
ÎxÎy

)r

H5(a; b;x, y) =
(−1)r(1− b)r

xryr
H5(a; b− r;x, y), x, y 6= 0.

(73)

Theorem 36. For |t| < 1, the infinite summation formula for Horn’s function H5

holds true:

∞∑
k=0

(a)k
k!

H5(a+ k; b;x, y)tk = (1− t)−aH5

(
a; b;

x

1− t
, y(1− t)

)
. (74)

7. Certain new formulas for H6

In this section, we derive the recursion formulas, differential recursion formulas,
integral formulas and infinite summation formulas for the Horn function H6.

Theorem 37. For b 6= 0,−1,−2, . . . and n ∈ N. the Horn function H6 satisfy
recursion formulas

H6(a+ n; b;x, y) =H6(a; b;x, y) +
2x

b

n∑
k=1

(a+ k)H6(a+ k + 1; b+ 1;x, y)

+
y

b

n∑
k=1

H6(a+ k; b+ 1;x, y),

(75)
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and

H6(a− n; b;x, y) =H6(a; b;x, y)− 2x

b

n∑
k=1

(a− k + 1)H6(a− k + 2; b+ 1;x, y)

− y

b

n∑
k=1

H6(a− k + 1; b+ 1;x, y).

(76)

Theorem 38. The Horn function H6 satisfies the identity:

H6(a; b− n;x, y) = H6(a; b;x, y) + a(a+ 1)x
n∑

k=1

H6(a+ 2; b− k + 2;x, y)

(b− k)(b− k + 1)

+ ay

n∑
k=1

H6(a+ 1; b− k + 2;x, y)

(b− k)(b− k + 1)
, b 6= k − 1, b 6= k, k ∈ N,

(77)

and

H6(a; b+ n;x, y) = H6(a; b;x, y)− a(a+ 1)x
n∑

k=1

H6(a+ 2; b+ k + 1;x, y)

(b+ k − 1)(b+ k)

− ay
n∑

k=1

H6(a+ 1; b+ k + 1;x, y)

(b+ k − 1)(b+ k)
, b 6= 1− k, b 6= −k, k ∈ N.

(78)

Theorem 39. The differential recursion formulas hold true for the numerator pa-
rameters of the Horn function H6:

H6(a+ 1; b;x, y) =

(
1 +

2θx + θy
a

)
H6(a; b;x, y), a 6= 0,

H6(a; b− 1;x, y) =

(
1 +

θx + θy
b− 1

)
H6(a; b;x, y), b 6= 1.

(79)

Theorem 40. For b 6= 0,−1,−2, . . ., the derivative formulas hold true for Horn
function H6

∂r

∂xr
H6(a; b;x, y) =

(a)2r
(b)r

H6(a+ 2r; b+ r;x, y),

∂r

∂yr
H6(a; b;x, y) =

(a)r
(b)r

H6(a+ r; b+ r;x, y).

(80)

Theorem 41. The integration recursion formulas of the Horn function H6 hold
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true:

Î2H6(a; b;x, y) =
(b− 1)(b− 2)

x2(a− 1)(a− 2)(a− 3)(a− 4)
H6(a− 4; b− 2;x, y)

+
2(b− 1)(b− 2)

xy(a− 1)(a− 2)(a− 3)
H6(a− 3; b− 2;x, y)

+
(b− 1)(b− 2)

y2(a− 1)(a− 2)
H6(a− 2; b− 2;x, y), x, y 6= 0, a 6= 1, 2, 3, 4,

ÎrH6(a; b;x, y) =
(−1)r(1− b)2r
xryr(1− a)3r

r∏
k=1

(θx + θy − k + 1)H6(a− 3r; b− 2r;x, y),

(x, y 6= 0, a 6= 1, 2, 3, . . .),

(81)

Îx
r
H6(a; b;x, y) =

(−1)r(1− b)r
xr(1− a)2r

H6(a− 2r; b− r;x, y), x 6= 0, a 6= 1, 2, 3, . . . ,

Îy
r
H6(a; b;x, y) =

(1− b)r
yr(1− a)r

H6(a− r; b− r;x, y), y 6= 0, a 6= 1, 2, 3, . . . ,(
ÎxÎy

)r

H6(a; b;x, y) =
(−1)r(1− b)2r
xryr(1− a)3r

H6(a− 3r; b− 2r;x, y), x, y 6= 0, a 6= 1, 2, 3, . . . .

(82)

Theorem 42. For |t| < 1, the infinite summation formula for Horn function H6

holds true:

∞∑
k=0

(a)k
k!

H6(a+ k; b;x, y)tk = (1− t)−aH6

(
a; b;

x

(1− t)2
, y(1− t)

)
. (83)

8. Certain new formulas for H7

In this section, we list the recursion formulas, differential recursion formulas, integral
formulas and infinite summation formulas for the Horn function H7.

Theorem 43. For n ∈ N, b, c 6= 0,−1,−2, . . .. Recursion relations for the Horn
function H7 are as follows

H7(a+ n; b, c;x, y) =H7(a; b, c;x, y) +
2x

b

n∑
k=1

(a+ k)H7(a+ k + 1; b+ 1, c;x, y)

+
y

c

n∑
k=1

H7(a+ k; b, c+ 1;x, y),

(84)
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and

H7(a− n; b, c;x, y) =H7(a; b, c;x, y)− 2x

b

n∑
k=1

(a− k + 1)H7(a− k + 2; b+ 1, c;x, y)

− y

c

n∑
k=1

H7(a− k + 1; b, c+ 1;x, y).

(85)

Theorem 44. The Horn hypergeometric function H7 satisfies the following identity:

H7(a; b− n, c;x, y) =H7(a; b, c;x, y) + a(a+ 1)x
n∑

k=1

H7(a+ 2; b− k + 2, c;x, y)

(b− k)(b− k + 1)
;

(b 6= k − 1, b 6= k, k ∈ N),

H7(a; b+ n, c;x, y) =H7(a; b, c;x, y)− a(a+ 1)x
n∑

k=1

H7(a+ 2; b+ k + 1, c;x, y)

(b+ k − 1)(b+ k)
;

(b 6= 1− k, b 6= −k, k ∈ N).

(86)

Theorem 45. The Horn function H7 satisfies the following identity:

H7(a; b, c− n;x, y) =H7(a; b, c;x, y) + ay

n∑
k=1

H7(a+ 1; b, c− k + 2;x, y)

(c− k)(c− k + 1)
;

(c 6= k − 1, c 6= k, k ∈ N),

H7(a; b, c+ n;x, y) =H7(a; b, c;x, y)− ay
n∑

k=1

H7(a+ 1; b, c+ k + 1;x, y)

(c+ k − 1)(c+ k)
;

(c 6= 1− k, c 6= −k, k ∈ N).

(87)

Theorem 46. The differential recursion formulas hold true for the parameters of
the Horn function H7:

H7(a+ 1; b, c;x, y) =

(
1 +

2θx + θy
a

)
H7(a; b, c;x, y), a 6= 0,

H7(a; b− 1, c;x, y) =

(
1 +

θy
b− 1

)
H7(a; b, c;x, y), b 6= 1,

H7(a; b, c− 1;x, y) =

(
1 +

θy
c− 1

)
H7(a; b, c;x, y), c 6= 1.

(88)

Theorem 47. The derivative formulas hold true for Horn hypergeometric function
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H7

∂r

∂xr
H7(a; b, c;x, y) =

(a)2r
(b)r

H7(a+ 2r; b+ r, c;x, y), b 6= 0,−1,−2, . . . ,

∂r

∂yr
H7(a; b, c;x, y) =

(a)r
(c)r

H7(a+ r; b, c+ r;x, y), c 6= 0,−1,−2, . . . .

(89)

Theorem 48. The integration recursion formulas of the Horn function H7 hold
true:

Î2H7(a; b, c;x, y) =
(b− 1)(b− 2)

x2(a− 1)(a− 2)(a− 3)(a− 4)
H7(a− 4; b− 2, c;x, y)

+
2(b− 1)(c− 1)

xy(a− 1)(a− 2)(a− 3)
H7(a− 3; b− 1, c− 1;x, y)

+
(c− 1)(c− 2)

y2(a− 1)(a− 2)
H7(a− 2; b, c− 2;x, y), x, y 6= 0, a 6= 1, 2, 3, 4,

ÎrH7(a; b, c;x, y) =
(−1)r(1− b)r(1− c)r

xryr(1− a)3r

r∏
k=1

(θx + θy − k + 1)H7(a− 3r; b− r, c− r;x, y),

(x, y 6= 0, a 6= 1, 2, 3, . . .),

(90)

Îx
r
H7(a; b, c;x, y) =

(−1)r(1− b)r
xr(1− a)2r

H7(a− 2r; b− r, c;x, y), x 6= 0, a 6= 1, 2, 3, . . . ,

Îy
r
H7(a; b, c;x, y) =

(1− c)r
yr(1− a)r

H7(a− r; b, c− r;x, y), y 6= 0, a 6= 1, 2, 3, . . . ,(
ÎxÎy

)r

H7(a; b, c;x, y) =
(−1)r(1− b)r(1− c)r

xryr(1− a)3r
H7(a− 3r; b− r, c− r;x, y),

(x, y 6= 0, a 6= 1, 2, 3, . . .).

(91)

Theorem 49. The infinite summation formula for Horn’s hypergeometric function
H7 holds true:

∞∑
k=0

(a)k
k!

H7(a+ k; b, c;x, y)tk = (1− t)−aH7

(
a; b, c;

x

(1− t)2
,

y

1− t

)
, |t| < 1, (92)

9. Certain new formulas for H8

In this section, we give some recursion formulas, differential recursion formulas,
integral formulas and infinite summation formulas for the Horn function H8.
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Theorem 50. For b 6= 1 and n ∈ N. Horn function H8 satisfy the Recursion
formulas

H8(a+ n, b;x, y) = H8(a; b;x, y) +
2x

b− 1

n∑
k=1

(a+ k)H8(a+ k + 1, b− 1;x, y)

− by
n∑

k=1

H8(a+ k − 2, b+ 1;x, y)

(a+ k − 1)(a+ k − 2)
, a 6= 1− k, a 6= 2− k, k ∈ N,

(93)

and

H8(a− n; b;x, y) = H8(a, b;x, y)− 2x

b− 1

n∑
k=1

(a− k + 1)H8(a− k + 2, b− 1;x, y)

+ by
n∑

k=1

H8(a− k − 1, b+ 1;x, y)

(a− k)(a− k − 1)
, a 6= k, a 6= k + 1, k ∈ N.

(94)

Theorem 51. For a 6= 1, the recurrence relations hold true for the Horn function
H8:

H8(a, b+ n;x, y) = H8(a, b;x, y) +
y

a− 1

n∑
k=1

H8(a− 1, b+ k;x, y)

− a(a+ 1)x

n∑
k=1

H8(a+ 2, b+ k − 2;x, y)

(b+ k − 1)(b+ k − 2)
; a 6= 1, b 6= 1− k, b 6= 2− k, k ∈ N,

(95)

and

H8(a, b− n;x, y) = H8(a, b;x, y)− y

a− 1

n∑
k=1

H8(a− 1, b− k + 1;x, y)

+ a(a+ 1)x

n∑
k=1

H8(a+ 2, b− k − 1;x, y)

(b− k)(b− k − 1)
; a 6= 1, a 6= k, b 6= k + 1, k ∈ N.

(96)

Theorem 52. The differential recursion formulas hold true for the parameters of
the Horn function H8:

H8(a+ 1, b;x, y) =

(
1 +

2θx − θy
a

)
H8(a, b;x, y), a 6= 0,

H8(a, b+ 1;x, y) =

(
1 +

θy − θx
b

)
H8(a, b;x, y), b 6= 0.

(97)
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Theorem 53. The derivative formulas hold true for Horn hypergeometric function
H8

∂r

∂xr
H8(a, b;x, y) =

(−1)r(a)2r
(1− b)r

H8(a+ 2r, b− r;x, y), b 6= 1, 2, 3, . . . ,

∂r

∂yr
H8(a, b;x, y) =

(−1)r(b)r
(1− a)r

H8(a− r, b+ r;x, y), a 6= 1, 2, 3, . . . .

(98)

Theorem 54. The integration recursion formulas of the Horn hypergeometric func-
tion H8 hold true:

Î2H8(a, b;x, y) =
b(b+ 1)

x2(a− 1)(a− 2)
H8(a− 2, b+ 2;x, y) +

2

xy(a− 1)
H8(a− 1, b;x, y)

+
a(a+ 1)

y2(b− 1)(b− 2)
H8(a+ 2, b− 2;x, y), x, y 6= 0, a, b 6= 1, 2,

ÎrH8(a, b;x, y) =
(−1)r

xryr(1− a)r

r∏
k=1

(θx + θy − k + 1)H8(a− r, b;x, y),

(x, y 6= 0, a 6= 1, 2, 3, . . .),

(99)

Îx
r
H8(a, b;x, y) =

(−1)r(b)r
xr(1− a)r

H8(a− r, b+ r;x, y), x 6= 0, a 6= 1, 2, 3, . . . ,

Îy
r
H8(a, b;x, y) =

(−1)r(a)r
yr(1− b)r

H8(a+ r, b− r;x, y), y 6= 0, b 6= 1, 2, 3, . . . ,(
ÎxÎy

)r

H8(a, b;x, y) =
(−1)r

xryr(1− a)r
H8(a− r, b;x, y), x, y 6= 0, a 6= 1, 2, 3, . . . .

(100)

Theorem 55. For |t| < 1, the infinite summation formulas for Horn function H8

hold true:

∞∑
k=0

(a)k
k!

H8(a+ k, b;x, y)tk = (1− t)−aH8

(
a, b;

x

(1− t)2
, y(1− t)

)
,

∞∑
k=0

(b)k
k!

H8(a, b+ k;x, y)tk = (1− t)−bH8

(
a, b;x(1− t), y

1− t

)
.

(101)

10. Certain new formulas for H9

In this section, we discuss the recursion formulas, differential recursion formulas,
integral formulas and infinite summation formulas for Horn function H9 with all the
parameters.
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Theorem 56. For n ∈ N and c 6= 0,−1,−2, . . .. Recursion formulas for Horn
function H9 are as follows

H9(a+ n, b; c;x, y) = H9(a; b; c;x, y) +
2x

c

n∑
k=1

(a+ k)H9(a+ k + 1, b; c+ 1;x, y)

− by
n∑

k=1

H9(a+ k − 2, b+ 1; c;x, y)

(a+ k − 1)(a+ k − 2)
, a 6= 1− k, a 6= 2− k, k ∈ N

(102)

and

H9(a− n, b; c;x, y) = H9(a; b; c;x, y)− 2x

c

n∑
k=1

(a− k + 1)H9(a− k + 2, b; c+ 1;x, y)

− by
n∑

k=1

H9(a− k − 1, b+ 1; c;x, y)

(a− k)(a− k − 1)
, a 6= k, a 6= k + 1, k ∈ N.

(103)

Theorem 57. For a 6= 1, the recurrence relations hold true for the Horn function
H9:

H9(a, b+ n; c;x, y) =H9(a; b; c;x, y) +
y

a− 1

n∑
k=1

(b+ k − 1)H9(a− 1, b+ k; c;x, y),

(b 6= 1− k, b 6= 2− k, k ∈ N),

H9(a, b− n; c;x, y) =H9(a; b; c;x, y)− y

a− 1

n∑
k=1

(b− k)H9(a− 1, b− k + 1; c;x, y),

(a 6= k, b 6= k + 1, k ∈ N).

(104)

Theorem 58. The recurrence relations hold true for the Horn function H9:

H9(a, b; c− n;x, y) =H9(a; b; c;x, y) + a(a+ 1)x
n∑

k=1

H9(a+ 2, b; c− k + 2;x, y)

(c− k)(c− k + 1)
,

(c 6= k − 1, c 6= k, k ∈ N),

H9(a, b; c+ n;x, y) =H9(a; b; c;x, y)− a(a+ 1)x

n∑
k=1

H9(a+ 2, b; c+ k + 1;x, y)

(c+ k)(c+ k − 1)
,

(a 6= −k, c 6= 1− k, k ∈ N).

(105)

Theorem 59. The differential recursion formulas hold true for the parameters of
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the Horn hypergeometric function H9:

H9(a+ 1, b; c;x, y) =

(
1 +

2θx − θy
a

)
H9(a, b; c;x, y), a 6= 0,

H9(a, b+ 1; c;x, y) =

(
1 +

θy
b

)
H9(a, b; c;x, y), b 6= 0,

H9(a, b; c− 1;x, y) =

(
1 +

θx
c− 1

)
H9(a, b; c;x, y), c 6= 1.

(106)

Theorem 60. The derivative formulas hold true for Horn hypergeometric function
H9

∂r

∂xr
H9(a, b; c;x, y) =

(a)2r
(c)r

H9(a+ 2r, b; c+ r;x, y), c 6= 0,−1,−2, . . . ,

∂r

∂yr
H9(a, b; c;x, y) =

(−1)r(b)r
(1− a)r

H9(a− r, b+ r; c;x, y), a 6= 1, 2, 3, . . . .

(107)

Theorem 61. The integration recursion formulas of the Horn hypergeometric func-
tion H9 hold true:

Î2H9(a, b; c; x, y) =
(c− 1)(c− 2)

x2(a− 1)(a− 2)(a− 3)(a− 4)
H9(a− 4, b; c− 2; x, y)

+
2(c− 1)

xy(a− 1)(b− 1)
H9(a− 1, b− 1; c− 1; x, y)

+
a(a + 1)

y2(b− 1)(b− 2)
H9(a + 2, b− 2; c; x, y), x, y 6= 0, a 6= 1, 2, 3, 4, b 6= 1, 2,

ÎrH9(a, b; c; x, y) =
(−1)r(1− c)r

xryr(1− a)r(1− b)r

r∏
k=1

(θx + θy − k + 1)H9(a− r, b− r; c− r; x, y),

(x, y 6= 0, a, b 6= 1, 2, 3, . . .),

Îx
r

H9(a, b; c; x, y) =
(−1)r(1− c)r
xr(1− a)2r

H9(a− 2r, b; c− r; x, y), x 6= 0, a 6= 1, 2, 3, . . . ,

Îy
r

H9(a, b; c; x, y) =
(−1)r(a)r

yr(1− b)r
H9(a + r, b− r; c; x, y), y 6= 0, b 6= 1, 2, 3, . . . ,

(
ÎxÎy

)r
H9(a, b; c; x, y) =

(−1)r(1− c)r
xryr(1− a)r(1− b)r

H9(a− r, b− r; c− r; x, y), x, y 6= 0, a, b 6= 1, 2, 3, . . . .

(108)

Theorem 62. For |t| < 1, the infinite summation formulas for Horn’s function H9

hold true:

∞∑
k=0

(a)k
k!

H9(a+ k, b; c;x, y)tk =(1− t)−aH9

(
a, b; c;

x

(1− t)2
, y(1− t)

)
,

∞∑
k=0

(b)k
k!

H8(a, b+ k; c;x, y)tk =(1− t)−bH8

(
a, b; c;x,

y

1− t

)
.

(109)
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11. Certain new formulas for H10

In this section, we obtain several recursion formulas, differential recursion formulas,
integral formulas and infinite summation formulas for the Horn function H10.

Theorem 63. For b 6= 0,−1,−2, . . . and n ∈ N. Recursion formulas for the function
H10 are as follows

H10(a+ n; b;x, y) = H10(a; b;x, y) +
2x

b

n∑
k=1

(a+ k)H10(a+ k + 1; b+ 1;x, y)

− y
n∑

k=1

H10(a+ k − 2; b;x, y)

(a+ k − 1)(a+ k − 2)
, a 6= 1− k, a 6= 2− k, k ∈ N

(110)

and

H10(a− n; b;x, y) = H10(a; b;x, y)− 2x

b

n∑
k=1

(a− k + 1)H10(a− k + 2; b+ 1;x, y)

− y
n∑

k=1

H10(a− k − 1; b;x, y)

(a− k)(a− k − 1)
, a 6= k, a 6= k + 1, k ∈ N.

(111)

Theorem 64. The following recurrence relations hold true for the Horn function
H10:

H10(a; b− n; x, y) =H10(a; b; x, y)− a(a + 1)x
n∑

k=1

H10(a + 2; b− k + 2; x, y)

(b− k)(b− k + 1)
, (b 6= k, k − 1; k ∈ N),

H10(a; b + n; x, y) =H10(a; b; x, y) + a(a + 1)x
n∑

k=1

H10(a + 2; b + k + 1; x, y)

(b + k)(b + k − 1)
,

(b 6= −k, 1− k; k ∈ N).

(112)

Theorem 65. The differential recursion formulas hold true for Horn function H10:

H10(a+ 1; b;x, y) =

(
1 +

2θx − θy
a

)
H10(a; b;x, y), a 6= 0,

H10(a; b− 1;x, y) =

(
1 +

θx
b− 1

)
H10(a; b;x, y), b 6= 1.

(113)

Theorem 66. The derivative formulas hold true for Horn hypergeometric function
H10

∂r

∂xr
H10(a; b;x, y) =

(a)2r
(b)r

H10(a+ 2r; b+ r;x, y), b 6= 0,−1,−2, . . .

∂r

∂yr
H10(a, b; c;x, y) =

(−1)r

(1− a)r
H10(a− r, b; c;x, y), a 6= 1, 2, 3, . . . .

(114)
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Theorem 67. The integration recursion formulas of the Horn function H10 hold
true:

Î2H10(a; b;x, y) =
(b− 1)(b− 2)

x2(a− 1)(a− 2)(a− 3)(a− 4)
H10(a− 4; b− 2;x, y)

+
2(b− 1)

xy(a− 1)
H10(a− 1; b− 1;x, y) +

a(a+ 1)

y2
H10(a+ 2; b;x, y),

(x, y 6= 0, a 6= 1, 2, 3, 4),

ÎrH10(a; b;x, y) =
(1− b)r

xryr(1− a)r

r∏
k=1

(θx + θy − k + 1)H10(a− r; b− r;x, y),

(x, y 6= 0, a 6= 1, 2, 3, . . .),

(115)

Îx
r
H10(a; b;x, y) =

(−1)r(1− b)r
xr(1− a)2r

H10(a− 2r; b− r;x, y), x 6= 0, a 6= 1, 2, 3, . . . ,

Îy
r
H10(a; b;x, y) =

(a)r
yr

H10(a+ r; b;x, y), y 6= 0,(
ÎxÎy

)r

H10(a; b;x, y) =
(1− b)r

xryr(1− a)r
H10(a− r; b− r;x, y), x, y 6= 0, a 6= 1, 2, 3, . . . .

(116)

Theorem 68. For |t| < 1, the infinite summation formula for Horn function H10

holds true:

∞∑
k=0

(a)k
k!

H10(a+ k; b;x, y)tk = (1− t)−aH10

(
a; b;

x

(1− t)2
, y(1− t)

)
. (117)

12. Certain new formulas for H11

In this section, we establish the recursion formulas, differential recursion formulas,
integral formulas and infinite summation formulas for the Horn function H11 with
all the parameters.

Theorem 69. For n ∈ N and d 6= 0,−1,−2, . . .. Recursion formulas for the function
H11 are as follows

H11(a+ n, b, c; d;x, y) = H11(a, b, c; d;x, y) +
x

d

n∑
k=1

H11(a+ k, b, c; d+ 1;x, y)

− bcy
n∑

k=1

H11(a+ k − 2, b+ 1, c+ 1; d;x, y)

(a+ k − 1)(a+ k − 2)
, a 6= 1− k, a 6= 2− k, k ∈ N

(118)
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and

H11(a− n, b, c; d;x, y) == H11(a, b, c; d;x, y)− x

d

n∑
k=1

H11(a− k + 1, b+ 1, c; d+ 1;x, y)

+ bcy

n∑
k=1

H11(a− k − 1, b, c+ 1; d;x, y)

(a− k)(a− k − 1)
, a 6= k, a 6= 1 + k, k ∈ N.

(119)

Theorem 70. For a 6= 1, the recurrence relation hold true for the Horn function
H11:

H11(a, b+ n, c; d;x, y) = H11(a, b, c; d;x, y) +
cy

a− 1

n∑
k=1

H11(a− 1, b+ k, c+ 1; d;x, y),

H11(a, b− n, c; d;x, y) = H11(a, b, c; d;x, y)− cy

a− 1

n∑
k=1

H11(a− 1, b− k + 1, c+ 1; d;x, y),

H11(a, b, c+ n; d;x, y) = H11(a, b, c; d;x, y) +
by

a− 1

n∑
k=1

H11(a− 1, b+ 1, c+ k; d;x, y),

H11(a, b, c− n; d;x, y) = H11(a, b, c; d;x, y)− by

a− 1

n∑
k=1

H11(a− 1, b+ 1, c− k + 1; d;x, y).

(120)

Theorem 71. The Horn function H11 satisfies the following identity:

H11(a, b, c; d− n;x, y) =H11(a, b, c; d;x, y) + ax
n∑

k=1

H11(a+ 1, b, c; d− k + 2;x, y)

(d− k)(d− k + 1)
,

(d 6= k − 1, k ∈ N),

H11(a, b, c; d+ n;x, y) =H11(a, b, c; d;x, y)− ax
n∑

k=1

H11(a+ 1, b, c; d+ k + 1;x, y)

(d+ k − 1)(d+ k)
,

(d 6= 1− k,−k ∈ N).

(121)

Theorem 72. The differential recursion formulas hold true for the parameters of
the Horn function H11:

H11(a+ 1, b, c; d;x, y) =

(
1 +

θx − θy
a

)
H11(a, b, c; d;x, y), a 6= 0,

H11(a, b+ 1, c; d;x, y) =

(
1 +

θy
b

)
H11(a, b, c; d;x, y), b 6= 0,

H11(a, b, c+ 1; d;x, y) =

(
1 +

θy
c

)
H11(a, b, c; d;x, y), c 6= 0,

H11(a, b, c; d− 1;x, y) =

(
1 +

θx
d− 1

)
H11(a, b, c; d;x, y), d 6= 1.

(122)
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Theorem 73. The derivative formulas hold true for Horn function H11

∂r

∂xr
H11(a, b, c; d;x, y) =

(a)r
(d)r

H11(a+ r, b, c; d+ r;x, y), d 6= 0,−1,−2, . . . ,

∂r

∂yr
H11(a, b, c; d;x, y) =

(−1)r(b)r(c)r
(1− a)r

H11(a− r, b+ r, c+ r; d;x, y), a 6= 1, 2, 3, . . . .

(123)

Theorem 74. The integration recursion formulas of the Horn hypergeometric func-
tion H11 hold true:

Î2H11(a, b, c; d;x, y) =
(d− 1)(d− 2)

x2(a− 1)(a− 2)
H11(a− 2, b, c; d− 2;x, y)

+
2(d− 1)

xy(b− 1)(c− 1)
H1(a, b− 1, c− 1; d− 1;x, y)

+
a(a+ 1)

y2(b− 1)(b− 2)(c− 1)(c− 2)
H11(a+ 2, b− 2, c− 2; d;x, y),

(x, y 6= 0, a, b, c 6= 1, 2),

ÎrH11(a, b, c; d;x, y) =
(−1)r(1− d)r

xryr(1− b)r(1− c)r

r∏
k=1

(θx + θy − k + 1)H11(a, b− r, c− r; d− r;x, y),

(x, y 6= 0, b, c 6= 1, 2, 3, . . .),

(124)

Îx
r
H11(a, b, c; d;x, y) =

(1− d)r
xr(1− a)r

H11(a− r, b, c; d− r;x, y), x 6= 0, a 6= 1, 2, 3, . . . ,

Îy
r
H11(a, b, c; d;x, y) =

(−1)r(a)r
yr(1− b)r(1− c)r

H11(a+ r, b− r, c− r; d;x, y),

(y 6= 0, b, c 6= 1, 2, 3, . . .),(
ÎxÎy

)r

H11(a, b, c; d;x, y) =
(−1)r(1− d)r

xryr(1− b)r(1− c)r
H11(a, b− r, c− r; d− r;x, y),

(x, y 6= 0, b, c 6= 1, 2, 3, . . .).

(125)

Theorem 75. For |t| < 1, the infinite summation formulas for Horn function H11

hold true:

∞∑
k=0

(a)k
k!

H11(a+ k, b, c; d;x, y)tk = (1− t)−aH11

(
a, b, c; d;

x

1− t
, y(1− t)

)
,

∞∑
k=0

(b)k
k!

H11(a, b+ k, c; d;x, y)tk = (1− t)−bH11

(
a, b, c; d;x,

y

1− t
)

)
,

∞∑
k=0

(c)k
k!

H11(a, b, c+ k; d;x, y)tk = (1− t)−cH11

(
a, b, c; d;x,

y

1− t
)

)
.

(126)
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13. Concluding remarks

The several new recursion formulas, differential recursion formulas, differential op-
erators, integral operators, infinite summation formulas and interesting results for
Horn hypergeometric functions thus derived in this work are general in character
and likely to find various applications in the theory of special functions, which are
involved in several diverse fields of mathematical, statistical, physical, and engineer-
ing sciences. In conclusion, therefore, we remark that the results derived in this
work are sufficiently significant and sufficiently general in nature and are capable of
yielding numerous other recursion formulas, differential recursion formulas, differen-
tial operators, integral operators and infinite summation formulas involving various
special functions by some appropriate choices of the essentially arbitrary parameters
which are involved in these results.
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