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CERTAIN NEW FORMULAS FOR THE HORN’S
HYPERGEOMETRIC FUNCTIONS
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ABSTRACT. In recent years, several interesting families of recursion formulas for var-
ious classes of classical hypergeometric functions are investigated. The aim of this
present work is to develop certain interesting new families of recursion formulas,
differential recursion formulas, integration formulas, differential operators, integral
operators and infinite summation formulas analogue of Horn’s hypergeometric func-
tions Hl, Hg, H3, H4, H5, H6, H7, Hg, Hg, H10 and H11 using different techniques
including contiguous relations of Horn’s hypergeometric series. Some interesting
special cases of our main results are also demonstrated.The results to be obtained
are presented in a compact way, in order to make the topic accessible to a wider
audience.
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1. INTRODUCTION AND PRELIMINARIES

The Gamma function I'(a) is defined as [16]

I(a) = / e 't ldt, R(a) > 0.
0

The Pochhammer symbol (a),, is defined as

(@) = I'(a+n) :{ ala+1)(a+2)...(a+n—-1), neN,aeC;

I'(a) 1, n=0;a € C\ {0},

where N and C are the set of natural numbers and complex numbers, respectively.
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For n,m € Ng = NU {0} and a € C, we have

(@ntm = (@)n(@+n)m = (@)m(a + m)n,

| S 050
e 0, n > m. (1)
(a) _ %, 0<n<2m;
amen 0, n > 2m.

Suppose that a satisfy the condition (1), the Horn hypergeometric functions Hjy,
HQ, H3, H4, H5, Hﬁ, H7, Hg, H97 H10 and H11 are defined by HG], [5], page 226,
Equations (29)-(39)]

o
_n(b
Hi(a,b;c;2,y) = Z mey”;]$| <Lyl <oo,e#0,—-1,-2,..., (2)
m,n=0 meee

> m—n b m n
Ho(abciday)= 3 Drn®nn im0y < cod 201,22, 3)

ot (d)ym!n!
Hs(a,b;c;z,y) = Z Cé)c —nl mm"\x!<1|y[<ooc#0 —-2,... (4
Hilobicioy) = Y Ry ia] <ooly] < ooe 0,12 (5)
m,n=0 mee
= a)m—n m, n
H5(aab7$ay): Z (ZS))W’L'TL':B Yy ;|l’|<OO,|y|<OO,b7£O,—1,—2,..., (6)
m,n=0 mate
b. _ - (a’)2m+n m n b
m,n=0 mn T
= (a)Qm n__m Y
H7(a;b,c;2,y) = Z m |x\< Jyl < oo,e#0,-1,-2,..., (8)
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o~ (@)2m-n(D) 1
H8(a7b;xay) = Z meyn; ’.f‘ < Z: ‘y’ < 00,b 7£ 0,-1,-2,..., (9)
m,n=0 o

9
. o (a)2m—n(b)n m. mn. 1
Hg(a,b,c,x,y)— Z Wﬂj Y ,|l"<1,|y‘<0076750, ]-7 27)(10)
m,n=0
Hio(a; b; x )—imxm"'|w|<l||<oob#0—l—2 (11)
10\a; 0%, Y _mnzo (b)mm'n' Y3 4’ Yy 3 ) ) yoeee

and

m,n=0

"y x| < oo, |yl < 1,d#0,—-1,-2,....(12)

In order to recall the abbreviated notations, for n € Ny and a,b € C, we need the
notations

(@)nt1 = ala+1)n,

(@1 = (0= Dua £ 1,

(@4 1)n = <1 + Z)(a)n;a £ 0,

(13)

(a=1)p=(a—1)(a)p1 = ai;il(a)n = (1 — (HZ—l) (a)n;a #1—n,
1 b+n—-1 1 n ' L
(b—1)n B (b—1)(b)n o (b)n, + (b— 1)(b)n7b7é 1,0,-1,-2,....

Sayyed and Abul-Ez [1, 14] defined an integral operator 3 in the form

P 1 Y
J=— [ de+—- | dy. (14)
T Jo ¥Jo

Horn essentially identified 34 distinct convergent series. Amongst them, we have se-
lected eleventh Horn series that occur more frequently in a wide variety of problems
in diverse areas of theoretical physics, mathematical physics, mathematical analy-
sis, applied mathematics, numerical analysis, chemistry, potential theory, statistics,
probability theory and engineering sciences. Several recursion formulas involving
Horn hypergeometric functions which play an important role in several physical
problems are developed.
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Motivated by the investigations of recursion formulas for special functions, which
are mentioned in [2, 3, 4, 7, 8, 9, 10, 11, 12, 15, 13, 17], we provide a new way
of obtaining the results of some rather complicated integral formulas and infinite
summation formulas. The structure of this work is as follows. In Sections 2-12, we
discuss several classes of recursion formulas, differential recursion formulas, integral
formulas and infinite summation formulas for Horn functions Hy, Hy, H3, Hy, Hs,
Hg, H7, Hg, Hy, Hig and Hy; with all the parameters.

2. CERTAIN NEW FORMULAS FOR H;

Here we give the recursion formulas, differential recursion formulas, integral formulas
and infinite summation formulas for the Horn function H; with all the parameters.

Theorem 1. For ¢ # 0,—1,—-2,... and n € N, the recursion formulas for Horn
function Hy are as follows

b n
H(a+n,bic;2,y) = Hi(a, b2, y) + — > Hi(a+kb+1c+11,y)
C
k=1

(15)
Hi(a+k—2,b+1;¢2,9)
—b 1—-k 2—k,keN
yZ @iF Dati_g 1l kaF2-kkeN,
and
Hi(a —n,b;c;z,y) = Hl(abcxy)—b—xZHl(a—k—l-l,b—l-l;c-i-l;x,y)
c
=t (16)

- Hl(a_k_17b+1;c;xay)
b k 1+kkeN.
+ y; @R ho1) ertha#ltkke

Proof. By using the definition of the Horn function H; (2) and transformation

m—n

a

(@4 Dimn = (@)m_n (1 + ),a £0,

we get the relation:

b
Hi(a+1,bc;2,y) = Hi(a,b;ci,y) + —Hi(a+ 1,b+ Le+ 12, 9)
C

by
_71_11( 17b+1;6;$7y)ac7é07a7é0¢a7é1'
ala—1)

(17)
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If we compute the Horn function H; with the numerator parameter a + n by con-
tiguous relation (17) for n times, we obtain the formula (15).
From the contiguous relation (17) and replacing a by a — 1, we get

b
Hl(a - 17 b7 G I‘,y) = Hl(a) bv G, y) - ﬁHl(a) b+ ]-a c+ 1; ﬂf,y)
by ‘ (18)
— X Hi(a - 2,b+ 1;¢; 0 1 2.
+(CL—1)(CL—2) 1(@ 0+ ,c,a:,y),c;é 7a7é ,(I?é
If we apply this contiguous relation (18) to the Horn function Hy with the numerator
parameter a — n for n times, we get the recursion formula (16).

Theorem 2. Fora # 1 and ¢ # 0,—1,—2,..., the recurrence relations hold true for

the Horn hypergeometric function Hy:

n
Hi(a,b+n;c;2,y) :Hl(a,b;cmy)+%ZH1(G+L6+/€;C+ Lz,y)
C
k=1

y & (19)
+ 1 ZHl(CL— 1,b+k;cx,y)
k=1
and
azr —
H;(a,b—n;c;z,y) = Hi(a,b;c;x,y) — —ZHl(a—{—l,b— E+1l,c+1;2,y)
c
k=1
y & (20)
S ZHl(a— Lb—k+1¢x,y).
k=1
Proof. Using (2) and the relation
m-+n
(b + 1)m+n = (b>m+n (1 + b >7b 7é 0,
we get the contiguous function
Hl(aa b+ 1,c,x,y) = Hl(a’a b, c;:c,y) + %Hl(a + 17b+ Lie+ l,x,y)
c
(21)

—|—L1H1(a—1,b—|—1;c;x,y),a7$1,0#0.
a —

By iterating this method on H; with the parameter b + n for n times, we get (19).
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Replacing b by b — 1 in contiguous relation (21), we obtain

Hi(a,b— 1;¢ia,y) =Hy(a,b;;2,y) — —Hy(a+1,bc+ 12, y)
C
(22)
- LlHl(a - ].,b;C;I’,y),CL 7é 15675 0.
(1/_

If we compute the Horn function H; with the numerator parameter b — n by the
contiguous relation (22) for n times, we obtain the recursion formula (20).

Theorem 3. The Horn hypergeometric function Hy satisfies the following identity:

H (a,b;c — n;2,y) =Hi(a,b;¢;2,y) + abz Y
k=1
(c#£k,c#£k—1,keN)

Hi(a+ 1,04+ ;¢ — k+2;2,y)
(c—k)(c—k+1) " (23)

and

n

Hy(a+ 1,0+ 1c+k+1;
Hi(a,b;¢+nyz,y) =Hi(a, by z,y) — abe ) latlbt etk liz,y)

— (c+k—=1)(c+k) " (24)
(c# —k,c#1—k,keN).
Proof. From (2) and the relation
1 1 m
CEES AR RS

we obtain the contiguous function

b
H(a,bjc — Lio,y) = Hy(a,b; 2, y) + ———Hy(a+ 1,b+ Lic+ L 2,),¢ £ 0,1.(25)
C

(c=1)

Iterating this method on H; with the parameter ¢ — n for n times, we obtain (23).
Replacing ¢ by ¢+ 1 in contiguous relation (25), we obtain

abx
clc+1)

If we apply the Horn function H; with the denominator parameter ¢ + n by the
contiguous relation (26) for n times, we obtain the recursion formula (24).

Hl(a7 b,C—l— 17:1:7y) = Hl(aa b7 C;xay) - Hl(a+ 1vb+ 1,C+ 2;:c,y),c 7é 07 _1(26)

Now we apply differential operators 6, = J:a% and 0, = ya% and state the
following theorem.
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Theorem 4. Differential recursion formulas for the function Hy are as follows

0, —0
Hi(a+1,bc2,y) = (1+ y>H1(a,b;C;x,y),a7ﬁ0 (27)
Oy + 0
Hi(a,b+1;cm,y) = 1+ H;(a,b;c;,y),b #0, (28)
and
H1<a,b;c—1;x,y>=< >H1<abcxy> A1 (29)
Proof. Defining the differential operators
Hacm—xﬁxm—m:cm 0,y" = 2"—n"
x =15 = y UylY —yayy =ny-.

By using the above differential operators, we obtain the differential recursion formula
for Hi(a + 1,b;¢; 2, 1)

o

H(a+1,b,c;d;z,y) = Z Mxmyn
= (¢)mmln!
n m+n m, n m, n
0, —0
=H;(a,b;c;z,y) + ——2Hi(a,b;c;z,y),a # 0.
a

Similarly, we can prove (28) and (29).

Theorem 5. The derivative formulas hold true for Horn hypergeometric function
H,

o #(0)r
Hl(avb;c;xay) = (a) ( ) Hl(a+r,b—|—r;c+r;$,y),c#0,—1,—2,..., (30)
ox” (C)r
and
" —1)7(b),
aayrHl(a,b;c;x,y) = ((1)C(L)zH1(a—r,b—|—r;c;x,y),a7é 1,2,3,.... (31)
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Proof. Differentiating (2) with respect to = yields

;Hl(mb; G T,Y) = CLle(avL Lb+ e+ 1;2,y),c # 0.
s C

Repeating the above process, we eventually arrive at

o o Cala+1)...(a+r—=1)b0b+1)...(b+r—1) B ‘
alﬂ“Hl(a’ab,chvy) — C(C+1)(C+2)(C+T—1) Hl(a T,b—I—QT‘,.’E,y)
— (azr)(b)rHl(a+r,b+r;c—i—r;x,y).

C)r

In the same way we can prove (31).
We now apply integral operator J defined in (14) and state the following theorem.

Theorem 6. Forx,y #0,a# 1, a#2,b# 1 and b # 2. The integration formulas
of the Horn hypergeometric function Hy hold true:

: (c=1)(c—2)

~2 . _ _ _9.._ 9.
THi b n ) = T ey gy e R T He s By (32)
+MH1(Q’5_1;0_1;x,y)+ a(a+1) Hi(a+2,0—2;¢;2,y).

zy(b—1) y*(b-1)(b—-2)

Proof. Let J acts on the Horn hypergeometric function Hy, then we have the relation

N o 0 _ b)

JH(a, b; —””” myn (Dm=n®)msn m, n

. (a o y mzn:() m m + 1 'n'CE 4 + mzn;O (c)mm!(n+ 1)'x Y
—LH(a—lb—l'c—l'az )—&-7& Hi(a+1,b—1;¢2,9), 2,y #0,a,b# 1
_:U(afl)(b—l) 1 ) ) LY y(bfl) 1 ) yGL,Y), T, Y s &y

and we can write J = J, + J, where J, = 1 [ dz and J, = % 5 dy, then the operator 32
is such that

N ,n R A . 1 z
32:33:(djm)2+2313y+(3m)2:;2/ / dwda:Jr—/ / dxder—/ / dydy.
0

144



M.A. Pathan, A. Shehata, S.I. Moustafa — Certain new formulas for the Horn ...

We see that,

jQHl(av b; T, y)

_ i < 1 N 2 N 1 >(a)m nO)mtn o
m,n=0 (m+1)(m+2) (n+1)(m+1) (n+1)(n+2) (C)mm'n'
00
(a)m_”_Q(b)”’H‘” 2 M 2 n ’m rL ’m—i—n 2 m—-1 n—1
= 2
mzn;O (C)m72m!n! " mzn:O m 1m'n' ’ !
m n+2 )m+n72 m. n—2
i Z (@Qmmint Y
m,n=0
(c—1(c—2) 2e—1)
= Hi(a —2,0—2;¢c—2; —H b—1;c—1;
22(a—1)(a—2)(b—1)(b—2) a=2,b=%c=2z,y)+ sy —1) 1(a, c—1iz,y)
ala+1)
+ Hl(a+27b_2;c;xay)7$7y#Oaavb#172'

y?b—1)(b—-2)

Theorem 7. The integration recursion formulas of the Horn hypergeometric func-
tion Hy hold true:

(1(;?())%1_[(9 + 0y, —k+1)Hy(a,b—2r;c —r;2,y),

(x,y #0,b0#1,2,3,...).

I H(a,b; 5, y) = (33

Proof. Using the operator 3, we get

JH,(a,b;c;,y) =

(c— 1)
= 0, +60,)Hi(a,b—2;¢c— 1;2,y),x, 0,b#1,2.

By iterating for r times, we find (33).
Theorem 8. For Horn hypergeometric function Hi, we have the integral operators

f; and IZ

AT -1)"(1 —-c¢),
j;ﬂ Hl(a‘ab;c;x’y): SETE].—)(I() (]_C—)Tb) Hl(a—r,b—r;c—r;x,y),x#O,G,b#1,2,3,...,(34)
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L —1)"(a),
Jy Hi(a,b;c2,y) = MHl(a+hb—r;0;x,y)7y#0,b# 1,2,3,... (35)

and

~ A\ 1—2c¢),
(Jrjy) H,(a,b;c;x,y) = xry(r(lf)b)zHl(a’b —2ric—ryx,y),x,y #0,0£1,2,3,....(36)
T

Proof. Also, we get relations concerning J, and jy individually,

c—1

3. Hi(a,b;¢;2,y) = 2la—Do-1)

Hi(a—1,b—1;¢— 1L;z,y),x #0,a,b # 1.

Iterating for n times, we find

iz'r Hl(a7 b7 C; m?@/)
(c—=1)(c=2)...(c—71)

:ﬂcr(a_1)(a_2)-"(a_7")(b—1)(b—2),,'(b_r)Hl(a_T’b_T;C—T;a:,y)

_ (—)'1=¢)2=¢)...(r—c) ‘ |
@@ —a) . a1 -hE—b). (- b mrem )

-1)"(1 —c¢),
:xrgl _)CL()T(l_)b)THl(a—1”,b—r;c—r;az,y),ay;«réO,a,b7ré 1,2,3,...

Similarly, for J,, we have

oo

~ . _ (@)m—nO)min  m n
Jy Hl(aaba Cax7y) - Z (C)m(n ¥ 1)m'n'x Yy

m=0,n=1
00

_ a(a_‘_l)m*n(b_{_l)m n_m_n—
= (©)mmnl(b— 1) ay

m,n=0
a

=——H 1,6 —1;¢; b# 1.
y(b—l) 1(a+ ) ,c,a:,y),y;éO, 7é

Iteration of above relation for r, we obtain

ala+1)...(a+r—1)

jyr Hi(a,b;c;z,y) = Hi(a+7rb—r;cx,y)

y (b—1)(b—=2)...(b—1)
:mHl(a+r,b—r;C;w,y),y#O,b# 1,2,3,....
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By using the operator jmfy, we get
R . i (a)m,n(b)ern m, n
()

3.3, Hi(a,b;c;2,y) = m(m + Dym!(n + 1)n!33

m=1n=1

_ Z —n b)m+n :Emyn
m+1 M(n+1)!

mnO

(6—1)
= H b—2;¢c—1; 0,b#1,2.
.’,Uy(b— 1)(b— 2) 1(0’7 ,C 7x7y)7x7y 7é ) 7é )

Iteration of above relation for r, we get

) epa) = (1=c)r o
<JIJy> Hila,bieio,y) = 0= D=3 —4). .. (=2 @b ZiGTy)

(1—c¢),
=—F"—H b—2r;c—r; 0,b#£1,2,....
xTyT(l — b)QT 1(0/7 7/', ¢ T’ x,y),l’,y # 9 # 9 &y

Theorem 9. For |t| < 1, the infinite summation formulas for Horn function H;
hold true:

> (Z;).kﬂl(a +k, bz, y)tt = (1— ) "Hy <a, b c; %, y(1 - t)) (37)
k=0 B

and

o 0k Ty
kZ:O o Hi(a,b+kcz,y)th =(1—1t)" le(abc T 1—t> (38)

Proof. Using the fact that

(1-t) 2= i @t’“, t] <1,

k=0
in (2) and (13), we obtain
a _ . (a)m*n(b)ern m_ n —a+n—m
(1—1t)"°H, (a b; c; 7t,y(1 t)) _mznio Ot Y (1—1)
> (@)m—ntk(0)min m, nyk . (a)k k > (a+E)m—n(b)m+n m,n
Z "yt Z—t Z "y
ImIn! | In!
iy (¢)mk!m!n! P k! o (¢)mm!n!
= Z (C]?'ktkHl <a + k,b;c; x,y)
k=0

The same technique can prove (38).
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3. CERTAIN NEW FORMULAS FOR Hjy

Here we establish classes of recursion formulas, differential recursion formulas, in-
tegral formulas and infinite summation formulas for the Horn function Hy with all
the parameters by the same technique as in the above section 2.

Theorem 10. For n € N and d # 0,—1,—2,..., the Horn function Hs satisfy
recursion formulas

n

b
Hg(a+n,b,c;d;m,y) = H2(a>b7c;d;xvy) + E[BZHQ(&—FI{:J)_‘_ 1,C;d+ 1,.1',3/)
k=1

(39)
Hy(a+k—2,b,c+ 1;d;2,9)
— 1—k 2—k,keN
CZ @th-Datk-2 7l -kaer2-kkel
and
b n
H2(a—n,b,c;d;x,y) == Hg(a,b,c;d;x,y)—gZHg(a—k—i—l,b—i—l,c;d—i—l;x,y)
" Hy(a—k b d ) - 40)
2l — _17 7C+1; 3L, Y
k 14+ k,keN.
—I-cy; (a—Fa—k—1) aF ka#l+k ke
Theorem 11. Ford # 0,—1,—2, ..., the recurrence relations hold true for the Horn
function Hs:
Ha(a,b+n,c;d;2,y) =Hz(%b,csd;x,y)+%ZH2(G+1vb+k,C;d+ Lz,y),
Hjy(a,b—n,c;d;z,y) = Ha(a, b, c;d; z,y) d ZHZ +1Lb—k+1,¢d+ 1;z,y).
k=1
Theorem 12. For a # 1, the Horn function Hy satisfies the identity:
Hj(a,b,c+ n;d;z,y) = Ha(a, b, c;d; z,y) +7ZH2 —1,b,c+ k;d;z,y),
(42)

Hy(a,b,c —n;d;z,y) :Hg(a,b,c;d;x,y)—%ZHg(a—1,b,c—k+1;d;x,y).
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Theorem 13. The Horn function Ha satisfy the following identity:

" Hy(a+ 1,0+ 1,¢;d — k+2;2,9)
Hy(a,b,c;d — n;z,y) =Hy(a,b, ¢; d; 2,y) + abz y ,
! (d—k)(d—k+1)

(d#k—1,keN), )
~Hy(a+1,b+1,c;d+k+1;2,9)
H2(a’ ba C,d—{—n,m,y) :HQ(aa ba C; daxay) - abxz )

] d+k—1)(d+k)

(d+#1—k —k€N).

Theorem 14. The differential recursion formulas hold true for the parameters of
the Horn function Hs:

0, —

0
H2(a + lvba G d;x7y) :<1 + y)Hg(a,b,C; d;x,y),a 7é 07

Hy(a,b+ 1,¢;d; 2, 9) < +bx>H (a,b,c;d;z,y),b # 0,

Hj(a,b,c+ 1;d;z,9) < + >H2ab,c;d;x,y),c7$0,

Hs(a,b,c;d — 1;2,y) = ( T 1>H2(abcdxy)d7é1

Theorem 15. The derivative formulas hold true for Horn function Hs

887" Hs(a,b,c;d;z,y) = (@)-(%)

"Hy(a+r,b+r,c;d+rz,y),d#0,-1,-2,...,
(45)

o" -1
ayTH2(a7 b? c; d; x’ y) :WHQ( /r.? b7c+r; d; x? y)?a # 172737 tees

Theorem 16. For x,y # 0, the integration recursion formulas of the Horn function
Hy hold true:

32H,(a, b, ¢; d; 2, y) I 1()62;_1)2()621)—_2)1)@ - 2)HQ(@ ~2,b—2,¢;d —2;2,y)
2d — 1) o
t - D@l e Lid=Lizy) (46)
ala+1)

H 2,b,c—2:d; b 1.2
y2(C—1)(C—2) 2(a+ 105 € ’ ’x’y)7a’7 76# ) &y

(1—d)
y (1 —b).( 1

(b,c#1,2,3,...)

/jTHQ (a7 ba G da €z, y)

(6:+0, —k+1)Hs(a,b—r,c—r;d—r;z,9),
o T:[ )= e+ H( D
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and

o -1)"(1—4d),
J. Hy(a,b,c;d;x,y) :xr((l—)a() (1_)[))

ar -1)"(a)r
jy Hg(a,b,c;d;x,y) 257«(1)_(6))TH2(G‘+7‘317,C

(=" —d),
Y (1 =0)r-(1—c)r
Theorem 17. For |t| < 1, the infinite summation formulas for Horn function Ha
hold true:

Hy(a—r,b—r,c;d —

T;d;xvy)ac#]-azg’a'“a

(j;jy) Hz(a,b,c;d;z,y) =— Hy(a,b—r,c—r;d—

|
k=0 !

> (p
3 ( )"“HQ(a,,b +k,c;ds z,y)t* =(1— 1) "Hy (“’b’ ¢ d; 1x—ty> (49)

Z( Vs Hy(a+ k,b,c;d;z,y)th =(1 — 1)~ aHg((L,b,c;d;ll‘_tjy(l—t)),

Z (C)'ng(a b,c+k;d;x y) =(1—-1t)" CH2<a,b,c;d;x, 1yt>

4. CERTAIN NEW FORMULAS FOR Hj

In this section, we establish several recursion formulas, differential recursion formu-
las, integral formulas and infinite summation formulas for the Horn function Hjs
with all the parameters. In the same way as the technique followed in section 2, we
obtain the resulting theorems.

Theorem 18. Forn € N and ¢ # 0,—1
for the Horn function Hg:

,—2,..., the recurrence relation hold true

n

b
=H3(a,b;ca-’r7y)+ﬁzﬂa(a+k,b+1;0+ Lz,y)
C

k=1
" Hy(a+k —2,b;c;2,y)
v (at+k-1)(atk—2)

Hi(a+n,b;cz,y)

a#1l—ka#2—-kkeN,

=1 - (50)
Hs(a—n,b;C;x,y)=H3(a,b;csx,y)—gzﬂs(a—kJrl,bJrl;chl;x,y)
k=1
" Hy(a—k—1,b;
Z ” kcf)y)a;&k,a;&l+k,keN.
k=

150

r;x’y)’a7b#1’2)37"')

ryz,y),b,c#1,2,3,. ...



M.A. Pathan, A. Shehata, S.I. Moustafa — Certain new formulas for the Horn ...

and

n
Hs(a,b+n;c;z,y) :Hg(a,b;c;x,y)+@ZHg(a—i-l,b—i-k;c—Fl;x,y),
c

k=1
oy (51)
Hs(a,b — n;c;w,y) = Hs(a, by 2, y) — jzﬂs(aJr Lb—k+1Lict Liz,y).
k=1
Theorem 19. The Horn function Hs satisfies the following identity:
" Hz(a+1,b+1l;c—k+2;z,v)
H3(a,b;c—n;z,y):Hg(a,b;c;z,y)+abzk2::1 C—Me—Ftl) ,c#k—1,k €N, o

H3z(a+ 1,b4+1;c+k+ 15z
Hs(a,b;c+ n;2,y) = Ha(a, bjc;2,y) — abz D s : )
k=1

,e#1—k,—k € N.
(c+k—1)(c+ k)

Theorem 20. The differential recursion formulas hold true for the parameters of
the Horn hypergeometric function Hg:

0, —0
H3(a+1,b;¢c;2,y) =<1+ - y)Hs(a,b; cix,y),a # 0,

H3(a,b+ 1;¢;7,y) =<1 + 0;) Hj(a, b;c;z,y),b # 0, (53)

Oz
Hg(a,b;c—l;x,y):<1+ 1>H2(a,b;c;x,y),c7$1.
c—

Theorem 21. The derivative formulas hold true for Horn hypergeometric function
Hj

9 r(b)r
8$7’H3(a‘1 b7 c;x,y) :(GEC)( ) H3(a+7“,b+7”;0+7“;$7@/>a0 7& 07_17 _27 SRR
8yr H3(a‘a b7 G, y) :mH?)(a - bv G T, y)7 a 7£ 1> 2> 37 s

Theorem 22. The integration recursion formulas of the Horn function Hs hold
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true:

32H;(a, b; c; x,y) = (0 1()6(;_1)2()8(1)__2)1)@ — 2)Hg(a —2,b—2;¢—2;2,y)

+ 9@'2y((cb—1))H3( b—1;c—1;2,y) + a(ay—;— 1)H3(a+2,b;c;x,y),x,y #0,a,b# 1,2,

JHs(a, by c; x,y) = m ]f[l(ez +6, —k+1)Hi(a,b—r;c—r;2,y),
(x,y#O,b#71,2,3,...), (55)

=D)"(1=0o)

jAaL‘ H3(CL,b; C;Jf,y) = IET(]. — a) (1 — b)

Hs(a—r,b—r;c—r;z,y),x #0,a,b #1,2,3,...,

jAyT HS(a7b; c;x,y) = (23TH3(G + T, bv C;x,y),y 7é 07

(1-2o),
z"y"(1 = b)r

Theorem 23. For |t| < 1, the infinite summation formulas for Horn function Hs
hold true:

<jzjy) Hs(a,b;c;2,y) = Hs(a,b—rc—riz,y),z,y #0,b#1,2,3,....

o0

(Z)!kH3(a + k, by ey, y)tF =(1 — t) " %Hjy (a, b; ¢; év y(1 - t)>7

T
o

(56)

Zﬂ'ng(a b+k‘cxy) =(1—-1¢t)" bH3<abC$( t),?J)'
k=0

5. CERTAIN NEW FORMULAS FOR Hy

In this section, we discuss several recursion formulas, differential recursion formulas,
integral formulas and infinite summation formulas for the Horn function Hy with all
the parameters. The methods of proof given in section 2 can establish the following
theorems.

Theorem 24. Forc#0,—1,—2,..., and n € N. Recursion relations for the Horn
function Hy are as follows

Hi(a +n,b;c;,y) = Ha(a, by ¢ 2, y) + = > Hy(a+k,bjc+ L;a,y)
C
(57)

by ZH4 (a+k—2b+1;¢c2,y)

1-— 2 —
(0t h—D(ath-2) ,a # k,a # k,k €N,
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and

n

Hy(a —n,b;c;z,y) :H4(a,b;c;x,y)—£2H4(a—k+1,b;c+ 1;2,y)
c

" Hyla—k—1,b+1 ) - 58)
g\ — R — 1, G, Y
b , k, 1+ k kel
* y; (@—Fa—k—1) 7 kaerlt
Theorem 25. For a # 1, the recurrence relation hold true for the function Hy:
Hy(a, b+ n;cx,y) = H4(abcxy)+7ZH4 (a—1,b+k;c;z,y),
(59)

Hy(a,b—n;c;x,y) = Hy(a, b; c; z,y) —7ZH4 -1, b—k+1L;¢x,y).

Theorem 26. The Horn hypergeometric function Hy satisfies the following iden-
tity:

Hy(a+ 1,b;c — k+ 2;2,y)
(c—k)(c—k+1)

Hy(a+1,b;c+k+1;2,y) ¢4
(c+k—1(c+k) ’

Hy(a,b;c — n;z,y) = Hy(a, b;c; 2, ) —l—aarz ,cFk—1EkeN,

(60)
1—k —keN.

Hy(a,b;c+nya,y) = Hy(a, bic; 2, y) awz

Theorem 27. The differential recursion formulas hold true for the parameters of
the Horn function Hy:

0, —0
Hy(a+1,b;¢;3,y) =<1+ y>H4(a,b;C;x7y),a7é0,
a
0
Hy(a,b+ 1;¢2,y) —<1 + by)H4(m b;c;a,y),b #0, (61)

H4<a,b;c—1;x,y>:< )H4<abc:cy>c¢1

Theorem 28. The derivative formulas hold true for Horn function Hy

aar I4(a7b;c;$7y):(((z; (CL—FT,b;C—l—T‘;LIZ,y),C?é0,—1,—2,...,
H ~——Hy(a - ;¢ 1,2,3,....
8y 4(0/ b C z y) (1 a/)r 4(a T7b+r7 C7 x? y)’a# ) 73’
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Theorem 29. The integration recursion formulas of the Horn hypergeometric func-
tion Hy hold true:

. c—1)(c—2
J2Hy(a, b; ¢;,y) ng(a — )1()<a _)2>H4(a —2,bc—2;5z,y)

2(c—1)
——— < Hy(a,b—1;c—1;
.’L'y(b . 1) 4((1, ; C 7xay)
ala+1)
H 2,b—2;c 1.2.(63)
y2(b—1)(b—2) a(@+2,0=2¢m,y), 2,y #0,a,0# 1,2,
3 Ha(a, b; ¢ 2, ) :&ﬁ(e +60,—k+1)Hy(a—r,b—r;c—71;2,7)
L ) Y wryrr(l _ b),r. Pt y Y Y Y ) Y
(z,y #0,0#1,2,3,...),
~T (I—¢)
Jz H4(a,b;c;a:,y):ﬁHﬁa—r,b;c—r;x,y),x#o,a#1,2,3,...,
z"(1—a),

A —-1)"(a),
jy H4(a,b;c;a:,y) = (T(l)(abiH4(Q+T,b—T;C;JI,y),y7§0,b7§ 172737-"7
Yy —Yr

_ (-9
y (1 —10),

Theorem 30. For |t| < 1, the infinite summation formulas for Horn function Hy
hold true:

S OB, 0t e )t =(1 - ) H (a’ bics (1 - t)>,

o0 (65)
®)k o k_ —b o y

Z Hy(a,b+ k;c;x,y)t" =(1 —t)""Hy| a,b;c; 2, —— ).

k! 1—-t
k=0

6. CERTAIN NEW FORMULAS FOR Hj

Here we obtain the recursion formulas, differential recursion formulas, integral for-
mulas and infinite summation formulas for the Horn function Hs with all the pa-
rameters by the technique used in section 2.

Theorem 31. Forn € N and b # 0,—1,-2,.... Horn function Hs satisfy the
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recursion relations
n
x
HS(a +n; bal‘ay) = H5(a7b; c;az,y) + 3 ZHE)(CL + kvb+ 1,az,y)
h=1 (66)

i Hs(a+k —2;b;x,y)
— 1-% 2—k keN
y;wk_l)(ﬁk_z),a# a#2—kkeN,

and
T n
EZH5(a—k+ Lb+1;z,y)
h=1 (67)

Hs(a—k—1;b;z,y
+yz 5 kl))a;«ék,a;«é1+k,k€N.

H;(a —n;b;z,y) = Hs(a; b; 2, y) —

Theorem 32. The Horn function Hy satisfies the following identity:

Hs(a+ 1;0— k+2;2,9)
b—k)(b—k+1)

H;(a;b —n;z,y) = Hs(a; b; 2, y) —l—a:cz
k=1

b#k—1keN, (68

and

(a+1;04+k+1;2,y)
b+k—-1)(b+k)

" H
H5(a;b—|—n;x,y):H5(a;b;x,y)—a:cz > yb#1 -k, —keN. (69)
k=1

Theorem 33. The differential recursion formulas hold true for the parameters of
the Horn function Hsg:

0, —0

Hs(a+1;bsfv,y)=<1+ y>H5(a;b;:€,y),a#0,

Hs(a;b— Lz, y) =< bg 1)H5(a b;z,y),b# 1.
Theorem 34. The derivative formulas hold true for Horn function Hs

;ers(a; biz,y) = EZ)):Hs(a +rib+riz,y),b#£0,-1,-2,...,
(

—1)
(1—a),

(71)

Hi (a3 by 2, ) =

G Hs(a —r;b;x,y),a #1,2,3,....
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Theorem 35. For a # 1,2, the integration recursion formulas of the Horn function
Hs hold true:

. b—1)(b—2
PHs(a;byx,y) = o102 Hs(a — 20— 2;2,y)
z2(a—1)(a —2)
2(b—1) (a+1) (72)
S (@b = L y) + S (4 b y) g £ 0,0 £ 12,

- 1—-0)
J'Hs(a; b;x,y) = ()HJE’Z/THG +0, —k+1)Hs(a;0 —r;2,y), 2,y # 0,

ij H5(a;b;m,y) 7(~( )) H5( T;b;xay)¢x7é0aa7é172737'--7 (73)
(a ) “THs(a+7;bi2,y),y # 0,
Caya - ) b1 s

x’l"y’f‘

ij H5(CL; b, Z, y)

<jxjy> H5(a;b;x7y) = —T;LU,y),LU,y?éO.

Theorem 36. For |t| < 1, the infinite summation formula for Horn’s function Hs
holds true:

%H sla+k;byz,y)th = (1 —t)~ “H5<ab 7t,y(1 t)) (74)

7. CERTAIN NEW FORMULAS FOR Hg
In this section, we derive the recursion formulas, differential recursion formulas,

integral formulas and infinite summation formulas for the Horn function Hg.

Theorem 37. For b # 0,—1,—2,... and n € N. the Horn function Hg satisfy
recursion formulas

2 n
Hg(a + n; by z,y) =Hg(a; b; z,y) + %Za%—kH(; (a+k+1;0+1;2,y)
k=t (75)

N P
+ZZH6(a+k’b+ 1L z,y),
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and

2 n
Hs(a — n;b;z,y) =Hg(a; b;x,y) — xZa—k—l-lHﬁ(a—k—i-Qb—i-lxy)

?k 1
) (76)
Y ) :
bkz_: a—k—l—l,b—l—l,x,y).
Theorem 38. The Horn function Hg satisfies the identity:
" Hgs(a+2;b—k+ 2;x,
H(a;b —n;z,y) = Ho(a; by, y) +ala+ 1)z ) 6((b—k)(b—k+1) .
H b—k+2 ) - 7
6 CL+1 + L, Y
b#£xk—1b#k keN
+‘WZ No—k+1 L7 E-LbEREEN,
and
~Hg(a+2;b+k+1La,y
Hg(a; b+ n;z,y) = Hg(a; b;2,y) — ala + 1)z ((b—}-k:—l)(b-i-k) )
k=1 (78)

He(a + 1,0+ k+1;2,y)

— ,b0#F1—kb# —k, ke N.

“ Z b+ k—1)(b+k) Fl-kb#-kke

Theorem 39. The differential recursion formulas hold true for the numerator pa-
rameters of the Horn function Hg:

20, + 0
Ho(a + 1;b;2,) =<1 " ”>H6<a; b y)a £0,
a

0 + 0, (79)
Heg(a;b — 1;m,y) = <1+ - )Hﬁ(a;b;x,y),b#l-

Theorem 40. For b # 0,—1,-2,..., the derivative formulas hold true for Horn
function Hg

0 He(a; b;z,y) = (a)Qerj(a + 20+ m,y),

al'T (b)r (80)
o e _ (a)r . .
ayr Hﬁ(aa ba xz, y) - (b)r Hﬁ(a +r; b +r, y)

Theorem 41. The integration recursion formulas of the Horn function Hg hold
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true:
J2Hg(a; b; 2, y) (0= 151(7&—_1)2()126:_2)3)@ 3 Hg(a —4;0— 2;2,y)
20—-1)(b—2) ' '
zy(a —1)(a — 2)( —3)H6(“‘3’b‘ 22,y)
(b—1)(b-2)

H6(a - 27b_ 2;%@/),%?/ 7£ O,CL 75 172a3a4a(81)

(=1)7(1 = b)ar T
[1(0: + 6, — k+ 1)Hg(a — 3r;b — 2r; 2, y),
oy (L= a)ar (0, + 6, + 1)Hg(a — 3r T, Y)

k=1
($7y7é0aa7£17273>"')7

I Hg(as bz, y) =

o (~1)(1 ),
Jz Hﬁ(a;b;xay) = —Hﬁ(a—Qr;b—r;x,y),x;éO,a;é 1,2,3,...,
(1 —a)ar

oy (1-0)
Jy Hﬁ(a;b;:r,y) = MHg;(a—r;b—r;x,y),y#O,a% 172737"'7

-\ (=D"(1 = b)ar
J2Jy | Helasb;z,y) =
<J JZ/) 6(a T y) xryr(l—a)gr

Theorem 42. For |t| < 1, the infinite summation formula for Horn function Hg
holds true:

k_o(‘]?!’“Ha(aJrk;b;x,y)tk: (1—=10)" “Hﬁ(a b; i )271‘/(1 )>- (83)

8. CERTAIN NEW FORMULAS FOR Hy

In this section, we list the recursion formulas, differential recursion formulas, integral
formulas and infinite summation formulas for the Horn function Hj.

Theorem 43. Forn € N, b,c # 0,—1,—2,.... Recursion relations for the Horn
function H7 are as follows

2 n
H;(a+n;b,c;z,y) =Hr(a; b, ¢; 2, y) %Z (a+k)Hy(a+EkE+1;0+1,¢;2,9)
k=1
) (84)
= H k;b 1;
+CZ 7(CL+ 5 ,C+ a‘r7y)7

k=1
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and
2 n
H7(a —n;b,c;x,y) =Hy(a;b,¢;2,y) — % (a—k+1)H7(a—k+2;0+1,¢2,y)
. k=t (85)
Y ) :
—E§:Hﬂa—k+Lac+way
k=1
Theorem 44. The Horn hypergeometric function Hy satisfies the following identity:
" Hy(a+2;b—k+2,c1,y)
H-(a:b— . —H-(a: . 1 .
7(aab n,c,x,y) 7(a,b,c,x,y)+a(a—|— )xkzﬂ (b—k)(b—k’—l—l) )
b#£k—1,b#k,keN),
(b # # ) ) (86)

H7(a—|—2,b—|—/€—|—1,c,x,y)

7(a;b+n,c2,y) 7(a;b, ¢ z,y) —ala+ 1)z (b+k—1)(b+k) ’

k
(b£1—kb#—k keN).

1

Theorem 45. The Horn function Hy satisfies the following identity:

Hr(a+1;0,c — k+2;2,y)
(c—k)(c—k+1) ’

H;(a;b,c — n;z,y) =Hr(a;b,¢; x,y) +ayz

ctk—1c kkEN
(c# # ) (7)
Hr(a+ 1;0,c+k+ 1L2,y)

(c+k—1)(c+k) 7

Hy(a; b, c+ n;,y) =Hy(a; b, ¢; 7, y) cwE:
(c%l—k,c#—k,keN).

Theorem 46. The differential recursion formulas hold true for the parameters of
the Horn function Hy:

20, + 6
H7(a—|—1;b,c;x,y):<1—|—”>H7(a;b,c;a},y),a7§0,
a
H7(a;b—1,¢2,y) = <1+b 1>H7(abcxy) b#1, (88)

Hy(asbyc— 15, y) = ( )H7<abcxy>c¢1

Theorem 47. The derivative formulas hold true for Horn hypergeometric function
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H~
887‘H7(a;b)c;x)y):((C;)))QTH7(G+2r;b+ruc;$’y)7b7&07_17_27"')
X r
o (a) (89)
H:(a;b,c;z,y) =——Hz(a+r;b,c+r2,y),c#0,—1,-2,....
il ) = )

Theorem 48. The integration recursion formulas of the Horn function Hy hold
true:

32H7(a; b, ¢ 2, y) = H7(a—4;b—2,¢;2,y)
s

Hy(a—3:b—1,c—1;
+xy(a—1(a—2(a—3) 7(0‘ va , C 7'r?y)

H7(a—2;b7c—2;x7y),a:,y7$07a751,2,374, (90)
(=11 -b)r(1=0)
- 0,+6,—k+1)H;(a—3r;b—r,c—r;z,9),
J:7y7"(1—a)3,. ]];[1( Y ) 7( y)

(x’y#07a/#1’2737"')7

I H(a;b, ¢;2,y) =

- ~1)"(1 - b),
J. Hr(a;b,c;z,y) :(907"()1(61))}17(@ —2rb—r,cx,y),x #0,a #1,2,3,. ..,
- 2r

r (1 — C)T

jAy H7(a;b,c;aﬁ,y) = H7(a—r;b,c—r;x,y),y7é(),a7é 172737-“7

y"(1—a)
(=1)"A—=b);(1—c)r
"y (1 — a)s,

(r,y #0,a #1,2,3,...).
Theorem 49. The infinite summation formula for Horn’s hypergeometric function
H- holds true:

(91)

H7(a —3r;b—r,c—ryz,y),

(jwjy) H7(a; b7 G, y) =

(a)k k - z Y
Y Hr(a+ kb, ¢ =(1—t)""Hr|a;b,¢; ——5, —— L (92
] k! 7((1 k7b> G x,y)t ( t) 7\ @5 bv & (1 — t)27 1—¢ 7‘t’ <1, (9 )

9. CERTAIN NEW FORMULAS FOR Hg

In this section, we give some recursion formulas, differential recursion formulas,
integral formulas and infinite summation formulas for the Horn function Hsg.
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Theorem 50. For b #% 1 and n € N. Horn function Hg satisfy the Recursion
formulas

2 n
Haa+m@xw)=Hdm&ww%+g§123a+mﬂaa+k+Lb—h%w
Hg(a +k—2,b+ 1; - (93)
_bz s(a+ +1;2,9)

1 —ka#2—kkeN
@t k-Datk_g 71~ ka#r2-kkeN

and

n

Z(a— k+1)Hg(a —k+2,b—1;2,y)
k=1

2z

b—1

Hs(a —n;b;2,y) = Hg(a, by z,y) —
(94)

Hg(a —k— 1,0+ 1;2,y)
k E+1,k :
+byz (a—F)a—F—1) a#ka#Fk+1,keN

Theorem 51. For a # 1, the recurrence relations hold true for the Horn function

Hg.’
Hg(a,b+n;x,y) = Hg(ab:ry)+7g Hg(a — 1,0+ k;z,y)
"L Hg( b+ k— ) %)
+2,b+ 22,y
= 1 S - Lb#1—kb#2—kk
and
Hs(a,b—n;z,y) = Hg(abxy)—ig Hs(a —1,b—k+ 1;2,y)
" Hg(a+2,0—k—1; ) 56)
gla+2,0— L, Y
1 1 1,
+ala+ )xk:1 G—RG—F=D) a#l,a#kb#k+1,keN.

Theorem 52. The differential recursion formulas hold true for the parameters of
the Horn function Hg:

20, — 0
HS(G’+ 1)ba$ay) :<]~ + ay>H8(aa b;x,y),a 75 O)
6y —

0z
H(a,b+ 1;2,) =(1 " )st, b, y),b £ 0.
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Theorem 53. The derivative formulas hold true for Horn hypergeometric function
Hj

4 —1) .
aa:Z:THS(aab;x7y) :((]_)_(ba))fHS(a—i_ 27’,b— T;.’E,y),b 7é 172737 ceey

" -1)"(b),
;)yng(a,b;x,y) :MH“a—r,b—i—r;x,y),a# 1,2,3,....

Theorem 54. The integration recursion formulas of the Horn hypergeometric func-
tion Hg hold true:

(98)

b(b+1) 2

I?Hg(a, bz, y) = Hg(a —2,b+2;2,y) + Hg(a — 1,b;7,y)

22(a—1)(a —2) xy(a—1)
ala+1)
Hg(a—i—Z,b—Z;x,y),x,y#O,a,b;«é 1727
. 1)
jTHS(a7 ba L, y) = 1N H(9$ + ey —k+ 1)H8(a - bv ﬂf,y),
z"y"(1 —a), Pt

(x7y#07a#17273?"')7

. —1)"(b),
Iz Hg(a,b;az,y):ﬁHg(a—r,b—i—r;x,y),x#O,a#1,2,3,...,

z" (1 —a),
o . _ (=1)"(a), e
Jy Hg(a,bw,y)— yr(l—b) Hg((l+7",b T,$,y),y§£0,b§é1,2,3,..., (100)
3.7 7"Hg(ab'acy):ng(a—rbmy)uvy;«éOa;aél23....
Yy 2 9 xry,,‘(l_a)r ] 9 Y 9 9 J I Y

Theorem 55. For |t| < 1, the infinite summation formulas for Horn function Hg
hold true:

s a _ X

Z(k)‘]CHB(a+k7ba$7y)tk = (1 _t) aHS <aaba(1_t)2>y(1 _t)>a

k=0

o (101)
(;:)'ICHS(GH b+ k7$7y)tk = (1 - t)inS <CL, b7 .Z'(l - t)7 1yt> .

k=0 N

10. CERTAIN NEW FORMULAS FOR Hy

In this section, we discuss the recursion formulas, differential recursion formulas,
integral formulas and infinite summation formulas for Horn function Hg with all the
parameters.
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Theorem 56. For n € N and ¢ # 0,—1,—2,.... Recursion formulas for Horn
function Hg are as follows

2 n
Hy(a + n,b;c;z,y) = Ho(a; by c; 2, y) —x E (a+k)Ho(a+Ek+1,b;c+ 1;2,9)
c
=l (102)

Ho(a+k—2,b+ 1;¢;2,vy)
—by 1-k 2—kkeN
Z 0th-Dath-g o7l kaer2-kke

and

o | ¥
NE

(a—k+1)Hy(a—k+2,bjc+ 1;2,y)
(103)

Hy(a —n,b;c;2,y) = Ho(a; b;¢;2,y) —

M
)

n
Hy(a — k- 1,0+ 1;¢;2,9)
—b E k k+1,keN.

Theorem 57. For a # 1, the recurrence relations hold true for the Horn function
Hg N
n
Hy(a, b+ n;c;x,y) =Hg(a; b; c; 2, y) + Ll Y (b+k—1DHg(a—1,b+k;c;z,y),
a —
k=1

(b#1—kb#2—kkeN), (104)

Hy(a,b —n;c;z,y) =Hg(a; b;¢; x,y) — 72 (b—k)Hg(a—1,0—k+1;¢x,y),
k=1
(a#k,b#k+1,keN).
Theorem 58. The recurrence relations hold true for the Horn function Hg:

" Hg(a+2,b;c—k+2;z,
Ho(a,b;c — n;z,y) =Hg(a;bc;7,9) + a(a+ Dz Y o (c—k)c—k+1) y)’
k=1

(c#k—1,c#k,keN),

(105)
Hyo(a+2,b;c+ k+ 1;2,9)

(c+k)(c+k—-1) ’

n

Hy(a,b; ¢+ n;z,y) =Hg(a; b; ¢; 2, y) — a(a + 1)
k=1
(a # —k,c#1—k,k € N).

Theorem 59. The differential recursion formulas hold true for the parameters of
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the Horn hypergeometric function Hy:
20, — 0,
HQ(a + 1’ba C;l‘,y) =(1+— H9(aa b7 c;:c,y),a 7& Oa
a

0
Hg(a,b+ 1;¢;2,9) =<1 + g’)Hg(a, bic;x,y),b#0, (106)

Oz
Hy(a,b;c - 1;2,y) =<1+ -~ 1>H9(a,b;0;w,y)76# L.

Theorem 60. The derivative formulas hold true for Horn hypergeometric function
Hy

aa T‘H9(a’7 bv c;m,y) :((CL))ZTHE)(G‘ + QT’ b,C+ T;$7y)7c 7é 07 _17 _27 ey

i c)y

o 0 i
6yng(a, b;c;z,y) :WHg(a —rb+ricr,y),a#1,2,3,....

Theorem 61. The integration recursion formulas of the Horn hypergeometric func-
tion Hg hold true:

(c—1(c—2)
22(a — 1)(a — 2)(a — 3)(a — 4)
2(c—1)
zy(a —1)(b—1)
a(a + 1)
y2(b—1)(b - 2)
(=171 —o)r =
m;};{l(em+9y_k+1)H9(a_r’b_mc_T;m’y>’ (108)
(z,y #0,a,b#1,2,3,...),
MHg(a72T,b;cfr;z,y),z7é0,a7ﬁ1,2,3,.4.,
z"(1 — a)2r

ST (=1)"(a)r
Jy Hg(a,bjciz,y) = Ho(a+7b—riciz,y),y#0,b#1,2,3,...,
y" (1 —=b)r

(=17 = o)r

z"y" (1 — a)r(1 = b)r

32Hg(a, bj ¢z, y) =

Hg(a —4,b5c — 2;z,y)
Ho(a —1,b — l;¢ — 1;z,9)
Hg(a+2,b—2;¢c;z,y),x,y #0,a #1,2,3,4,b# 1,2,

J"Hg(a,b;c;w,y) =

32" Ho(a, bjc;z,y) =

.
(ﬁxﬁy) Hg(a,bjciz,y) = Hg(a —rb—ric—riz,y), o,y #0,a,b#1,2,3,....

Theorem 62. For |t| < 1, the infinite summation formulas for Horn’s function Hy
hold true:

Ha(a + . b c;a, )t =(1— ) "Hy <“’b; ‘-7

" t)>7 (109)

His(a,b + s ¢, )t* =(1 — )" < bieia, 1yt>
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11. CERTAIN NEW FORMULAS FOR Hjg

In this section, we obtain several recursion formulas, differential recursion formulas,
integral formulas and infinite summation formulas for the Horn function Hyg.

Theorem 63. Forb#0,—1,—2,... andn € N. Recursion formulas for the function
Hig are as follows
27 &
Hio(a +n;b;x,y) = Hig(a; b; 2, y) + 5 Z(a +k)Hio(a+k+1;0+ 152,y)
. =1 (110)

HIO(a+k_27b7m7y)
— 1—k 2—k keN
y;(a—i—k—l)(a—i—k—Q)’a# ’a# S

and

n

(a—k+1)Hjo(a—k+2;0+1;2,y)
(111)

X
Hig(a —n;b;2,y) = Hip(a; b;2,y) — 5
=1

—~ Hig(a—k—1;b;2,y)
- ka#k+1,keN.
y; @ Pa k1) tFke#ktlke

Theorem 64. The following recurrence relations hold true for the Horn function
HlO-'

i Hig(a+2;b— k +2;,y)
= (b—k)(b—k+1)
" Hig(a+ 250+ k+ 1;2,9) (112)

H ib+nsx,y) =H HIEN Dz
10(a;b+n; @, y) 10(a;b; @, y) +ala+ )lgl CE T )

Hio(a;b —n;z,y) =Hig(a; b5z,y) — ala + 1)z

(b#k k—1;k €N),

(b# —k,1—k;k € N).
Theorem 65. The differential recursion formulas hold true for Horn function Hyg:

20, — 06
HlO(a + l,b,l',y) = (1 + ay>H10(a; b;xvy)aa' 7é 07

(113)

)
Hig(a;0 - 1;2,y) = <1 + b_$1>H10(a5 bix,y),b# 1.

Theorem 66. The derivative formulas hold true for Horn hypergeometric function
Hio

%Hlo(‘% b;IL', y) = ((C;)))QTHlo(a + 2Ta b+ T xay)7 b 7& 07 -1, _27 s

o 1y (114)
—H ; C; =—"—"H —r,b;c 1,2,3,....

8yr 10(&, ba G, y) (1 — a)r 10((1 T ba G a:,y),a 7& y2,3,
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Theorem 67. The integration recursion formulas of the Horn function Hig hold
true:

32H 0 (a; b; 7, y) ::c2(a, — 151()&__1)2(;2;_2)3)@ Y Hig(a —4;b— 2;2,9)
+ ;y((ba__ll))Hw(a -Lb—-1Lzy) + a(ay—;— 1)Hlo(ﬂb + 2y 2, y),
(z,y #0,a # 1,2,3,4), (115)
(1-b), 1+

jATHlO(CL; b;m,y) :m H(Qz + 9y —k+ 1)H10(a —r;b—r; may)?

" k=1
(x7y#07a¢ 172737"')7

7 -1)"(1-10),
jm HlO(a;b; xay) :MHlo(a - 2T7b - T;$ay)a$ 7& O,CL 7& 132737 RS
" (1 — a)or
3, Hig(a;biz,y) Z(ZQTHm(a +ribix,y),y # 0, (116)
~ o~ " (]- - b)r
Jny Hl()(a; ba (L’,y) :mHlo(a - b A x??/)? x,y 7& 07 a 7é ]-7 27 37 DR

Theorem 68. For |t| < 1, the infinite summation formula for Horn function Hig
holds true:
- (@)k

S Hyg(a + ks by, y)tt = (1 £)""Hig (a; byl - t>>- (117)
2 a0

12. CERTAIN NEW FORMULAS FOR Hi;

In this section, we establish the recursion formulas, differential recursion formulas,
integral formulas and infinite summation formulas for the Horn function Hy; with
all the parameters.

Theorem 69. Forn € N andd # 0,—1,—2,.... Recursion formulas for the function
Hi1 are as follows

Hll(d-{-ﬂ,b,C; d,x,y) = Hll(avb’c; dax7y) + g ZHll(a+ kabv Cvd+ 1,5'3,3/)

k=1 (118)

n

Hyj(a+k—2,b+1,c+1;d;2,y)
—b
v (a+k—1Datk—2)

a#l—ka#2—kkeN
k=1
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and

Hii(a —n,b,¢;d; 2, y) == Hii(a,b,¢;d; ,y) — 32H11<a—k+1,b+ Led+1;2,y)

(119)
Hll a_k_17bac+17d7x7y)
b ) k, 1+k keN.
—i—cy; (a—F)a—k=1) a#k,a#1+
Theorem 70. For a # 1, the recurrence relation hold true for the Horn function
H11.'
Hi(a,b+n,c;d;z,y) = Hyi(a,b, c;d; x y)+—ZH11 a—1,b+k,c+1;d;z,y),
a
k=1
Hi (a,b—n,c;d;z,y) = Hyp(a,b,¢;d; x y)fian (a—1,b—k+1,c+1;d;z,y),
(120)
Hll(aabac+n;d;x7y) = Hll(aabac; dvx?y) + ai_yl ZHll(a‘ - 17b+ 1,C+ kadal‘?y%
k=1
H11<a7bac_ n;d;$7y) = Hll(aabac;d;xay) - biyl ZHll(a - 17b+ 170 - k + 1;d;a:,y).
a—
k=1
Theorem 71. The Horn function Hy1 satisfies the following identity:
Hii(a+1,b,c;d — k+2;2,y)
H b,c;d —n; =H b, c; d;
11(0'7 » G n,:L‘,y) 11(0‘ & .Z'y —FG/.’IJ; (d-]ﬁ?)(d—k—i-l) )
d#k—-1,keN
(d+ ) o)

Hii(a+1,b,c;d+ k+ 1;2,9)
(d+k—1)(d+k) ’

Hii(a,b,c;d+ n;z,y) =Hyi(a, b, c;d; z,y) —cwz
k=1
(d#1—k,—k €N).

Theorem 72. The differential recursion formulas hold true for the parameters of
the Horn function Hyq:

0

— 0,
Hll(a+ 1,0, ¢ d;x,y) _<1 + >H11(a7 b, ¢; d;x7y>7a 7é 0,

a
0

Hii(a,b+1,¢d;2,y) <1+5’>H (a,b,c;d; 2, y),b # 0,
; (122)

Hyi(a,b,c+ 1;d;2,y) <1+ Hii(a,b,¢;d;2,y), ¢ # 0,
C

Oz
d—1

Hii(a,b,c;d — 1;2,y) (1+ )Hu(a,b,c;d;a},y),d#l.
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Theorem 73. The derivative formulas hold true for Horn function Hiy

gaerll(aJ)?C; d,.f,y) = EZ;:Hll(a—i_ra baC§d+T§$ay)7d 7é 07 _17 _27- )

o o _ (=17 ®)r(c)r
G Hii(a,b,c;dyz,y) = WH

Theorem 74. The integration recursion formulas of the Horn hypergeometric func-
tion Hy1 hold true:

(123)
nl@—rb+r.c+ridyz,y),a#1,2,3,....

- d—1)(d—-2
jQHll(a7bvc;d;I7y) ZCg(G/— )1()<a — )Q)Hll(a’ 27b,C;d* 2750’:1/)
2d—1)
——H b—1,c—1;d—1;
xy(b—l)(c—l) l(av ,C b 7'T7y)
ala+1)

D0 -2) - ez e+ 2b=2e=2diy), (124)

(x7y750,a,b7c7£1,2),
(—D)"(-d)r T
01’ 0, —k H ab_v_;d_;v )
xryr(l—b)T(l—c),.kl;[l( +0, —k+1)Hy(a,b—r,c—rid—r;a,y)

(l‘,y#o,b,c# 1a2a35"')a

erll(av b7 (6% da x, y) =

- 1—d),
jm Hll(aabac;d;xvy): ( ) Hll(afrabac;dfr;xvy)ax#Ova'?é17233a"'a

2" (1 —a)
(=1)"(a),
y"(1—=0).(1—c¢)

(y7£03bvc7é 172337"'),
wry(rzll):(bl)r—(ld)_r o Hii(a,b—r,c—r;d—r;2,9),
(r,y #0,b,c #£1,2,3,...).

Theorem 75. For [t| < 1, the infinite summation formulas for Horn function Hi;
hold true:

jAyr Hll(a’aba [6X d;xay) = Hll(a + T,b - Tr,c— r;d;x,y)7

(125)

<jmjy) Hll(av ba C; d; x, y) =

Z (a)kHll(a + k,b,¢;d; z, y>tk = (1 - t)iaHll <a7 b, ¢; d; &7 y(l - t))a

Tkl
k=0
> (?’kHH(a’ b+ k,c;dyx,y)t" = (1—t)""Hyy (C% b,c;d; 1yt))’ (126)
k=0 N
Z (lcf)'kHll(a, b,C+ k,d,l’,y)tk = (1 — t)_CHll <G/7b, C; d7x7 1 Y t)>
k=0 -
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13. CONCLUDING REMARKS

The several new recursion formulas, differential recursion formulas, differential op-
erators, integral operators, infinite summation formulas and interesting results for
Horn hypergeometric functions thus derived in this work are general in character
and likely to find various applications in the theory of special functions, which are
involved in several diverse fields of mathematical, statistical, physical, and engineer-
ing sciences. In conclusion, therefore, we remark that the results derived in this
work are sufficiently significant and sufficiently general in nature and are capable of
yielding numerous other recursion formulas, differential recursion formulas, differen-
tial operators, integral operators and infinite summation formulas involving various
special functions by some appropriate choices of the essentially arbitrary parameters
which are involved in these results.
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