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Siegel measures

By WiLLiaM A. VEECH*

0. Introduction

The goals of this paper are first to describe and then to apply an ergodic-
theoretic generalization of the Siegel integral formula from the geometry of
numbers. The general formula will be seen to serve both as a guide and as
a tool for questions concerning the distribution, in senses to be made precise,
of the set of closed leaves of measured foliations subordinate to meromorphic
quadratic differentials on closed Riemann surfaces.

In preparation of a discussion of the main results we recall two earlier
theorems. The first of these, by H. Masur, has been a starting point for the
present work. Let g be a meromorphic quadratic differential with at worst
simple poles on a closed Riemann surface X. For a certain countable set of
6 € R the horizontal foliation associated to e~2%
cylinders of closed leaves. Each cylinder determines a pair of vectors v = +re®?,
where r is the common |g|-length of closed leaves in the cylinder. Let II(g) be
the set of vectors, with multiplicities, which arise from closed cylinders as 6
varies. Finally, let N (¢, R) = Card{v € Il(q) | |[v| < R} be the growth function
of II(q).

q has one or more maximal

THEOREM 0.1 (H. Masur [13], [14]). Let (X,q) and N(q, R) be as above.
There exist 0 < ¢1 < co < 00 such that

N(q,R)

(0.2) c < R2

< Cy (R > O)

In certain instances one can say more with regard to (0.2). Let G =
SL(2,R), and let U, be the atlas of natural parameters for ¢ on X\g~1{0, c0}.
If g € G, an atlas gld; is defined by postcomposition of U, chart functions with
the R-linear transformation g. This atlas extends to X as a complex structure
and determines a new quadratic differential with the same pattern of zeros
and poles as ¢q. Denote the new pair by (X(g),q(g)), and define A(q) C G by
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Aqg)={9€ G| (X,q) =(X(9),q(9))}, where = is biholomorphism identifying
q and q(g). A(q) is a discrete subgroup which is not cocompact but which may
be a lattice ([23]). Observe that II(¢(g)) = ¢gll(q), g € G.

THEOREM 0.3 ([23]). With notations as above if A(q) is a lattice, there
exists ¢ < oo such that for all g € G

. N R

(0.4) RIEI;O % =c7

The results of the present paper represent a middle ground of sorts between
the general Tchebychev theorem of Masur and the restricted prime geodesic
theorem of Theorem 0.3. We consider ergodic actions of G = SL(2,R) on
probability spaces (X, B, ) such that the phase space X is a moduli space
of quadratic differentials of norm 1. There is a natural map which assigns to
x € X the set II(x) C C associated to (the quadratic differential) = as above.
The action is such that II(gz) = ¢gll(z), g € G. We shall prove

THEOREM 0.5. Let G and (X, B, u) be as above. There exists a constant
c(p) < oo such that the following three statements are true:

I. Let ¢ > 0 be a Borel function on R2, and define ¥(x) = 3 (v).
vell(z)

Then 12) 18 B-measurable and

(0.6) [ dt@ntdn) = et | vwan
II. Let N(z, R) be the growth function of II(z). Then

) N(z,R)
0.7 1 - = 0.
(0.7) dim = — c(u)m 1
L If v € C.(R?), then
. 1 v
(0.8) Rh_r)réo Hﬁvg]%x)w <E> —c(p) - P(u)du 1 =0.

Let (X, B, 1) be as in the theorem. One consequence of L!(j)-convergence
in Parts II-III is the existence of a fixed sequence R,, — oo such that the
relations (0.7)—(0.8) hold pointwise a.e. when the limits are taken along the se-
quence {R,}. In fact the relation II(gy) = ¢Il(y), g € G, and the G-invariance
of p will imply that for u-a.e. y the relations (0.7)—(0.8) hold for all z = gy
when the limits are taken along {R,} (Theorem 10.8). In this regard we ob-
serve that a countable set II C C may have asymptotic growth cR? without its
images gll, g € G, having such asymptotic growth, much less with the same
constant c.
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Part I of Theorem 0.5 is reminiscent of and motivated by a classical theo-
rem of Siegel ([20]). Let Gy = SL(N,R) and I'y = SL(N, Z). Equip Gy /T'n
with its normalized Haar measure . If ¢ > 0 is a Borel function on RV, and
if ey is (say) the N standard basis vector, define ¢ and ﬁp (p for ‘primitive’)
by

TN = Y. P(gv)

veZN\{0}
bplgTh) = Y dlgv).
vel' yen
According to Siegel
(0.9) / D(gT N pn (dgTy) = /w u)du
Gn/Tn
(0.10) | dulaTx(datn) = /w
Gn/TN

To place the Siegel theorem in the context of the present work define My
to be the set of Borel measures v on R such that M (v) < oo, where, setting
Ny(R) = v(B(0, R)),

(0.11) M (v) = sup

Gy acts naturally by homeomorphisms on My when My is endowed with
the C.(R") weak-* topology. A Borel probability measure u on My shall
be called a Siegel measure if u is invariant and ergodic for the G y-action. If
1 > 0 is a Borel function, define 1& on My by duality

~ [ vwwidu
o

The main theorem for Siegel measures is

THEOREM 0.12.  If u is a Siegel measure, there exists a constant c(p) < oo
such that

I. If v > 0 is a Borel function, then

(0.13) /¢ p(dv) = ey /¢

II. If on is the area of the unit sphere in RN, then

Ny (R) ()2

(0.14) W

=0.

R—o0 ‘



898 WILLIAM A. VEECH

III. If p is supported on MS = {v € My | v(-U) = v(U), U Borel},
then for all ¢ € C.(RY)

'% / Wb <%> v(dv) — cp) /w<u>du
-

RN

(0.15) lim

R—o0

=0.
1

IfN > 2, and if u is such that ¢ € L%(p) for all+p € C.(RN), then convergence
in (0.14)—(0.15) also holds pointwise a.e. fu.

Let en be the N standard basis vector in RV, and define maps m; and
from Gn/T'y to My, assigning 71 (gI'y) = counting measure on gZ~\{0} and
72(gl'y) = counting measure on gI'yey. Let i/ = 7j(1n), where as before py
is normalized Haar measure on Gn/I'y. The Siegel relations (0.9)-(0.10) are
tantamount to the statement that p! and p? are Siegel measures with c(u!) = 1
and c(i) = 1/¢(N).

To obtain Theorem 0.5 as a consequence of Theorem 0.12 it is only neces-
sary to observe that by Masur’s Theorem 0.1 the assignment to z € X of the
counting measure v, on II(x) satisfies v, € My. The fact that II(gz) = gIl(z),
z € X, g € Gy implies that vy, = g, and the image po € P(Ms) of the mea-
sure 4 is invariant and ergodic, i.e., a Siegel measure. The fact II(z) = —II(x),
by construction, implies v, € M$§. Therefore, Parts I-III of Theorem 0.12
imply the corresponding parts of Theorem 0.5. A more complete discussion
will be found in Sections 11-12.

As is illustrated by the Siegel theorem itself, a single ergodic action may
give rise to more than one Siegel measure. This is especially true in the context
of Theorem 0.5. With notations as in Theorem 0.5 define for each z € X and
0 <s<1asetII(s,z) CII(z) consisting of those vectors, with multiplicities,
which arise from periodic cylinders of area > s. (II(0,z) = II(z).) One finds
II(s, gx) = gll(s,x), g € G, and by analogy with the preceding paragraph the
map r — Vs = counting measure on II(s,z) determines a Siegel measure
is and a constant ¢(us) < c(pp) for which the conclusions of Theorem 0.5
remain true, i.e., with II(s, z) and c(us) in place of II(x) and c(u) respectively.
The function s — ¢(us) is continuous from the right on [0,1), but when p is
supported on an orbit, the function has finite range. If (X, B, u) is a component
of a “stratum” of quadratic differentials equipped with its “Liouville measure”
([12], [21], [26], [22]), then with one trivial exception in genus one the function
s — ¢(us) is continuous, positive and monotone decreasing, to zero, on [0,1)
(Theorem 13.3).

An important tool for the proof of Theorem 0.12 is Theorem 5.12, con-
taining a basic identity which is derived in Sections 3—-5. To describe this let
K =SO(N) and A" = {a = diag(ay,...,ay) | deta =1, a1 > --- > ay > 0}.
If mg(dk) is normalized Haar measure on K, and if B = B(0,1) is the unit
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ball in RN then
(0.16)

//XB (akx)mg (dk)v(dx)

RN K
N, (= 2/3
_ 20N-1 / ( N) (1— 7-2)(N—3)/2d7 L0 <<a—N> M(l/)) .
0

oN S\N an-—1
an

The identity (0.16) is used in Section 6 to prove the existence and finiteness
of the constant ¢(u) in Part I of Theorem 0.12, i.e., for (0.13). Given a Siegel
measure p, the fact that the right side of (0.16) is bounded for each v € My
is combined with a corollary to a mean ergodic theorem, Theorem 2.6, to
establish that x, € L'(p). It is not difficult then to infer that ¢ € L'(u)
for each ¢ € C.(RY). Now (0.13) with ¢(u) < oo follows from uniqueness
properties of Lebesgue measure.

A second application of (0.16), in an altered form, occurs in the proof of
Part IT of Theorem (0.12). One uses Part I, i.e., (0.13), to obtain

]\st)u(du) :c(,u)%v (0 <t<o0).

My

This relation is used in Remark 5.21 to replace, at certain stages of the proof
of Theorem 5.12, a pointwise error M (v) by an L' (1) error ¢(p) %Y. The result

is an L'(u) error estimate O((aiﬁl)z/gc(uﬁ in (0.16) (Theorem 5.23). A

version of the Wiener tauberian theorem is used then to establish (0.14) and
Part IT of Theorem 0.12 (Theorem 5.28).

The proof of Part III of Theorem 0.12 makes use of Part II and a result
below which serves as a “Weyl criterion” for establishing that a net of even,

locally finite Borel measures on RY converges to Lebesgue measure in the
C.(RY) topology. The Weyl criterion, Theorem 10.1, turns on the case vy =
Lebesgue measure of Theorem 9.4, here stated as

THEOREM 0.17. Let v1, vo € M$; be such that v1(E) = vp(E) for every
ellipsoid E centered at 0. Then vy = vs.

Theorems 0.3 and 0.17 will have as one corollary the following.

THEOREM 0.18. Let (X, q) and c be as in Theorem 0.3. If ¢ € C.(R?),
then

(0.19) lim ﬁ > qp /w

R—o0
v€ll(q)
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Let ¢ be such that I'(g) is a lattice, and define a zeta function (4(s) =
> veri(q) V1%, Res > 2. Tt is established in [23] that (4(2s) is an entire-
holomorphic linear combination of the Eisenstein series associated to the cusps
of I'(¢q). From this one infers (a) (4(-) is entire meromorphic and (b) the
constant ¢ which appears in (0.4) and (0.19) is essentially the residue of (;(2s)
at the simple pole s = 1. Explicit calculation of ¢ is possible in certain instances
([23], [24], [28]). In Section 15 we apply Theorems 5.19 and 10.1 and the
equidistribution theorem of Eskin-McMullen ([3]) to prove Theorem 0.3 (and
its consequence Theorem 0.18) without recourse to the theory of Eisenstein
series. The role of [3] is to verify a property which we call “regularity” and
which is motivated by [3], [5] and [17]. Briefly stated for the context of (X, B, i)
in Theorem 0.5, a point z € X is p-regular if limg .o g(mg * 0) = p in a
suitable topology. When « is regular, it develops that for all 0 < s < 1 and
g € G the set gIl(s, x) has asymptotic growth c(us)mR? (Theorem 15.10). The
prevalence of regularity in homogeneous space settings gives some hope for its
genericity in the context of Theorem 0.5.

To further illustrate the “Eisenstein series free” approach to (0.4) and
(0.19) we observe in Section 16, Theorem 16.1, that if I' = —I" is a nonuniform
lattice in G = SL(2,R), and if v € R? is such that I'v is a discrete set, then
I'v satisfies (0.4) and (0.19) for a finite constant ¢ = ¢(I',v). Moreover, if
A is the isotropy group of v in T', there is a number ¢t = ¢(A,v) such that
c(T,v) = 2t3(m Vol G/T)~L. One feature of the derivation of the formula for
¢(T', v) is that it will not depend upon knowledge of meromorphic continuation
of the Eisenstein series F(z,s), Imz > 0, Res > 1, which is associated to
(I',A). We shall give a direct proof that for each z the function (s — 1)E(z, s)
has nontangential limit (VolG/T')~! at s = 1 from the half plane Res > 1.
Of course, this implies the known fact that the residue of E(z,-) at s = 1 is
(VolG/T)~t ([19], [7] (p. 224). The author thanks M. Wolf for providing the
latter reference.)

Section 14 is devoted to the issue of pointwise a.e. convergence in Parts 11—
IIT of Theorem 0.12. If N > 2, and if we assume of the Siegel measure p
that ¢ € L2(p) for all ¢ € C.(RY), then estimates in [9], Chapter V, are
used to prove (0.14)—(0.15) are true for p-a.e. v. When N = 2, the same
statement is true if one also assumes the representation of G = SL(2,R) on
the orthocomplement of the constants does not almost have invariant vectors
(cf. [9]).

Let m = m(du) be Lebesgue measure on RY. If ¢ > 0, define S¢: My —
My by S = v+ em. S€ is equivariant relative to the action of Gy on My.
In particular, if p € P(My) is a Siegel measure, then S¢u is also a Siegel
measure. We shall call a Siegel measure p singular if vLm for py-a.e. v. In the
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theorem to follow the point mass at the zero measure (v = 0) is considered to
be a singular Siegel measure.

THEOREM 0.20. If i is a Siegel measure, there exist ¢ > 0 and a singular
Siegel measure p® such that p = SSu®. In particular, if v < m for p-a.e. v,
then p is a point mass at cm for some ¢ > 0.

Theorem 0.20 is proved in Section 6 (Theorem 6.10). A second character-
ization of the point mass at em (¢ > 0) will be given in Section 8: Call v scale
invariant if v(AE) = |A\|Nv(FE) for all Borel sets E and real numbers \. If y is
a Siegel measure such that v is scale invariant for u-a.e. v, then u is a point
mass at cm for some ¢ > 0 (Theorem 8.6).

Work on this project was begun during a stay at the Laboratoire de Math-
ematiques Discretes with the kind support of Université d’Aix Marseille 2
(June, 1995). Indeed, the thought that Siegel’s Theorem might be relevant, at
least in spirit, to the study of periodic trajectories for quadratic differentials
was provoked by a lecture on [4], at Luminy, by G.A. Margulis. The ideas in
[4], [3] and [5] have been important to us.

The author wishes to thank M. Boshernitzan for useful conversations in
connection with this work.

1. A mean ergodic theorem

Let G be a semisimple analytic group with finite center and no compact
factors. G is a finite extension of a product of noncompact simple groups,
G - (G1 x -+ xGy), p=(p1,...,pr). The notation g —4 oo is understood
to mean p;(g) — oo, 1 < j <.

If @ = {a,} is a sequence in G, U, shall denote the set of g € G such
that the sequence {a; 'gay,} has the identity (e) for a cluster point. N, is the
least closed subgroup which contains U,. In the special case that a,, = b”,
n > 1, we set N = N, and U, = U, recalling that (1) N, = U, and (2) for
any sequence « there exists b such that N, = N, (cf. [27]). Recall that Nj is
totally unbounded if p;(Ny) # {e}, 1 < j <.

Let V' be a Banach space with norm || - ||, and let 7(-) be a bounded,
strongly continuous representation of G on V. We make the standing assump-
tion that there exist a bounded projection P, onto the subspace of invariant
vectors and that P ow(-) = Pr.

Definition 1.1. The representation m above shall be called admissible if
whenever b € G is such that NV, is totally unbounded, then for each v € V' the
orbit m(NNp)v has Prv in its norm closed convex hull.
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Let K be a fixed maximal compact subgroup of G, and let mx (dk) denote
normalized Haar measure on K. @, denotes the natural projection on the K-
invariant vectors, defined by a Bochner integral as

(1.2) Qnv = /K (e (k)w)m ().

With notations and definitions fixed above, we can state the mean ergodic
theorem for admissible representations:

THEOREM 1.3. Let G be a semisimple analytic group with finite center
and no compact factors. Let w be an admissible representation of G on a
Banach space V, and let Q be defined by (1.2) for a fized choice of maximal
compact subgroup K. Then
(1.4) lim Qrm(g) = Pr

g—s00

holds in the strong operator topology.

Proof. Let K be as in the statement of the theorem, and let G = K AT K be
a fixed Cartan decomposition. If g = kjaks, then Q.7(g) = Qx7m(a)m(k2). The
compactness of K and boundedness and strong continuity of the representation
7 combine to reduce (1.4) to
lim Qr7m(a) = Pr

a— 500
ac AT

in the strong operator topology. In fact, it is sufficient to prove

(1.4 Jim Qrm(a)v]| =0  (veEV, Pro=0).
acAF

Let 6(-) denote the Cartan involution of G which fixes K, and use the
same notation for 6 on the Lie algebra &. In order to establish (1.4") it is
sufficient to consider sequences o = {a,,} C A} such that a;, —5 oo and N, =
{h € G | lim;, o a;; thay, = €}. Then O(N,) = N,-1 is totally unbounded and
of the form N, -1 = N, for some b € G. Letting v € V such that Pyv = 0 and
€ > 0 be given, we shall first apply the hypothesis of admissibility to find a
probability measure £ on N,-1 such that ¢ has compact support and

(1.5) H/N ) r(hyoe(dh)| < .

Let ny, n,-1 denote the Lie algebras of N,, N,-1, respectively. log(-)
denotes the inverse to the exponential map where it is naturally defined. Set
up a continuous map k : N,-1 — K as

k(h) = exp(log h + 6(log b)) (h € Ny-1).
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If we then set k(h,n) = k(anha;, '), we have lim, .o k(h,n) = e locally uni-
formly on N,-1. Define g(h,n), implicitly, by

(1.6) hg(h,n) = oy, ' k(h,n)an,
= exp(logh + a;,?0(log h)a?).
Since O(logh) € ny, we also have lim,_.o g(h,n) = e locally uniformly on

N -1.

«

Let 7, be the image of the probability measure £ on N,-1 under the map

h — k(h,n). If ||7|| = supyeq [|7(g)llop, Where || - [|op denotes operator norm,
then ||7|| < oo by our boundedness assumption. If h € N,-1 and v € V, define
(1.7) 6(hm,v) = | | (1= (gt m)) o

Then lim,,_,o, §(h,n,v) = 0 locally uniformly in h € N -1, v fixed. We observe
that if h € N,-1, then

(1.8) |7 (anh)v — w(anhg(h,n))v|| < 6(h,n,v).
Define d(n,v) by
(1.9) d(n,v) = sup d(h,n,v).

he€ sppt &

Since & has compact support, lim, .o, d(n,v) = 0. Finally, by definition of Q
and (1.6)—(1.9) we have

Qrm(ay)v = /Kw(kan)vmx(dk)
K JK
:// w(kk(h,n)a,)vE(dh)mg (dk)
KJN,
_ / / m(kahg(h,n) e (dh)m (dF)
K JN_ 1

= 0(0p) -l—/K/N 7 (kanh)vE(dh)m (dk)
= 0(dn) + 0([[[le)-

Since n, then ¢ are arbitrary, we have lim,_, ||Qr7 (v )v|| = 0, and the theo-
rem follows.

2. Applications of the mean ergodic theorem

We continue to suppose G is a semisimple analytic group with finite center
and no compact factors. Let W = W(G) be the Banach algebra of continuous
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weakly almost periodic functions on G. Each f € W is bounded and left and
right uniformly continuous, and in particular the right regular representation is
strongly continuous on W(G)(w(g)f(-) = f(-g)). Denote by £(-) the Eberlein
mean on W ([2], [1], [18]). £(f) is the unique constant such that the set of
(say) right translates of f has the corresponding constant function in its (sup)
norm convex hull. It is proved in [27] that

(2.1) Jim_f(hg) = £(f)

is true pointwise and, therefore, in the weak topology of W(G). It follows from
the Banach-Mazur theorem that if b € G is such that NV, is totally unbounded,
then the constant function £(f) is in the norm closed convex hull of the orbit
m(Np)f. Therefore, the right regular representation on W(G) is admissible.
From Theorem 1.3 we conclude

THEOREM 2.2. Let G be a semisimple analytic group with finite center
and no compact factors. If f € W(QG), then for any mazimal compact sub-
group K

(2.3) lim Sup‘/ F(hkg)m (dk) — E(F) | = o.
975 heG ' JK

Let V be a reflexive Banach space, and let m be a bounded strongly con-
tinuous representation of G on V. The coefficients of m belong to W(G) and
if fo,3(9) = (7(g)vr,v3), v1 € V, vg € V¥, then E(fy, v3) = (Prv1,v3), where
P, is a bounded equivariant projection on the subspace of invariant vectors.
It now follows from (2.1) that if b € G is such that Ny is totally unbounded,
then for each v € V' Prv is in the weak closure of the orbit m(/Ny)v. The
Banach-Mazur theorem implies 7 is admissible, and we have

THEOREM 2.4. Let G be a semisimple analytic group with finite center
and no compact factors. If w is a bounded strongly continuous representation
of G on a reflexive Banach space V', and if Q is defined in terms of a fixed
mazimal compact subgroup K, then
(2.5) lim Qrm(g) = Px

g—s00
in the strong operator topology.

Our final application of Theorem 1.3 is in ergodic theory per se. Let
(X, B, ) be a probability space, and let G be represented there as a mea-
surable group of measure preserving transformations. (“Measurable group” is
understood to mean the pairing (g,z) — gx is measurable.) For our Banach
space V we take LP(X,B, ). Define (w(g)f)(z) = f(g ' x), f € LP. If By is
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the o-algebra of invariant measurable sets, i.e., B € By when u(¢gBAB) = 0,
g € G, then P.(-) = E(- | By) is a contractive invariant projection.

THEOREM 2.6. Let G be a semisimple analytic group with finite center
and no compact factors. Let (X, B, u) be a probability space, and let G be there
represented as a measurable group of measure preserving transformations. If
P, = E(- | By) is the conditional expectation operator, then

(2.7) || [ stgkeymuctar) - £ 180 | = o
g—s00 K P
foralll1 <p<oo and f € LP(X,B, ).
Proof. The integral in (2.7) is (Q.7(¢71)f)(z). If 1 < p < oo, apply
Theorem 2.4. The case p = 1 follows by a standard argument from the case

p> 1.
Theorem 2.6 provides a useful criterion for integrability:

COROLLARY 2.8. Let the notations and assumptions be as in Theorem 2.6.
If f > 0 is measurable, and if for p-a.e. x

(2.9) limsup/Kf(gkaﬁ)mK(dk) < 00

g—500
then E(f | Br)(-) < oo a.e., where a.e. x
(2.10) B(F | Br)(x) = Jim B(min(f,T) | By)(a).
In particular, if ju is ergodic for the G action, (2.9) implies f € L.
Proof. Define fr(x) = min(f(x),T). Choose a sequence g, —s oo such

that lim, o [ fr(gnkz)my (dk) = E(fr | Br)(z) a.e. For p-a.e. x we have

00 > limsup/f(gk::z)m;((dk:)

g—s00

> timsup [ fr(gha)mic(dh)

g—s00
> lim /fT(gnk:x)mK(dk:)
= E(fr | Br)(z).
Now let T" — oo to obtain the desired result.

Remark 2.11. For a certain class of groups G Nevo [17] has obtained a
mean ergodic theorem such as Theorem 2.6 for the family (in the present nota-
tion) Q,7(g9)Q~. Nevo’s purpose is for use in a much more delicate pointwise
ergodic theorem.
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3. Spherical integrals

This section is concerned with integrals similar to those in Section 2 of
[4]. Our purpose is to establish first an elementary upper bound and then to
motivate the calculation of derivatives in Section 4.

IfN>1, AE shall denote the semigroup of diagonal matrices

Al = (A =diag(\1, .., n) [ A > A > - > Ay > 0}

It is not required that det A = 1, A € AJ.
We set K = SO(N) and let m(-) denote normalized Haar measure on K.
If Sy_1 is the unit sphere in RY, and if ey is the N** standard basis vector,

then Sy_1 = Key. If 1) > 0 is a Borel function on R, define C¢ on A} by

(3.1) Cw()\):/Kw()\keN)mK(dk) (A € AL).

In view of the symmetry of AK ey = ASy_1 we shall always suppose v is an
even function. If oy is the area of Sy_1, and if S]J\r,_l ={ue Sy_1|un >0},
then for an even Borel function v > 0 we have

(3.2) cyp() = = [ gy LafAduv

ON 5;71 un

In what follows 1 is assumed to be, in addition to Borel and even, bounded
with compact support. Fix Ry < oo such that i vanishes outside the ball
(B(0, Ry)) of radius Ry centered at 0. If A € A}, is such that Ay > Ry, then
Cy(A) = 0. Accordingly, we restrict attention to A} (Ro) = {A € AL | 0 <
AN < Rp}.

Next, fix 1 < k < N — 1, and define

A% (k, Ro) = {\ € AL (Ro) | A\ > Ro > At }-

Introduce a coordinate

(w,v) = (Mut, .., \eUg, Ugt 1, - - uN) = Liu
on S]T,_l, and observe that if N = (Ag11,...,AN)
(3.3)
2 Nv)d o ANdwg N d A ANdoy—
Mo MCHO) = _/ P(w, Nv)dwy A wi A dvg1 UN-1
ON JL,Sh | UN

where (w,v) = Liu as above. The right side of (3.3) is uniformly bounded on
AL (k, Ro). In particular, we have

LEMMA 3.4. Let v be an even, bounded Borel function with compact sup-
port, and let Cip be defined on .AE by (3.1). There exists a constant C' =
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C(v) < oo such that

(3.5) cw)n) < W

_— A ).
~ A AN—1 ( GAN)

In order to motivate a calculation in the next section assume of v that
for each 0 < Ay < oo almost all z € RV~ are such that (z, An) is a point of
continuity of ¢. With this assumption we have for H(\) = A1 ... An_1C(¢0)(N)

2
lim  H\)=—R¢y(\n)
NeAf, ON
A, —00,k<N
Ny—AN

where R is the restricted Radon transform
'RA/}()\N) = / w(w,AN)dwl A~ ANdwy_1.
RN-1
This is evident from (3.3) with & = N since for large (Aj,..., Ny_;), v = un
must be close to 1 and /\vi close to Ay .
If 1 is of class C', and if we set 1 (u) = v (tu), then because Vi)(y) -y =

%w(ty) ‘t:p one has
R(VY(z) - 2)(Ax) = (1= N)R(An) + (R () Av-

From (3.2) we have

2 d s ANduy—
VACh(N) - A= — V() - A A GUN
ON 5;71 UN
and then
2
(3.6) lim A .. Xy (VCy(N)-X) = —R(V(z) - z)(AN)
Aj,—00,k<N ON

= (1= MROOW) + (RuY () ]

Set aside the question of differentiability and let ) = xp, where B = B(0,1)
is the unit ball in RV. By direct calculation Ry, (Ay) = =L (1 — A\3,) (V=172

N-1
and (Rx,) (An) = —on_1(1 = A3)V=3/2)\y when 0 < Ay < 1. Then since
2 ON—-1 _ -
- MFEF AR o (- )|
20N

— 1 — 2 \(N-3)/2
oN ( )‘N) 5

it is a formal consequence of (3.6) that

20N

(3.7) lm N Ny Vexs(V) - N = === (1= R Y2,
N —o00,k<oco
k)\QV—O\N

NeAl,
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which holds for 0 < Ay < 1. We shall verify a version of (3.7), with bounds,
in Section 4.

4. Calculations for the ball

Let 1 < ¢ < oo, and redefine
A]J'\_](C) = {)\ S .AE ’ AN—1>c>1> /\N}-
To fix notations in this section we define F(\) = Cxp(A), where B = B(0,1).

In this section we shall prove

THEOREM 4.1. If1 < ¢ < o0, there exists a constant n(c) < oo such that
if A € A(c), then
20n-_1

(4.2) AL ANC1(VEN(A) - A) + (1 — A3,)V=3)/2

ON

< O 2oy
N-1 ON

>

As the notation suggests Fy

—~

) is continuously differentiable on A% (c).

The inductive proof involves some calculations, the first being used to
establish (4.2) when N = 2.
1-232

1/2
Let A € Aj(c) for some ¢ > 1, and define a()\) = (W) . Declare
1 2

o1 = 2 so that the constant 22t = 2. Now
o9 T

1 e du 2 .4
FQ()\) = ; /_G(A) m == ;Sln a()\)
Then by a short calculation
2 A1

™ - D1 )1

MVE,(A) - A= —
and one finds

— 902 ¢ _
(4.3) n(c) = 2¢ ((02 )i 1> .
Now suppose N > 2 and the theorem has been established for N — 1. Fix
1 < ¢ < 00, and assume below that A € A}(c), ie., that Ay_1 >c>1> AN
We introduce some coordinates and other quantities. Assume |uj| < 1/A;
(<1),ue Sy,
ws
(4.4) vi\u) = ——L—
j (=)
(1—ui)'/?

() _ N
3 () (1= A2u2)1/2 J
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While {v;} depend upon all coordinates of u, one should note that {;} involve
only the first, i.e., u;. Define a()), by analogy with (a()\), N = 2) above, as

1— 2%\
a(\) = <)\2 )\2) .

We have
(4.5) a(N) < 1/\
un(Aug) > 1, lui| > a(N)
i A ur) > N, 2< <N, |u] <1/A
By abuse of notation we view u = (u2,...,un) as an element of RV~

By (4.5) we have u € A} ,(c) when A € A%(c) and |u1| < a(\). When
a(A) < |ui| < 1/A1, we observe Fy_j1(u) = 0.
By definition v(A,u) € S¥,_, whenu € S%_, and Z] Q,MJUJ < 1 precisely

when "% A2u2 < 1. Since (4.4) implies

J=173"j
dug A -+ ANdun_1 _ (1_u2)¥ dvg A -+ A doy—q
UN ! UN
we have
2 a(}) N1 dvg A -+ ANdony_q
Fy(A) = — 1—u?) ? / v du
VO = o [ DT L ) T 1
a() N-1
= UN_l/ (1—u%) 2 FN_l(u()\,ul))dul.
ON —a(\)

Since Fn_1(p(A, £a(X))) = 0, it is possible to differentiate under the integral
to find

N—-1

a(A)
VFN()\) = IN-1 / (1 — u%)T V)\(FN_l o u()\,ul)) . )\dul
oN J-a(

Alul

Use the relations gf\”; :>\—J 2 <14, j<N,and 6“3 = el 2<j<N,to
establish

1

Fy_ A A= ——
V/\ N IO/J’( aul) 1—)\%@6%

VEx-1() -

We now have

_ (l()\) _ u2 3
(4.6) VEN(A) - A = ";VNl / % VuFn_1(p) - i duy.

Definition (4.3) implies

(4.7) Mo Awg = Al
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Multiply the two sides of (4.6) by A;...Anx_1 and use (4.7) to find

(4.8)
AL A1 VEN(A) - A

a(N)

ON— N—4

= N 1/ (1 —ud)2(1 = Afud) "2 pa. . pnv—1VEN_1(p) - o duy.
ON —a())

As we have observed, u(\,u1) € Af_,(c) and puj > A; in the range of uy of
interest. We apply the induction hypothesis to write

(4.9 po...unaAVEN-1(p) - p = —20N_2(1 i) (1 + EW))

ON-1 1

with |E(p)] < ny-1(c). Using puny—1 > An—1, the second summand on the
right side in (4.9) satisfies

(4.10)

E(p) | o nv-1(9)
— )\2 .
N—1
We must now compute the principal part of the integral (4.8). To this end
observe that

2
Hn—1

T Rl R TR
(= pw)™ = (1-22u2)"3 (1 (W)))

The principal part of (4.8), i.e., without the factor 1 + ﬁ(“) in (4.9), is now

N-1

‘Zw

N—-4

2 20n_y [V _a V2o (M 2 Tu
(4.11) —(1-X2) T N o /a(A)(l 1) (1 (a( )>> duy .

Substitute u; = a(A)7 so that (4.11) becomes

N-3 — 420N _ 1 N—-4
(4.12) (1—/\?\7)7()\% _A;?V)m( 20N 2)/ (1—a*(\)7)V2(1-72) 7 dr.

ON -1

1 1
It 1S Clear that W = 1+O (m) and (1—@2()\)7'2)1/2 — 1+O (A?\]—1>

hold uniformly for A € A} (c) and —1 < 7 < 1. Make the substitution 72 = ¢
n (3.12) to find

(4.13)

(1 2% <%)/j(1—7—2)¥d7—<1+0<)\£1>)
_ 1oz <%§_2>2/01(1_t)¥_1t%_1%<1+0(>\?\i1>>
oo () (M2) (eo(g)




SIEGEL MEASURES 911

where B(-,-) is Euler’s beta function. One knows ony_1 = on_2B (%, %)
Therefore, if we combine (4.9) and (4.13)

2N _ 1
A ANC1(VEN() - A) = — ‘;N 1(1—A%)¥<1+0<A2 ))
N N-1

is true uniformly on A% (c), ¢ > 1. This implies the statement of Theorem 4.1.

5. A basic identity

Let v be a Borel measure on RY. If B(0, R) is the open ball of radius R
about 0, define the growth function

(5.1) N,(R) =v(B(0,R)).
Then define

_ Ny(R)
(5.2) M(v) = 0<SIL%1£)oo RN

We shall deal with measures under the assumption M (v) < oco. For certain
Ny (R)
RN

formulae it is required only that
T < o0.

Let Ay = A NG, G =SL(N,R). Ifa € A}, and R > 0, define Ra =
diag(Ray, ..., Ray) € Aj. For later reference we record for A = A(R,a),
)‘j = RCLJ’,

be bounded on every interval (0,7),

RNfl
anN '
Let Fn(A) be as defined in Section 4. If M(v) < oo, and if B is the unit
ball in RV, then

(5.4) AN/[(XB(akm)mK(dk)y(dx) = /OOOFN(Ra)dN,,(R).

This relation holds because the inner integral on the left side is a radial function
of z (namely Fx(||z]a)).

(5.3) Ao ANt =

LEMMA 5.5. Assume of a € AJJ(, that

(5.6) a1
aN-—1
Then
“1\12—1 anN
(5.7) /0 Fy(Ra)dN,(R) = O<M(y)aN_1>

with O(-) uniform in v and a € AL, satisfying (5.6).
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Proof. Set C(xz) = Cn in (3.5). From (3.5) and (5.3) we obtain

Fn(Ra) < Cygetr. Replace Fin(Ra) by Cnpgsr on the left side in (5.7)

and integrate by parts:

2 2

N1 aN—1 QN
/0 Fy(Ra)dN,(R) < C /0 AN, (R)
2

N,(R) aNo1 a1 ay N, (R)
-0 <M(u) an )
aN—1

as claimed.
Next, we take up the integral on the right-hand side of (5.4) over the

interval (N— oo) If Ray > 1, then Fn(Ra) = 0, and therefore we study

the integral over the finite interval ( N L ) By (5.6) this interval is not

1’ an
empty. Integrate by parts, taking into account the fact Fy(ay' ~ @) =0 and the
estimate which resulted in (5.7):

(5.8) |
/a ™ Fy(Ra)dN,(R) = O(M(u)a?vji 1) - /1 NV(R)d%FN(Ra)dR,

Now by Theorem 4.1 and (5.3)

4 pv(Ra) = 2V Fy(Ra) - (Ra)

dR R
=—— — R*a 140 | =5
RN on (1 ) ( (Rza?Vl
with O( o 2 1) uniform for Ray_1 > 2 (say), as is true on the interval of

integration in (5.8).
The second summand on the right side of (5.8) can be rewritten as

o0 o (5) [ 2w (0 i) o

Substitute 7 = Ray in (5.9) to obtain the integral
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2\ an_1

2oy [ (ﬁ) N_3 L ( an i
(5.10) 7/ —Z(1-" |[1+0 dr.
To deal with the O(-) term divide the interval of integration in (5.10) into
2/3 2/3
intervals (%—N, <2a—N> ) and ((2‘1—1\’) ,1). The O(-) term is at most

aN—1 aN—1 aN—1

1/4 on the first interval. If we now assume

(5.11) aN

=

aN-—1

N-1

: 2 2an \2/?Y . 2/3 : :
the integral over ( = (%) is O ( M(v) (a—N> uniform in v
N-—-1 aN-—1
and a € A}, satisfying (5.11). As for the second interval the O(-) term under

the integral is O <<afj—1\‘]1>4/3 (air—N1)2> =0 <<%>2/3>, and the O(-) term

2/3
again contributes O ((“—N) M(I/)> to the integral. Finally, with a € A}

aN—-1

constrained by (5.11) we have

ON

20N-1 /(1 , Lj ($> (1- 72)¥d7

By collecting results we have

THEOREM 5.12. If v is a Borel measure on RN such that M(v) < oo,
then for a € AE constrained by (5.11) there is the uniform estimate

(5.13) /RN/KXB(ak‘J:)mK(dk:)V(dx)

_ 20N /01 ~ <_”) (1—72)¥dT+O<M(V)( - )2/3>-

ON T N aN-—1
an
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Define hy on R™ by hy (1) = 7(1 — 7'2)%){(071)(7). The factor 7 guar-
antees hy € L' (R+, dT—T) The Fourier transform, hy, is given by

1
=/ (1—72)¥7’icd7
0

1
= 1/ (1—23) 50 gie/2-1/2
0

Since N > 0, le(c) # 0, c e R. Since oy = ony_1B (%, %), the function
gN = %:;V—N*th is integrable with gn(0) = 1. Define v, € L™ (R*, d{) by
¥, (t) =tV N, (%), t > 0. The integral on the right-hand side of (5.13) is gn *
Yy (an). Since gy (c) # 0, ¢ € R, the Wiener tauberian theorem implies that if
limg 0 gn *¥u(an) = £ = gy (0)¢, then for every g € Lt (R+, %) limg 0 g *
Yy(an) = 9(0)¢. In particular, if we set g(t) = tx, () and use Theorem 5.12,
we obtain

THEOREM 5.14.  Assume M (v) < co. If

(5.15) lim/ /XB(akx)mK(dk)l/(da:) =/
acay, o K
then
1 [T N,(R)
(5.16) Tlgrgof/o RN dR = (.

LEMMA 5.17.  Let ¢ > 0 be defined on R™, and assume there exists o > 0
such that (u)u® is monotone nondecreasing. For allt > 0 and A\ > 1 we have

(5.18) (0, Ap(t)) D [#t]
o1 <@,oo> ) [t, /\1/%] .

Proof. If t/A\/® < s < t, the assumption on ¢ implies @(t)t* > @(s)s* >
£(s), and therefore ¢(s) < Ap(t). The first line of (5.18) is true and the
second line follows by a similar argument. O
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We shall apply Theorem 5.14 and Lemma 5.17 to establish

THEOREM 5.19. If M(v) < oo, and if (5.15) is true, then

- Ny(R)
(620 S

=/

Proof. Let ¢(R) = % and @« = N in Lemma 5.17. Set A% =

L [Tp(t)dt, 0 < r < s < co. Note that £ < oo by Theorem 5.12. Let
¢~ = liminfr oo p(R). If £~ < £, set a = &~ < ¢ and fix A > 1 such that
Aa < £. The lemma implies that if p(t) < a, then ¢ < Aa < {on [W , } Let

t. ThenAt:SA0 ( %)At 2A5+ (—f)ka. If t — oo in such

s =

Al/a
a way that p(t) < a, it follows that ¢ < )\1/ =l + ( )\ll/a) (%) </, a con-
tradiction. We conclude ¢~ > ¢. By an analogous argument limsupp_, ., ¢(R)

</, and the theorem follows. O

Remark 5.21. In most of the applications the measure v will itself be a
point in a probability space (Mpy, By, ) (§6). There will exist a constant
c(p) < oo such that

N, (1)
tN

(5.22) p(dv) = (M)%N. 0<t< oo.

My

The analysis which lead to (5.13) (Theorem 5.12) was conducted for a single
v, M(v) < oo, and involved replacing expressions of the form ]\;”]\S ), in certain
places by M (v). If the issue in (5.13) is an error estimate for an equation in

L'(i), one may integrate over My in the same places, applying the Fubini

theorem where necessary, and thus replace ]\;"]\(,t) by its L'(u) norm ((5.22)),
i.e, by c(p)%. With this modification Theorem 5.12 may be restated as

THEOREM 5.23. Let (My,Bn,p) be as in Remark 5.21. If a € A} is
constrained by (5.11), there is the estimate

(5.24)
son [N (e i
| [ [ xolakomutampan) - 22 | I
RN 0

B (ﬁlj/\;
) (c(u) (;;:) ) .

Theorem 5.23 is a restatement of Theorem 5.12 in the context of Re-
mark 5.21, i.e., for the measure spaces (M, By, ) which satisfy (5.22). We
shall now give corresponding replacements for Theorems 5.14 and 5.19.

1




916 WILLIAM A. VEECH

THEOREM 5.25. Let (M, By, i) be as in Remark 5.21. If { € R" is
such that

(5.26) lim H/ /XB(akx)mK(dk)y(dx)—E =0
o v S
then
.1t (A N(R)
(5.27) TlggoH?/o RN dR —1¢ 1’#—0.

Proof. As in the proof of Theorem 5.14 the integrand in the second term
in (5.24) is expressed as 1, * gy (an). But now v, (t) is viewed as a function
on R* with values in L'(My, By, p). By (5.22) we have for each t the re-
lation [[1h,(¢)][1,, = c(u)%E. That is, 1, (t) is a bounded function from R*
to L'(Muy, By, p). It follows that the set {g € L' (R*, <) | limg—o ||ty *
glan) — £g(0)||1,, = 0} is a closed ideal. Since gy is never 0, this ideal is all
of L' (R*,45). As in the proof of Theorem 5.14 the choice g(t) = tX (1) (1)
yields (5.27). The theorem is proved. O

Finally, we shall replace Theorem 5.19 in the context of Remark 5.21.

THEOREM 5.28.  Let (M, By, 1) be as in Remark 5.21. If (5.26) is true,
then

-/ =0.

1p

(5.29) lim

R—o00

Of course, by (5.22), £ = c(p) %

‘ Ny (R)
RN

Proof. By the proof of Theorem 5.19, the relations (5.18) from Lem-
ma 5.17 and the fact (5.27) is also true in measure imply that (5.29) is true in
measure. It is therefore sufficient to establish that the family {% } R> 0}
is uniformly integrable. To this end let ¢ > 0 and let F € By, R > 0 be such
that
NI/(R)

RN
If R<S < 2R, then Ngj(\,s) > QLNNE%E), and therefore by the Fubini theorem
and (5.30)

(5.30)

pu(dv) > c.

1 2B N,(s) c
Since {% OT Ng—@ds | T > 0} is uniformly integrable, (5.30)—(5.31) imply that

for every € > 0 there is a § > 0 such that if R > 1 and u(F) < §, then ¢ < ¢
in (5.30). The theorem is proved. O
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6. Siegel measures

If N > 1, we define My to be the set of Borel measures on RY such that
M (v) < oo. If 4(-) is a compactly supported bounded Borel function on RY,
define 1 on My by duality,

A~

(6.1) ) = | plx)r(dr).
RN

Endow My with the smallest topology such that ¢ € C(My) when ¢
C.(R") (= continuous, compactly supported functions on R"). The following
fact implies My is a countable union of compact metrizable spaces:

LEMMA 6.2. Ifc < oo and Mpy(c) = {v | M(v) < ¢}, then Mny(c) is
compact and metrizable. In particular, My is a standard Borel space ([30]).

Proof. The elementary proof is left to the reader.
Remark. Of course, My is neither locally compact nor metrizable.

Let G = SL(N,R). If A € G, A determines a linear transformation of R
which, as a continuous map, maps measures to measures. Since A~lv(E) =

v(AE), v € My, E Borel, A € G, we have

Na-1,(R) < Ny (||A]lR)
< |AIYRY M (v).
That is, M(A™'v) < ||A||NM(v), and G acts naturally upon My. It is clear
that (A,v) — A~'v is continuous as a map from G x My to My.

Denote by P(My) the set of Borel probability measures on Mpy. We
introduce

Definition 6.3. An element u € P(My) is a Siegel measure if (a) Gu = p
relative to the action (A, v) — A~!v and (b) p is ergodic relative to this action.

THEOREM 6.4. Let p be a Siegel measure. If p € C.(RY), then NS
L'(p).

Proof. It is a consequence of Theorem 5.12 that if 0 < ¢ < ex,, B =
B(0,1), ¢ < oo, and if we express g € G as g = kjaky, a € AJ](,, ki,, ke € K =
SO(N), then (note g — oo is the same as g —; 00)

hmsup/ (gkv)mg(dk) < limsup c/ /XB(klakzkx)mK(dk)l/(dx)
K RN JK

g—0o0 ki1aka=g—o0

= limsupc/ / Xp(akz)mg (dz)v(de) < cCnM(v) < occ.
RN JK

(I—)O_E
acAy;
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By Corollary 2.8 ¢ € L'(u). For the general case define Thv(E) = ”()\)‘]VE),
A > 0, where AE denotes the homothety by A on RY. Since T\G = GT),
the image T)p of a Siegel measure under this map of My is again a Siegel
measure. Since ¢(Thv) = ¥ (v), where 1y (y) = A" Np(A~1y), and since ¥ is
supported on B(0,1) when ¢ is supported on B(0,1/)), the first part of the
argument implies 1) € L*(T\u) when t is supported on B(0,1/)). But since
= T\T\-1p and Ty-1p is Siegel, we have Ve L'(1). The lemma is proved.

THEOREM 6.5. If u € P(My) is a Siegel measure, there exists c(p) < oo
such that for any Borel function ¢ € L*( RN, dx),

(6.6) () = e | (a)ds
My RN
where dx is Lebesque measure.

Proof. If 1 € C.(RY), then ¢) € L' (). Define a functional ® by

(6.7) ®W) = [ dudy) (v € Co(RY)).

My
If YA(z) = (A~ 'z) and ¥A(v) = P(A"1v), then 122 = YA, Since p is
invariant, we have ®(¢4) = ®(¢)), A € G, ¥ € C.(RY). Also, ¥ > 0 implies
® (1)) > 0. It follows then that there exist a, b > 0 such that

() = ap(0) +b [ 4
RN

Choose (1) = x5 (z)(1—||z]|?)*, k > 0, so that 0 < ¢ < x; and Yy (z) — doo
pointwise. By definition of M (v) we have v (r) — 0 for all v, and by the
dominated convergence theorem

a = lim®(yy) = 0.

It follows that we may take b = c(u) so that (6.6) is true when ¢ € C.(RN).
The extension to integrable Borel functions ¢ on R is straightforward and
will be omitted (e.g., the set of ¢ which satisfy (6.6) is closed under monotone
(integrable) limits). O

(x)dz (¥ € Co(RY)).

COROLLARY 6.8. Let u € P(My) be a Siegel measure. Then (5.22) is
true. That s
Ny (t)
T

N

(dv) = c(u)a—N (0 <t < o0).

(6.9) ¥

We conclude this section with a rudimentary structure theorem for Siegel
measures. Let m = my denote Lebesgue measure on RV, If ¢ > 0, define
S¢: My — My by

Sv=v+ocm (veMpy, ¢>0).
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Since GIS¢ = S°G, the induced map S, on P(My) sends Siegel measures to
Siegel measures. We call a Siegel measure p singular if v1m for p-a.e. v. If
¢ > 0, n. denotes the point mass at em. Trivially, n. € P(My) is a Siegel
measure. By Lemma 6.2 both My and My x RY are standard Borel spaces.
We now restate Theorem 0.20 of the introduction in the form

THEOREM 6.10. If p € P(My) is a Siegel measure, then either (a) p =
Ne(p) O (b) there exist ¢ > 0 and a singular Siegel measure p® such that pu =
S’

Proof. Identify (RY \ {0}, m(du)) with (G/Ho,me/m,(dgHo)) where H
is the isotropy group of an arbitrary but fixed vector vg € RN \ {0}. If p is
a Siegel measure, then Moore’s ergodicity theorem ([16]) implies u is ergodic
for the induced action of Hy. Then, according to Zimmer ([31, Theorem 4.2];
see also [30, Proposition 2.22]), u x mg,y, is ergodic for the G' action on
My x G/Hy. Associate to p a Borel measure A\, on My x G/Hy, defined by
disintegration (cf. [6]) as

(6.11) M) = [ vEW(an),

In (6.11) F € My x G/Hy is a Borel set and F[v] = {gHy | (v,gHy) € F},
v € Mn. A, is o-finite (e.g., A\,(My x B(0, R)) = c¢(u) RN Z¥ by Theorem 6.5).
Let A, = Aj; + Aj, be the Lebesgue decomposition of A, relative to p x m, i.e.,
A < pxmoand Aj Ly x m. Both Ajj and A}, are G-invariant, and therefore
the ergodicity of u x m implies A}, = ¢ (u x m) for some ¢ > 0.

Since Aj,Lp x m, there exists a Borel set £ C My x G/Hp such that
pxm(E) =0= X\, (E. If v € My, define a Borel measure &, on G/Hp by
£,(A) = v(AN E[v]). Since ¢, < v and G/Hy = RN \ {0}, there is a natural
sense in which &, € My.

If F C My x G/Hy is a Borel set, then by (6.11) and the choice of E, we
have

(6.12) N(F) = \(ENF)
— [ v(Eapw)u)
My

= & (Fv)p(dv).
Mn
If B C G/Hy is a Borel set, and if we set ' = My x B in (6.12), we find that
v — &,(B) is a Borel function on M. From this we conclude that v — 1 (&,)
is a Borel function on My for each 1 € C.(RY), and therefore R(v) = &, is
a Borel map of My to itself. In particular, (6.12) is a disintegration of A7,
over .
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If g € G, the fact g\], = A} combines with the a.e. 1 uniqueness of
the representation (6.12) to imply ¢&, = &g, pa.e. v. We conclude that
R : My — My is Borel and a.e. p an equivariant map. In particular, p® =
R, is a Siegel measure. By construction p® is singular. Since v = ecm + &,
a.e. v, we have S°’R = 1d a.e. p and p = SSu®. The theorem is proved. O

7. Asymptotic growth

If By is the Borel o-algebra of My, then Corollary 6.8 implies that for
every Siegel measure p the triple (My, By, pt) satisfies the hypothesis (5.22)
of Remark 5.21. Collecting results from Theorems 2.6, 5.25 and 5.28 we have

THEOREM 7.1. Let N > 1, and assume j1 € P(Mpy) is a Siegel measure.
Then

T -, -

(7.2) lim H

R—o0

Remark 7.3. If N > 2, and if the Siegel measure p is such that @@ €
L%(u) for all ¢ € C.(RY), then (7.2) also holds pointwise for y-a.e. v (Theo-
rem 14.11).

8. Special Siegel measures

Let v € My be such that Thv = v, A > 0, where T\v(E) = V()\)‘,f)

Borel sets E. Such a v has a unique expression in polar coordinates as

(8.1) v = v, x (RN"1dR)

for

for a finite Borel measure 7, on Sy_1. Since N, (R) = %(SN,l)%, we have

Ny(R) _ 7(Sn-1)

2 = .
PROPOSITION 8.3. Let u be a Siegel measure such that Thv = v, A > 0,
for p-a.e. v. Define h(v) = v,(Sn—1), where v, is defined by (8.1). Then if

c(p) is as in Theorem 6.5,

(8.4) h(v) = c(p)on (b — a.e. v).

Proof. Immediate from (7.2) and Theorem 7.1. O

LEMMA 8.5. Ifv € My is such that Thv = v, A > 0, then for each
A€ G =SL(N,R) A~'v has the same property. If h(v) = v,(Sn_1), then

(8.6) hA ) = /S 1v(d7)

v 1A Y
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Proof. If E C Sy_1 is a Borel set, and if E = {tz | € E,0 < t < 1}, then
v(E) = 2E) 1t B = Sy 4, then h(A™'w) = y,4-1,(Sy_1) = Nv(AB), B =
unit ball = Sy_1. If 2 € Sy_1, then z = || A1z (Aﬁ) and therefore

AB contains the interval {tz |0 <t < HA_—lle} It follows then that

h(A™'v) = Nv(AB)

_ / _w(dz)
Sy_y AT [N

as claimed. 0

In the next theorem we shall assume p is a Siegel measure on M$;, the
set of even elements of M y.

THEOREM 8.7. Let M§, = {v € My | v(—F) =v(E), E Borel}. If p is
a Siegel measure on M, and if Thxv = v, X > 0, for p-a.e. v € M, then p
is a point mass at v = c(p)dx, i.e.,

(88) H= Te(w)

in the notation of Theorem 6.10.

Proof. Let Py_1 = Sy—1/ £ 1. Since p-a.e. v is even, the measure =, in
(8.2) is even. Proposition 8.4 and Lemma 8.5 imply

M = C o -a.e. V

If o(dz) is Euclidean measure on Sy_1, the measure c(u)o(dz) is also even
and satisfies (8.9). It is only necessary to establish that an even measure 7,
on Sy_1 is uniquely determined by the integrals (8.9). Now if [z] = £z is an
element of the real projective space Py _1, the function P(gK, [z]) = ||lg~'z| ¥
is a Poisson kernel on G/K x Py_; for the Laplace-Beltrami operator on G/K
and the nonmaximal boundary Py _1. It is well known and easily proved that
the Poisson integrals p(gK) = fPN—l P(gK, [z])\(d[z]), A a finite measure on
Py_1, uniquely determine A. (See Remark 8.10.) Since ~, and c¢(u)o(dz) are
even measures on Sy_1 with the same Poisson integrals, their projections on
Ppy_1 are equal. That is, v, = c(u)o(dz), as claimed.

Remark 8.10. Let G = SL(N,R), K = SO(N), and let M be the group of
diagonal elements of K. Then B(G) = K/M is the Furstenberg boundary of
G. The Poisson kernel on G/K x B(G) is

(8.11) P (gK, kM) = e—2r(H(g™"k))

N-1
= I llg ECer n--nep))
j=1
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where e1, ..., ey is the standard basis for RY (cf. [25, Section 4]). According
to [11, Proposmons 2.6-2.6'], a finite positive measure A on B(G) is uniquely
determined by its Poisson integral PA(gK) = | B(G) Py(gK, kM)XN(dEM). Map
K/M to Pn_1 by kM — [f£key]. Let Kny_1 = SO( — 1) be embedded in

SO(N) by u — k(u) = (1) 2), and let du be normalized Haar measure on
Kn_1. The key relation is

TR
- = Py(gK, kk(u)M)du.
lg=" ke[| Ky

To establish this relation directly, let ¢~ 'k = kjan be expressed as a Iwa-
sawa decomposition. In view of (8.11) we may suppose k; = I. Let a =
diag(a,...,an), and let a, n be the (N — 1) x (N — 1) matrix consisting of
the rows, columns 2,..., N of a, n, respectively. We have deta = al_l and
detn =1. For all j and u € Ky_1

(8.12)

(8.13) g tkk(u)er Ao Nej = (arer) Adnu(ea A+ Aey).

Let a = ai/N_ld so that deta = 1, and observe that (8.13) implies

(8.14) [ llg™ kk(u)(es A -+ Ae)| 2
N—1
201
= QIQ(N_l)ale H |anu(ea A--- Aej)|| 2

= a;V ] lanu(ea - Aej)| 72

If 7' = an € SL(N — 1,R), then since a1 = ||g”'keq||, the last term in
(8.13) is ||g~tker|| N PL(GKN_1,uMy_1). Here P! is the Poisson kernel for
SL(N —1,R)/Kn_1 x B(SL(N —1,R)). Since the Poisson kernel has integral
1, (8.12) follows. The uniqueness statement in the proof of Theorem 8.7 is now
a direct consequence of [11]. Simply lift the image of v, on Py_; to B(G)

with the help of du and the map kM — [tkeq].

9. A characterization of Lebesgue measure
This section is devoted to proof of the following theorem and its corollary
below:

THEOREM 9.1. Let N > 1, and let v be a Borel measure on RN such that
(a) v is even, i.e., v(—=U) = v(U) for every Borel set U and (b) v(E) = m(E)



SIEGEL MEASURES 923

for every ellipsoid E with center 0, where m(-) is Lebesque measure. Then
v=m.

COROLLARY 9.2. Let ¢ € C.(RN) and ¢ > 0 be given. There emist
ellipsoids Fn, ..., E, centered at 0 and § > 0 such that if v is an even Borel
measure, and if |v(E;) —m(E;)| < 0, then

| [ v@wian - [v@mdn) | < .

Proof of corollary. Suppose the statement is false. There exist 1) € C.(R")
and € > 0 such that for every finite set £ of ellipsoids with center zero there is
a Borel measure v = vg with the properties

(9.3) m(E)| < 1/(Card 5) (E € &)

et~ o] =

Let F be the set of such finite sets £, ordered by inclusion. The net {ve}ecr is
locally bounded, and therefore there is a subnet {vg/} such that lime ver = v
exists in the C.(R") topology. Use rE to denote homothety of an ellipsoid F
by r > 0. For any F and r; < 1 < r9, we have {r1E,roE} C &', large £'. Now

}Vg/(rjE)—r m(E) | < 1/(Card &').

This implies r{¥m(E) < v(E) < r¥m(E) for all 11 < 1 < rg, and therefore
v(E) = m(E) for every ellipsoid FE with center zero. Theorem 9.1 implies
v = m and, in particular,

hm/d) x)ve(dx) = /1,!)(.%)771 dx

This contradicts (9.3), and the corollary is proved. O

We shall prove Theorem 9.1 in two steps. First, we shall assume

(9.4) v(dx) = (z)m(dr)
where )(+) is uniformly bounded and continuous on RV\{0} and ¢ (—z) =
¥(x). An approximation (convolution) argument is then used to reduce to the
first case.

If 0 <6 < 7/2, and if on_1(0) is the surface area of the set of z € Sy_1
whose spherical distance from e; = (1,0,...,0) is less than 6, then

(9.5) on_1(0) = ;N_—ll (sin @)V 1(1 + o(1))

where o(1) is as § — 0. (Recall that on_1 is the surface area of Sy_s.)
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We focus on the ray Rte;. If 0 < a < 1 and R > 0, define E(a, R) to be
the ellipsoid

2
E(a,R) = {(w,y)|3:€R, ye RV, xz—l—% < RQ}.

For later reference we record

(9.6) m(E(a,R)) = o™ 'RV UWN = v(E(a, R)).
We shall study v in polar coordinates
(9.7) v(d(R,z)) = ¢(Rz)RN"YdRA(dx)

where A(dx) is the Euclidean surface area measure on Sy_;. It is our goal to
prove ¢ = 1.

If 0 < t < 1, the intersection of E(a, R) with the sphere S(tR) = {(z,y) |
22 + ||y||* = t?R?} has one or two components, one if ¢+ < a and two if ¢ > a.
The contribution to v(E(a, R)) from values t < a is O(a’Y). As we shall be
letting @ — 0, it will be no loss to assume a < ¢t < 1.

If 0 <z =tRcosf and |y|| = tRsin6, then (z,y) € S(tR) N E(a, R) if

and only if
a(1—1t? 1/2
inf - — :
sinf < t<1—a2>

Let Q(a,t) be this region on the unit sphere (i.e., u = cosf, ||v|| = sinf <
1/2
g (1_t2) ). From (9.6) we have

t \ 1-a?

1
9.8) o RYY — o) + / [2 / W(tRz)dA(z)| N1 RN dt.
N a Q(a,t)
Divide by a™'R" and use (9.5) to find
1
ON _ ON-1 Nt
= 0 + [ awem) o) [(1- ) o) ar

where o(1)’s are as a — 0. We conclude that for all R > 0

on N-1 _

S /11/1(15R)(1 — %)% at.
0

(9.9) Son1 N

Now the left side of (9.9) also equals fol(l - t2)¥dt as is easily checked. By
the Wiener tauberian theorem, applied to the bounded function ¥ (r), r > 0,

N—

and (1 — tQ)Tlx(Oyl)(t) € L' (R*, %), we have

/11/1(tR)dt ~ 1 (R>0)
0
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Since 9 is continuous, ¥(r) = 1, » > 0. Therefore, v(dz) = Y(xz)m(dx) =
m(dx), and Theorem 9.1 is proved in this special case.

Now let there be given an arbitrary measure v(dz) which satisfies the
hypotheses of Theorem 9.1. Let H = RT x K, K = SO(N). Identify RV\{0}
with H/SO(N — 1) by the map h — hey = tken, t > 0, k € K. There is a
canonical lift p of v to a Borel measure on H which is right invariant under
(the embedded) SO(N — 1). Because v is even, p is right invariant under
L={ke K |k{xen}={Len}}.

Let ¢ € C.(H) be such that

(9.10) / o, Ou=N=du m (dl) = 1.
H

Use ¢ and p to set up a function ¥ on H, where

(9.11) doko) = = [ o (5 k") e, )

The right L-invariance of p implies @@ is right L-invariant. Therefore, 1& deter-
mines ¢(-) on RV\{0}, where

(9.12) Y(x) = P(s,ko) (2= skoen).

It is evident that v is continuous and even.

Let 0 < rg < 1 < 00 be such that ¢ is supported on [rg,r;] X K. Given
s > 0, the set of ¢ such that ¢ (f,kko_l) # 0 for some k € K satisfies t < s/r9,
and therefore

A

a onN [ S N
i < el (2) 5

To
X NTN'

Fix an ellipsoid E centered at 0. We have
| v @m(ds)
RN

- / V(skoen)x (sken)s™ ~tds myc(dko)

k _ _
= [ R [ (2 e )Y s e ao)
X

= [ | xetut ot )| ot 0% it
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where in the last line we have substituted u = 3 and £ = kky kg = 07k,
The expression in brackets has, by assumption, the value m (EE ) = uLNm(E)

By (9.10) we have -
P(@)xp(x)m(de) = m(E).
RN

Since 1 € C(RM\{0}) is bounded, the first part of the argument implies ¢ = 1.
It follows that for any ¢ € C.(H)

(9.13) /H o (2o khg") td(t, ) = 5 /H o, 0y~ m (de).

Since (9.13) is also true when g is replaced by the measure ¢V ~'dtmy (dk),
and since ¢ € C.(H) is arbitrary, it must be that u(d(t, k)) = ¥~ tdtm (dk).
This implies v = m is Lebesgue measure, and Theorem 9.1 is proved.
Theorem 9.1 has been stated for Lebesgue measure since that is the im-
mediate application. A small modification of the two step proof establishes

THEOREM 9.4. Let vy, vro € My be even, and assume v1(E) = vo(E) for
every ellipsoid E with center 0. Then v; = vs.

Proof. Let v = 11 — v, and first assume v has the form (9.4). One is

led by the same argument to the relation (9.9) with 52X Nl replaced by 0.

20n_1 N

One then infers v = 0. In the general case lift v to p on H = Rt x K as in
the paragraph which contains (9.10), and given ¢ € C.(H) define ¥ by (9.11).
¥ determines ¢ by (9.12), and one finds % is bounded and even with integral
zero over every ellipsoid E centered at 0. Then 1 = 0, whence 1& = 0 and,

letting ¢ vary, p = 0. Details are left to the reader.

10. Uniform distribution

Theorem 9.1 and Corollary 9.2 have as an almost immediate consequence
a sort of “Weyl criterion” for a notion of uniform distribution on RY. B =
B(0,1) is the unit ball in RY.

THEOREM 10.1. Let {v, | a € A} be a net of even, locally finite Borel
measures on RYN. Assume there exist ¢ < oo and a dense set F C G x RT
such that

(10.2) lim vo(tgB) = ctNUWN ((g,%) € F).

Then

(10.3) lin}‘ (2)vo(dz) = ¢ (z)m(dz) (z/JECC(RN))
ac RN RN

where m(dx) is Lebesgue measure.
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Proof. Tt is easy to see that the hypothesis on F is also true on F =
G x R". Then (10.3) is an immediate consequence of Corollary 9.2. O

We shall also apply Corollary 9.2 to nets with index set A = R* which
depend upon a “parameter” v € M (Section 8). Let p be a Siegel measure
supported on M$; and for each v € M, and R > 0 define

(10.4) VR = TRV

where Trr(U) = R™Mu(RU), as in Section 8. Theorem 7.1 and the G-
invariance of p imply

. 1 _ IN N -1 _ 9N
dm o7 tve®) =07 ], = Jim [ nB) - |
As vp(tB) = tVvr(B), we also have
(10.5) Jim Hg #(tB) — ¢(u )tN"NH

Let ¢ € C’C(RN ) and € > 0 be given. Corollary 9.2 implies there exist
§ >0 and (gj,t;) € G x RT, 1 <j <r, such that whenever v is an even Borel
measure such that \gfly(t‘B) - c(u)tNU—N| <d,1<j<r,then

(10.6) )/q/) v(dz) — e /¢ e

From (10.5) we have

It follows therefore that
Jim () = () (m)

exists in y-measure for every ¢ € C.(RY). Since ¥, (vr) converges in L'(u)
as R — oo for every ¢ > 0, it also follows that {¢)(vg) | R > 0} is uniformly
integrable for every 1 € C.(R"™). As a consequence we have

THEOREM 10.7.  Let p € P(MYS) be a Siegel measure, and let vg, R > 0,
v e M be as in (10.4). For all ¢y € C( RM)

(10.8) hm H/z/) z)vg(dx) — c(p /1/1 0.

Let u € P(M%) be a Siegel measure, and let £ C R be an unbounded
set. Assume it is known to be true that for p-a.e. v there is a dense set
F(v) C G x R* such that
lim g 'vr(tB) = c(Wt" T ((9.t) € F(v).

R—o0
REFE
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Theorem 10.1 implies that if m(dz) is Lebesgue measure, then for u-a.e. v

lim vp = c(u)m
R—o0
ReFE

in the C.(R") topology. Theorems 5.28, 10.7, the proof of Theorem 10.1 and

a Borel-Cantelli argument imply

THEOREM 10.9. Let p € P(MS) be a Siegel measure. There exists a
sequence R, — oo such that for p-a.e. v

(10.10) lim g7lvg, (B) = C(M)%N (9€G)
(10.11) lim vy, = c(u)m.

Convergence in the second line is in the C.(RN) topology.

11. Quadratic differentials

Fix p, n > 0, and let M, ,, be a closed oriented surface (M),) of genus p
with n punctures (S,). H(p,n) denotes the group of orientation-preserving
homeomorphisms of M, ,, with identity component Hy(p,n). Set Map(p,n) =
H(p,n)/Ho(p,n), the mapping class group.

Q% (p,n) denotes the set of admissible positive F-structures on M, ,. A
positive F-structure is an atlas u on M, , with three properties: (i) coordinate
transitions are locally translations, (ii) u is compatible with orientation and
(iii) w is maximal relative to (i) and (ii). The euclidean metric lifts via u charts
to a Riemannian flat metric g(u), and u is admissible if M, is the completion
of M, for the g(u) geodesic function. u determines a complex structure J(u)
and nowhere zero holomorphic 1-form w(u) (= f*dz for u chart functions f);
admissibility is equivalent to the requirement that J(u) extend to M, and w(u)
extend as a holomorphic 1-form. If w(u) has a zero of order v at s € S, g(u)
has a cone singularity with cone angle 27(v + 1) at s.

Define M*(p,n) = Q% (p,n)/Hy(p,n). M*(p,n) carries a complete met-
ric with respect to which Map(p, n) acts properly discontinuously by isometries
(cf. [22, Section 1]).

The map u — @ € H,(M,, Sy) is a local homeomorphism which en-
dows M™(p,n) with the structure of a complex manifold ([22, Remark 7.22]).
In local coordinates Map(p,n) is represented by GL(2p — 1 4+ n, Z) acting lin-
early on H&(M,,S,) = C#*~1"  Therefore, Map(p,n) preserves not only
the complex structure on M™(p,n) but also the lift to M™*(p,n) of the eu-
clidean volume form on Hé(Mp, Sp), made canonical by the requirement that
the lattice HJ(M,y, S,) have covolume one ([22, Theorem 7.17]).
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Let G = SL(2,R). If g € G and u € QT (p,n), then gu is defined by
postcomposition of u chart functions with the R-linear transformation g. One
finds gu € Q" (p,n) and that w(gu) has the same zero structure on S, as w(u).
In terms of the common underlying real analytic structure on M, ,, we have

(11.1) w(gu) = aw(u) + B w(u)

when g € G is represented by (g g) € SU(1,1).
We find therefore that

(11.2) w(gu) = aw(u) + B w(u).

The G action on Q7 (p,n) commutes with the action of Hy(p,n) and therefore
descends to M™(p,n) where it is, by (11.2), real analytic. Since detg = 1
implies (11.2) is euclidean volume preserving G preserves volume on M™ (p, n).
If m = [u] € M (p,n), define V(m) = %fMp w(u) A w(u). V() is real
analytic without critical points, and therefore Mf(p, n) = V711 is a real
analytic real codimension one submanifold. V(-) is G-invariant, and therefore
dV and the canonical volume element on M™(p,n) determine a canonical G-
invariant volume element on M7 (p,n). This volume element satisfies

(11.3) Vol (M (p,n)/Map(p,n)) < oco.

(See [12], [21], [22], [15].)
In what follows M denotes a fixed connected component of M]L(p,n) /
Map(p,n). A denotes the G-invariant probability measure obtained, using

(11.3), by normalizing the natural image measure on M. We recall that
(M, G, \) is ergodic ([12], [21], [26]).

Remark 11.4. Let (M,G) be as above. We recall that if m € M and
I'(m) ={g € G | gm = m}, then I'(m) is a discrete subgroup. For a dense set of
m I'(m) is a lattice. (For example, I'(m) is a lattice ifw/(u\) (m = [u] Map(p,n))
is projectively a rational class. [23]) For such m the normalized Haar measure
on G/I'(m) determines an ergodic invariant probability measure on the orbit
Gm C M. Another measure of interest arises when there exists 7 € H(p,n)
such that 72 = Id and Fix 7 C S,,. Define M (p,n) to be the set of [u] such
that for some ¢ € Ho(p,n) and 7, = oo™, Thw(u) = —w(u). Mf(p,n)is a
closed set and complex submanifold which also carries a natural G-invariant
volume. Proceeding by analogy with the discussion above, one finds that
M7 (p,n) N Mt (p,n) also carries a G-invariant volume and the projection
in M7 (p,n)/Map(p,n) has finite total volume. (The projection depend only
upon [7] € Map(p, n), of course.)

If M7 is a component of (MT(p,n) N M (p, n)) /Map(p,n) then M
carries a natural normalized G-invariant ergodic measure ([26, Theorem 6.14]).
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Of course, M{;; € M for some component M C M (p,n)/ Map(p,n). Exam-
ples such as M|, arise from lifting via 2-sheeted branched coverings quadratic
differentials in genus p’ > 0 to holomorphic 1-forms which are odd relative to
the (branched-) covering transformation.

12. Siegel measures and quadratic differentials

Let S(p,n) be the set of free homotopy classes of simple closed curves in
Mpyp. It m = [u] € M (p,n), we define S(m) to be the set of v € S(p,n)
such that v has a closed g(u)-geodesic representative for any u € m. When
v € S(m), there is a number a(m, ) > 0 which is for any u € m the area of the
cylinder of closed g(u) geodesics which represent 7. There is also a symmetric
pair of vectors +v(m, ) giving the length and possible directions, determined
by any atlas u € m, of closed geodesics which represent ~y. It is an elementary
consequence of the definition of the metric on M™(p,n) (|22, Section 1]) that
for any v € S(p,n) and s > 0 the set

(12.1) U(y,5) ={m e M"(p,n) | v € S(m),a(m,7) > s}

is open and the pair +v(m,y) varies continuously on U(7,s). In particular, if
1 > 0 is a Borel function on R?, the function

(12.2) Tap(m) = Y X(y.e)(m)¥ (£o(m, 7))

YES(p:n)

is Borel. (The + indicates two summands for each v € S(p,n).)

A starting point for the present work has been the theorem of Masur which
is cited in the introduction. If we define N(m, s, R) to be the growth function
of

(12.3) II(m,s) = {£v(m,v) | vy € S(m),m € U(y,s)}
then
(12.4) N(m,0,R)=O(R?) (R — o).

Masur also establishes a lower quadratic bound which is not necessary for the
present discussion. If V(m) =1, and if 0 < s < V(m), then as is implicit in
[13] there is a uniform constant C(s,p,n) < oo such that

(12.5) N(m,s,R) < C(s,p,n)(R*+1) (V(m)=1, R>0).

This implies that if ¢» > 0 is bounded, Borel with compact support, then T
((12.2)) is uniformly bounded on M{ (p, n).

Now let us suppose given an ergodic G-invariant Borel probability measure
n on M{ (p,n)/Map(p,n). Let 0 < s < 1, and let v, s be counting measure
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on the set II(m,s) in (12.3). From the definition of G action in Section 11 it
follows for any m, s that

(12.6) gIl(m, s) = II(gm, s) (g €@Q).
If we couple this with (12.4)—(12.5), we find
(12.7) Um,s € Mo

Vgm,s = 9Vm,s-

The discussion of (12.2) implies the map

(12.8) €s(m) = vm,s

is Borel; therefore the measures

(12.9) ns=&n  (0<s<1)

are Borel measures on Ms. Since 7 is G-invariant and ergodic, (12.7) implies
ns is G-invariant and ergodic. We have

THEOREM 12.10. Let n be a G-invariant ergodic probability measure on
M (p,n)/Map(p,n). For all s such that 0 < s < 1 the measure ns = &,
defined by (12.8)—(12.9) is a Siegel measure.

Our main result concerning quadratic differentials, Theorem 12.11 below,
is now a corollary of Theorems 12.10, 6.5, 7.1 and 10.6:

THEOREM 12.11. Let i be an ergodic G-invariant Borel probability mea-
sure on M7 (p,n)/Map(p,n). There exist constants c(n,s) < oo, 0 < s < 1,
such that the following statements obtain:

I If b > 0 is Borel on R?, and if Tsp, 0 < s < 1, is defined by (12.2),
then

(12.12) / Tsip(m)n(dm) = ¢(n, s) /1/1(3;)d:c.
M (p,n)/ Map(p,n) R?
IL. If 0 < s < 1, and if N(m,s, R) is defined as the growth function of
II(m, s) in (12.3), then

. N(m,s,R)
(12.13) B}EEOT = c(n,s)m

in L' (M{ (p,n)/ Map(p, n),n).
L If 0 < s < 1, if ¥ € Co(R?) and if Yr(v) = ¢ (%), then
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(12.14) i (Tag) (m) = (.5 / ne

in L* (M (p,n)/ Map(p, n), 7).

Remark 12.15. While the focus in this paper has been on periodic tra-
jectories, entirely analogous results follow by the same techniques for sets in
the plane which represent simple geodesics joining cone points (i.e. zeros) for
the metrics |w|?, w a holomorphic 1-form. The requisite quadratic (upper)
estimate is also due to Masur ([13]).

13. Properties of ¢(7, s)

Notations are as in Section 12. If ¢» > 0 on R?, the monotone convergence
theorem, applied in (12.2) to counting measure on S(p, n), implies the function
s — Ts1p(m) is for each m continuous from the right on [0, 1). If ¢ is assumed
to be Borel with finite positive integral over R?, (12.12) and the monotone
convergence theorem imply ¢(n, -) is also continuous from the right on [0, 1).

It is not true in general that ¢(n,-) € C([0,1)). When 7 is concentrated on
an orbit (see the first part of Remark 11.4), the range of a(m, ) is a finite set
([23]) and ¢(n, -) is a step function which is, in general, not constant. However,
the fact that Tyt € L'(n), ¢ as above, and the dominated convergence theorem
imply that if s — Ts1p(m) is for each sp € (0,1) and a.e. [m] left continuous at
s0, then ¢(n,-) € C([0,1)):

PROPOSITION 13.1.  Let n € P (M7 (p,n)/ Map(p,n)) be invariant and
ergodic. If so € (0,1) is such that

n{lm] | a(m,v) = sy for some v € S(m)} =0
then c(n,-) is continuous at sg.

In what follows M denotes a fixed topological component of M7 (p,n)/
Map(p,n) and A the G-invariant probability measure obtained, using (11.3),
from normalizing the natural image measure on M. We recall that (M, G, \)
is ergodic ([12], [21], [26]).

The discussion which follows is local. Therefore we fix M and [mg] €
M and work with mg and a fixed v € S(mg) such that a(mg,y) = so. By
definition V(mg) = 1. Let U(myg) be an open set in M7 (p,n) containing mq
and with the properties (i) v € S(m), m € U(mp) and (ii) @(-) is schlicht on
U(mgp). The functions V(-) and a(-,) are quadratic forms in the coordinate
(ii). In particular, if V(m) = 1 implies a(m,7) = sp in this coordinate, then
a(-,7y) — soV(-) is identically zero on U(mg). We shall observe this implies
sp=land 2p—1+n=2ie,p=1=n.



SIEGEL MEASURES 933

With notations as above we consider separately the cases sg = 1 and
so < 1.

Case 1. sp = 1. Let C(myg,y) be the cylinder which corresponds to .
Since a(mg,y) = 1 = V(my), there is a parallelogram P of area one and a
gluing-by-translation rule on 9P such that P/ ~ equipped with its natural
1-form (‘dz’) realizes mg. The gluing rule is pure translation between one pair
of parallel edges and piecewise translation between another pair of edges. If
the latter gluing is not pure translation, that is, if 2p — 1 +n > 2, it is clear
by inspection that a(m,vy) # 1 on U(mo) N {||m| = 1}. If p=1 = n, then M
is an orbit.

Case 2. 0 < sgp < 1. Geodesic triangulations of C(mg,vy) and M)\
C'(mo,y) can be used to define two nonempty sets of geodesics, A and B, joining
points of Sy, such that AN B =0, AU B span H;(M,,S,) and the areas of
My, \C(mg,v) and C(my,y) are quadratic forms Qo (w(-)) and Q1(&(+)), with
Qo depending upon w(m) ‘A and @ depending upon w(m) {AUB’ It is possible
to vary m in U(my) in such a way that w(-) ‘A remains constant while Q1 (w(+))

does not. We have by assumption a(-,vy) = soV () on U(my), and therefore
(13.2) Q1(w(m)) = so (Qo(w(m)) + Q1(w(m)) .
Varying m as above we find that s = 1, Q9 = 0, a contradiction.

THEOREM 13.3. Let 2p — 1+ n > 2, and let M be a component of
M (p,n)/ Map(p,n) equipped with its invariant normalized volume \. Then
(A\,5) € C([0,1)). Moreover, c(\,-) is strictly decreasing on [0,1) and
(\,17) = 0.

O

C

Proof. Case 1 above implies that when 2p — 1 +n > 2, then for A-a.e.
[m] € M the function s — Ts1(m) vanishes as s — 1 as soon as there exists
s such that Ty (m) < co. Assuming ) > 0 is integrable over R?, this latter
requirement is satisfied for A-a.e. [m]. Therefore ¢(\,17) = 0. To prove that
c(A, ) is strictly decreasing it is sufficient to prove there exists [ms] € M,
0 < s <1, and v € S(ms) such that a(ms,v) = s. To this end fix any
m € M7 (p,n) such that [m] projects to a point of the given component M.
Choose any cylinder of closed geodesics for m, and observe that this cylinder
may be elongated or shortened so as to occupy as large or small a relative
portion of the total volume of (the altered) m. Normalizing the altered m
produces mg for any s € (0,1). O

Question 13.4. If 2p — 1 +n > 2, and if (M, \) are as in the theorem, is

c(A,s)
c(A,0) ?

there a simple formula for b(\, s) =
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14. Pointwise statements

Let G = SL(N,R), K = SO(N), and let A}; be as in Section 5. 7 denotes
a continuous unitary representation of G on a Hilbert space H such that (a)
7 admits a cyclic vector u, ||u|| = 1, which is fixed by K and (b) 7 admits no
nonzero invariant vectors. In addition we assume (c) if N = 2, then 7 does
not almost have invariant vectors; that is, there exist € > 0 and a compact set

C C G such that
(14.1) Macgi |m(c)v —v]| > el (ve H).
ce
If g € G, express g as g = ki(g9)a™(g)ka2(g) with kj(g) € K, j = 1, 2, and

a™(g) € AY. Define o(g) to be the minimum of the ratios between diagonal

entries of a*(g) = diag(ai(g),...,an(g), ie., o(9) = an(g)/a1(g). The as-
sumption (a)—(c) above together with estimates in [9, Chapter V], imply there
exists 7 > 0 such that if o(g) is sufficiently small, then

(14.2) | (m(9)u,u) | < o(9)”  (9€G)

where (-,-) is the inner product on H.
We specialize g in what follows. We define

a(t) = diag (e(N_l)t, N3t ,e(l_N)t> € AL, t>0.
We have
(143) Qe on(a®)ull = [ (r(alt) kalt))u ) ma k).

To estimate the size of the integrand in (14.3) in terms of (14.2) it is necessary
to estimate the first and last diagonal entries of a*(a~!(t)ka(t)), k € K. The
first diagonal entry, denoted af, satisfies

N'Y2af > |la” (t)ka(t)|us

where || - ||us is Hilbert-Schmidt norm. If S(k) = Zévzl(l — k:?-j), the Hilbert-
Schmidt norm satisfies

lo™ (®)ka(t) lus > Max (N = S(k))/, B2 S (k)!/?)

where 3 > 0 is a dimensional constant. Since S(k) = S(k~!), the last diagonal
entry, ajy, of a(t)ka(t) satisfies

NY2(1/a%) = a7 Ok a(®)llns = Max (N = S(k)"/2, Be*S(k)/2)

and therefore

. N N
U(afl(t)ka(t)) < Mm(N—S(k)’ BQS(k)e‘”).
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Let v(t) > 0, to be determined later. The open set {k | S(k) < (t)} has Haar

N
measure commensurable with ’y(t)( >) since dim K = . Let 1 be as in

2
(14.2), and choose (t) to satisfy

A)(3) = (W)n

_ n

’}’(t) —_ (ﬁ2€4t) n+(g) .

Now divide the integral (14.3) into two integrals according to whether
S(k) < ~(t) or S(k) > ~(t). The integral is, by the choice of y(t), bounded by

or

(14.4) 1Qx o m(a(t)ul|* < Ce™!

v+ (%)

We now suppose p is a Siegel measure on My, N > 1. It is necessary to
assume

&=

(14.5) Xs € L*(n) (B =DB(0,1)).
Define u(-) € L?(u) by

~ ON
(14.6) u() = T (v) — () 2.

Theorem 6.5 implies u has integral zero. Since p is by assumption ergodic,
the cyclic subspace H(u) C L?(u) generated by the G-orbit of u contains no
invariant vector. If N = 2 we assume

Assumption 14.7. If N = 2, then H(u) does not almost have invariant
vectors.

Of course, Assumption 14.7 is the same as (c¢) in the first paragraph of
this section applied to the Siegel measure setting.
With notations as above we apply (14.4) to obtain

2

/ (/</ (QB(a(t)ku) — C(#)%) mic(dk) | p(dv) = O(e%h).
My
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Fix 6 > 1/¢, and define t,, = dlog(n + 1), n > 0. Since e~¢» = 1/(n + 1)¥ is
summable, the Borel-Cantelli lemma implies

(14.8) lim [ Xj(a(ty)kv)mg(dk) = C(M)JWN (n—ae. v).

n—oo

K

Since an(t,)/an_1(tn) = e 27 — 0, (14.8) and (5.13) imply
(14.9)

1
Ny a; —:
lim ( N(tn)) <2UN_1 (1- 72)¥> dr = c(,u)U—N (b —a.e. v).

n—00 -\ \ on
0 an (tn)

LEMMA 14.10. Let X be a Borel measure on R*, and let ¢ > 0 on R™ be
such that for some o € R the function p(t)t* is monotone nondecreasing. If
T, / oo in such a way that T,,/Th+1 — 1, and if lim (T,) = € exists, where

n—oo

U(T) = [g+ e(TT)N(dT), then Th_r)rgo W(T) = 4.

Proof. For each T' > 0 define n by T,, < T < T,+1. The assumption on
@ implies ¥(¢)t* is monotone nondecreasing, and therefore

LY iy <o) < (Z28) utn).
(7) ()

Since T,,/Ty+1 — 1 by assumption, Tlim P(T) = lim ¥(T,,) as claimed. O
—00 n—oo
Collecting results the Wiener Tauberian theorem and Lemma 5.19 imply

THEOREM 14.11. Let p be a Siegel measure, and assume of p that X, €
L*(p). If N > 2, or if N = 2 and Assumption 14.7 is true, then for p-almost
all v

. NV(R) ON
(14.12) Rh_r)réo RN = C(M)W.

Moreover, for p-almost all v if ¢ € C.(RN)

(14.13) Jim o [0 (5) vido) = cl) [ v
RV

RN

Remark 14.14. Let X\ be the normalized G-invariant volume element on
a component M of M{ (p,n)/Map(p,n). Let Hy be the orthocomplement of
the constants in L?()\). Should it be the case that the representation (G, Hy)
does not almost have invariant vectors, then Theorem 14.11 applies to Parts II
and IIT of Theorem 12.11, at least for 0 < s < 1. The reason is that if s
is the Siegel measure on My determined by A, then X, € L>®(us) C L*(ps),
0 < s < 1. In view of the fact that ¢(\,-) € C([0,1)) by Theorem 13.3, it is
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possible that a pointwise a.e. result valid for s > 0 would imply a similar result
for s = 0. In this regard we raise the

Question 14.15. Let m € M{ (p,n) and ¢ > 0. Does there exist s =
s(m,e) > 0 such that

(14.16) N(m,0,R) — N(m,s,R) < eR?
for large R?

15. Regular points

Let M be a component of M{ (p,n)/Map(p,n). If £ € M, define u¢ €
P(M) by

(15.1) /M (y)ne(dy) = /K B(kEymc (dk).

The analysis in [10] may be seen to imply the orbit Gy is relatively compact
in P(M) with the C.(M) topology.

Definition 15.2. £ € M shall be called a regular point if
(15.3) Jim gpe = ne
exists in the C.(M) topology.

Ezample 15.4. Let & € M be such that the isotropy group I'(§) =
{9 € G| g§ = &} is a lattice in G. If mgr is normalized Haar measure
on G/T, and if ng/r € P(GE) € P(M) is the image of mg p under the map
gl' — g€, then by Theorem 1.2 of [3] { is regular and 7e = ng/r.

If £ € M is regular, then 7¢ is G-invariant and, as noted above, 7 €
P(M). ne is not a priori ergodic, but consideration of (a) the ergodic decom-
position of 7, (b) the fact Ty is bounded for each s € (0,1) and ¢ € C.(R?)
and (c¢) Theorem 6.5 implies

PROPOSITION 15.5. Let £ € M be regular. For every s € (0,1) there
exists ¢(§,s) < oo such that

(15.6) /M T (y)ne(dy) = c(§, s) /R2 Y(u)du (¢ € C(R?), 0 <5 <1).

If £ € M is a regular point, then because mass is preserved in the limit
(15.3), this limit exists in a stronger sense. More precisely, let Cy(M, &) be the
space of bounded Borel functions on M which are continuous 7¢-a.e. We have

LEMMA 15.7. If &€ € M is regular, the limit (15.3) exists also in the
Cy(M, §) topology.
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Proof. Fix f € Cy(M,&) and € > 0. Let @ be a compact set in M such
that (a) 7¢(M\Q) < € and (b) each ¢ € Q is a point of continuity of f. Let F'
be a Tietze extension of f ‘Q such that F' € Co(M) (|| Flloc < || flloc)- For each
q € Q let U(q,e) be a relatively compact open neighborhood of ¢ such that
|F(¢)—F(q)|+1f(d) = f(9)| <e, ¢ €U(g,e). Choose a finite set q1,...,qn
such that @ C U(e) = -, U(gj,¢). By construction |F(¢') — f(¢')] < 2e,
¢’ € U(e). Since mass is preserved in (15.3), there exists a compact set L C G
such that gue(M\U(e)) < 2¢, g ¢ L. Use (-,-) to denote pairing of functions
and measures. We have for g ¢ L

| (f,ame) — (f.ne) |
<|{f = Fogue) | + | (Fogue) — (Fone) | + | (Fung) — (fime) |
< (1422 flloc)et | (F.gue) — (Fyme) | +(1+2]| flloo)e-
Since the second summand on the right converges to 0 as ¢ — oo, and since

e > 0 is arbitrary, it follows that limg .o (f, gpe) = (f,m¢), f € Cp(M, ), as
claimed. 0

If 9 € C.(R?), and if 0 < s < 1, then T,y is a bounded Borel function
on M. Ty is continuous at any y which has no maximal cylinder of closed
geodesics of area s. It follows that if £ is regular, and if s is not a point of
discontinuity of ¢(&, ), then Ts1p € Cp( M, E).

In what follows if £ € M is a regular point, A(§) will denote the set of
discontinuities of ¢(&, ) in (0,1). We have

LEMMA 15.8. If€ € M is a reqular point, then

(15.9) lim [ Ts(gy)ue(dy)
M

g—0o0

= c(£,s) /R2 Y(u)du (v € Ce(R?), s € (0,1)\A(9)) .

Let B = B(0,1) C R2. It is an elementary consequence of (15.9) that the
same relation (15.9) also holds for the function ¢» = xp. Apply Theorems 5.19
and 10.1 to conclude

THEOREM 15.10. Let £ € M be a reqular point. With all notations as

above we have
(1511)  Jim W — e s)m (gEC, se(0,1\A)).

Moreover, if ¢ € C.(R?), and if we set p(u) = 9 (}%), then

(1512)  Jim %Tsz(g) = oles) [ wldu (s € (0.1\A).
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Theorems 0.3 and 0.18 of the introduction are both consequences of Theo-
rem 15.10 as it applies in Example 15.4. It is only necessary to recall from [23]
that if £ € M is such that I'(§) is a lattice, then there is a finite set E(£) C (0,1)
such that every maximal cylinder for £ has area s for some s € E(§). This

implies ¢(&, s) = ¢(&,07), for s small, and therefore (15.11)-(15.12) obtain also

for s = 0 and ¢(¢, 0) %ef c(&,0h).

16. Nonuniform lattices in G = SL(2,R)

The approach of Section 15 will be used in this section for two purposes.
The first is to establish an analog of the combined Theorems 0.3 and 0.18 for
an arbitrary nonuniform lattice:

THEOREM 16.1. Let I' be a nonuniform lattice in G = SL(2,R), and
assume —I € T'. Let A be a mazimal unipotent subgroup of I, and let v €
R2\{0} be such that Av = v. There exists a positive, finite constant c(T,v)
such that

- Card(¢gI'v N B(0, R))

(16.2) Rh—>oo 7 =c(l,v)7 (g €@).
Moreover,

o1 w 2
163w 5 > v (F) =l [ vlde e CRY),

wel'v

The proof of Theorem 16.1 will be modelled on the proof of Theorem 15.10.
Given the Weyl criterion, Theorem 10.1, the critical issue in Theorem 16.1 is
the relation (16.2). As with (0.4) one may prove (16.2) using the theory of
Eisenstein series (for (I';A)) and the Ikehara tauberian theorem, as in [23].
The latter approach also yields an explicit expression for ¢(I",v). Therefore,
a second purpose of this section will be to observe that ¢(I',v) may be com-
puted without the theory of Eisenstein series. In particular, the proof of the
following theorem (see [7, p. 224]) will not require knowledge of meromorphic
continuation of Eisenstein series (H = {z | Imz > 0}):

THEOREM 16.4. Let Ty C G = SL(2,R) be a lattice such that —I € T'y.

Assume Ay = { <(1) 711

The FEisenstein series

> ‘ n € Z} 18 a mazximal unipotent subgroup of I'y.

(165)  B(zs) = % S (mryl2)* (z€H, Res>1)



940 WILLIAM A. VEECH

is convergent for Res > 1. Moreover, if U(o), 0 < 0 < 00, is the set

-1
U(c) ={s|Res > 1,% <o},
then for all o
(16.6) lim (s—1)E(z,s) = | To\H |~
36817(%7)
where | - | denotes Poincaré volume.

To relate Theorems 16.1 and 16.4 let I', A and v be as in the statement

1
of Theorem 16.1. Choose gg € G so that go_lAgo =Ag = { (O T) ‘ n e Z},

and define I'g = g, Tgo. Let vy = [1) . Then replace gg by —go, if necessary,
and reletter so that govg = tv for some t > 0. Clearly,

(16.7) Card(¢gT'v N B(0, R)) = Card(ggoT'ovo N B(0,tR)).

Therefore, ¢(I',v) = t2¢(Tg, vo), or since |To\H| = [T'\H],

(16.8) e(T,v) = 2T\ H| .

In order to adapt the present discussion to the requirements of Section 15
we require a lemma below. Note the identity

(16.9) (Im g~ 14)® = ||gvo|| ~%* (9ge G, seC).

LEMMA 16.10. Let I'; A and v be as in the statement of Theorem 16.1.
There exists T = 7(I',v) < 0o such that

(16.11) Card(¢gTv N B(0,R)) < 7(R*+1) (R>0, g€ q).

Proof. In view of (16.7) it is no loss of generality to suppose I' = Iy,
A = Ap and v = vy (above). If H(R) = {z € H | Imz > #}, then (16.9)
implies gyvo € B(0, R) if, and only if, y"1¢g~'i € H(R). Since Agug = vy and
AoH(R) = H(R), (16.11) is equivalent to a bound

(16.12)  Card (Ao\ (Tog 'iNH(R))) < 7(R*+1)  (R>0, g€ q).

Let D be a pairwise disjoint collection of open horodiscs such that: (a)
I['yD = D and (b) if |[D| = Upep D, then I'o\(H\|D|) is compact. Observe
that if D € D and 7 € Ty are such that (yD)N D # (), then vD = D. We shall
divide (16.12) into two parts, one for g~!i € |D| and one for g~1i € H\|D|.

Since Ag\'H(R) has volume R? relative to the Poincaré volume %(C%;Aj)%’
and since I'o\ (H\|D|) is compact, there exists 71 < oo such that (16.12) is true
with 71 in place of 7 and g~ !i ¢ |D| in place of g € G.
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Let Ho1(R) = {# € H(R) | 0 < Rez < 1}. Elementary euclidean geom-
etry plus the fact the elements of D are pairwise disjoint imply there exists
79 < oo such that Card{D € D | DNHo1(R) # 0} < 7a(R*+1), R > 0. (Since
Do N'Ho1(R) # 0 for all R > 0, it is necessary to use R? + 1 instead of R?.)
Now (16.12) is also true with 73 in place of 7 and g~%i € |D| in place of g € G.
Set 7 = Max(71,72), and (16.12) follows. The lemma is proved. O

Proof of Theorem 16.1. Let ¢ € C.(R2), and define (g = e Y(gw).
Lemma 16.10 implies 1& is uniformly bounded on G/T". Since 1[1 is also contin-
uous on G/T', the Eskin-McMullen theorem and Theorems 5.19 and 10.1 may
be applied as in Section 15 to establish the existence of ¢(I',v). The theorem
is proved. O

In the notation of Theorem 16.4 define N (g, R) = Card (¢I'ovo N B(0, R)).
Setting aside the issue of convergence, the Eisenstein series (16.5) may be
represented for any z = g~ i and s, Res > 1 by

1

(16.13) B(z,5) = 5 > (Imy gl
’yEFo/AO
=2 > lgvwol >
’yEFo/AO
1 [*dN(g,R)
T2 /U - R%

Define Ry(g) > 0 so that gTgvg N B(0,2Rp(g)) = 0. Treat (16.13) as an
improper Stieltjes integral over (Ry(g), 00) and integrate by parts to find

> N(g: R) 196
(16.14) (s —1)E(z,s) = s(s — 1)/ TRl 2dR.

Ro(g)
The calculation is justified for Res > 1 by Lemma 16.10. Convergence of
(16.5) for Res > 1 is now established.

LEMMA 16.15. Let U(o), 0 < 0 < oo be as in the statement of Theo-

rem 16.4. We have for all z € H and 0 < 0 < 00

T
(16.16) lim (s—1)E(z,s) = w
855)(10')

Proof. Theorem 16.1 implies N(g, R) = (¢(To,vo)7 + 6(g, R)) R?, where
limpr_o0 0(g, R) = 0. Substitute in (16.14) to obtain that (16.16) holds pro-
vided

(16.17) lim s(s — 1)/ §(g, RYR'"*dR = 0.

sES;(lcr) Ro(g)
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Since |R'™%| = R'72Res and since | 2215 |< 0, s € U(0), (16.17) follows
from limp .~ d(g, R) = 0.

Let Ho1 = 'Hg,l(oo) ={z€ H|0< Rez < 1}. Since Hoq = Ao\H,
Ho,1 contains a geodesically convex fundamental domain 2 for I'y. We may
suppose there exists rg such that Do N Hp1 € €, where Dy is a horodisc
Do ={z € H|Imz > r2}. There exists a function 0 < y(x) < r¢ on [0, 1) such
that

(16.18) DQ={z=z4+wy|0<x <], y>y)}
Let I'§ = T'o\Ao. We have for all (2, s) that
1
(1619)  E(z,5) = (Im2)* = 5 Y (Imy7'z2)*  (2€H, Res>1).
76F3/A0

We shall be interested in (16.19) for z € Q. In this case we claim the series
on the right has no term such that v 'z € Dy. Indeed, Q is a fundamental
domain which contains Dy N Ho 1 meaning vQ N Dy = 0, v € I/ Ao.

Let N*(g, R) be the counting function for Tfjvg. We have for z = g~

(16.20)
Ry *
E(z,5) — (Imz)* = lim 1/1 M

Ri—00 2 /7o RQS
.| N*(g, R1) /Rl N*(g,R)
= 1 —_— _— .
R1lgloo QR%S 8 1/ro R2s+1 aR

For any fixed s, Res > 1, Lemma 16.10 implies this convergence is uniform on
Q. For fixed R; the first integral in (16.20) may be expressed as

(16.21) Ig,(z,s) = % Z (Im(’y_lz))st(Rl)(v_lz) (z€Q, Res > 1).

YElg /Ao

Using G-invariance of the volume element %(‘%;Aj)‘i we have from (16.21)

idzANdz 1 tdz NdZz
In, (2, ) 02002 1 / (Im 2y L 2N 42
/Q ' 2 (Imz)* 2 VG%AO Y-10NH(R1) 2 (Im 2)?

Since limp, 00 IR, (2,5) = E(z,s) — (Im z)® boundedly, we have for Res > 1

(16.22)
idzNdz / ol _
E(z,8) — (Im2)°) - = Im2)* “=dz ANdZ
JL G —may) S = [ ameyy

1 s—1
= / Lx) dzx.
0 s—1

Finally, we observe that
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LEMMA 1623, Let 0 < 0 < oo, and let U(0,1) = {s | Res > 1, =1L

< o and |s — 1| < 1}. The product (s — 1)(E(z,s) — (Imz)*) is uniformly
bounded on Q x U(o,1).

Proof. From (16.20) (after Ry — o0) and Lemma 16.10 we have

[e’s) 2
(s = D(B(z,8) — (m2)*)| < |s(s — Dir /1/ O R

~o (=D _ o

The lemma follows. O

Proof of Theorem 16.4. Fix 0 < ¢ < oco. Lemma 16.15 implies that for
each z € H
r
fim (s~ 1) (B(z,s) - (mz)7) = 00T
56%7;,1)

Lemma 16.23, the bounded convergence theorem and (16.22) imply

1
c(I'o, vo)m . _
(’7)\(2] = lim y(x)* tda
2 s—1
s€U(o,1)
=1.
Therefore, M = Q|71 and Theorem 16.4 is proved. O
Rice UNIVERSITY, HOUSTON, TX
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