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Some spherical uniqueness theorems
for multiple trigonometric series

By J. MARSHALL AsH and GANG WANG*

Abstract

We prove that if a multiple trigonometric series is spherically Abel sum-
mable everywhere to an everywhere finite function f(x) which is bounded below
by an integrable function, then the series is the Fourier series of f(x) if the
coefficients of the multiple trigonometric series satisfy a mild growth condition.
As a consequence, we show that if a multiple trigonometric series is spherically
convergent everywhere to an everywhere finite integrable function f(x), then
the series is the Fourier series of f(z). We also show that a singleton is a
set of uniqueness. These results are generalizations of a recent theorem of J.
Bourgain and some results of V. Shapiro.

1. Introduction and summary of results

We start with the question of spherical uniqueness of multiple trigono-
metric series for integrable functions under Abel summability. Greek let-

ters &, 7, - - - will denote points of the d-dimensional lattice Z?, Roman letters
x,y, -+ points of the d-dimensional torus T¢ = [—m,7)?, (-,-) inner product,
and | - | d-dimensional Euclidean norm. For a multiple trigonometric series

> eczd agewc’£> where the coefficients a¢ are arbitrary complex numbers, the
Abel sum is defined to be the limit of the function

f($7 t) = dezdafe“%@_‘glt
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as t — 07 if such limit exists. In general, denote

f*(x) = limsup f(z,t)

t—0+

— Rf(2) +iSf ()

fe(x) = Rfu(z) + iS fu(x) is similarly defined with limsup being replaced by
liminf.

It is well-known, when d = 1, that if Zageigr is Abel summable to 0
everywhere and if a¢ = o(|¢]), then all a¢ = 0. See, for example, [Vel] and
[Ve2]. To see that this theorem is sharp, look at the one dimensional series
8'(x) = = &sin&x, which may be thought of as the derivative of the Dirac
delta function. It is easy to check that this series is Abel summable to 0,
although the growth condition is just barely violated. Thinking of ¢’ as a de-
generate d dimensional function, it is immediately clear that the hypothesis of
a d dimensional uniqueness theorem concerning Abel summability will neces-
sarily have to carry some growth condition. One generalization of this fact is
due to Victor Shapiro, who extended one dimensional work of Verblunsky and
of Rajchman and Zygmund ([Sh]).

THEOREM 1.1 (Shapiro). Let Zagei<5’$> be a multiple trigonometric se-
ries. Suppose that

1. the coefficients a¢ satisfy the following growth rate condition:

(1.1) Z lag| =0 (R) as R — oo,
R-1<[¢|<R

2. f*(x) and f.(x) are finite for all x,
3. ag =a—_¢ for all §, and
4. min{Rf.(z), Sf(x)} > A(z) where A (x) is in L' (Td) .

Then f. (z) € L* (’]I‘d> and Za56i<5’x> is the Fourier series of f..

This theorem is sharp because the example 6’ mentioned above just barely
fails to meet condition (1.1). Nevertheless condition (1.1) is disappointingly
strong in the sense that when Abel summability is replaced by regular con-
vergence, condition (1.1) is not a direct consequence of convergence. However,
there is a known theorem concerning the coefficients’ growth rate for spher-
ically convergent multiple trigonometric series. In fact, it is implied by the
following Cantor-Lebesgue type theorem.
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THEOREM 1.2 (Connes). Let O C T be a ball or a subset which has full
measure and is of Baire second category relative to T¢. If Z|§\:R a§ei<9”’§> tends
to 0 as R — oo at every point of O, then

(1.2) €% = Z lag|* = o(1) as R — oo.
l€El=R

Connes proved this theorem for dimension d in 1976, twenty years after
Shapiro’s Theorem 1.1. Cooke [C] and shortly thereafter Zygmund [Z] had
completed the d = 2 case five years before Connes’ work.

An easy corollary of Theorem 1.2 gives the coefficients’ growth rate con-
dition for spherically convergent multiple trigonometric series.

COROLLARY 1.3 (Connes). Let O C T? be a ball or a subset which has full
measure and is of Baire second category relative to T. If limp_ oo Z\EISR age““"’{)
exists (as a finite number) at each point of O, then

(1.3) €% = Z lag|* = o(1) as R — oo.
lEl=R

The coefficients’ growth rate condition given by (1.3) does not imply con-
dition (1.1) when d > 3. To remedy this problem, we first prove the following
analogue of Theorem 1.1 under the condition (1.3). We use notation A ~ B
to denote B/2 < A < B.

THEOREM 1.4.  Consider the multiple trigonometric series Y ¢c za a§ei<9”’§>
where the coefficients a¢ are arbitrary complex numbers. Suppose that

1. the coefficients of the series a¢ satisfy
(1.4) D lael* =30 oo placl® = o(B?) as R — oo,
|gI~R
2. f*(x) and fi(x) are finite for all x, and
3. min{Rf.(z), Sfu(z)} is bounded below by a function A(z) in L*(T9).
Then f.(x) is in L*(T?) and deczd age™8) s its Fourier series.
Note that condition (1.3) implies condition (1.4) since

P |2=R§:1 > lagl = (Ril 1)= (R?)
ag ag o o .

€[~R k=R2/4 |¢[=k k=R2/4

Since (1.1) implies

> lag| = o(R?),

l§|~R
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(1.1) implies (1.4) if a¢ is bounded. But in general, and when d > 3, (1.1) and
(1.4) do not relate to each other. Notice that (1.4) implies that

DolacP= Y agP < Y el = o(R).

g[2~R R/2<[><R €[ ~VE

As a consequence of Theorem 1.2 and Theorem 1.4, we obtain the following
two spherical uniqueness theorems for multiple trigonometric series which are
convergent to a function. These theorems make no assumption whatsoever
about coefficient size.

THEOREM 1.5.  Let 3 ¢cza agei@’§> be a trigonometric series which con-
verges spherically everywhere to an everywhere finite function f(x); i.e.,
(1.5) lim Y aee™8 = f(x) for all 2 € T

R—o00

I§I<R

If min{Rf(x),3f(x)} > g(x) for all x and g(z) € L'(T?), then f(z) is in
LY(T?) and ag is the & Fourier coefficient of f(x) for all € € Z4.

In particular,

THEOREM 1.6. Let f(x) € L' (T9) be finite at every x. If deezd age’®:E)
is a trigonometric series which converges spherically to f(x) at every point x,
1.€.
(1.6) lim 3 a8 = f(x) for allx € T,

R—o00

EI<R
then ag is the &M Fourier coefficient of f(x) for all € € 7.

Special cases of Theorem 1.6 have been proved by various people. When
d =1 and f(z) = 0, this is the original uniqueness theorem of Cantor. For
general f(r) € LY(T!), it was first proved by de la Vallée-Poussin. When
d = 2, Theorem 1.1 combined with the work of Cooke [C] implies Theorem 1.4
and thus, Theorem 1.5 and Theorem 1.6. The major breakthrough came when
Bourgain [B] proved Theorem 1.6 for the special case of f(x) = 0. For a survey
on the uniqueness of multiple trigonometric series under various summation
modes, as well as many open problems in this area, please refer to Ash and
Wang [AW].

The proof of Theorem 1.4 is mainly based on Shapiro’s framework [Sh].
To avoid assuming condition (1.1), we exploit an idea that Bourgain [B] used
when he proved Theorem 1.6 for the special case f(x) = 0. We refer to (1.4)
hereafter as Bourgain’s condition, in his honor. This condition simply asserts
that Connes’ condition holds “on the average.”

The detailed proof of Theorem 1.4 is given in Sections 2 through 5.
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At the end of the paper, we begin the study of sets of uniqueness for
spherical convergence. As a first step toward establishing this theory, we show
that any singleton is a set of uniqueness.

THEOREM 1.7. Let q be a point on T?. Suppose that a multiple trigono-
Metric Series Y ec zd age“”’@ spherically converges everywhere except at q to a
function f(z) € L'(T?). Furthermore, suppose f(x) is finite for all x except q.
Then 3 ¢ za age ™€) is the Fourier series of f(z).

It is easily deduced from Theorem 1.2 and the following fact about Abel
summability, which is an analogue of a theorem of Shapiro [Sh, §6]:

THEOREM 1.8.  Consider the multiple (d > 2) trigonometric series
> eczd a56i<$’5> where the coefficients a¢ are arbitrary complex numbers. Let
q be a point on T?. Suppose that

L Ye~r lag|?> = o(R?) as R — oo,
2. f*(x) and fi(x) are finite for all x except q, and
3. f*(x) and fi(z) are functions in L*(T9).

Then 3 ¢e 74 age™8) s the Fourier series of fi(z).

Note that the theorem is false when d = 1 since the trigonometric series
S €® is Abel convergent to 0 everywhere in T\ {0}.

2. Proof of Theorem 1.4

We may assume d > 3 since the cases d = 1 and d = 2 are known.

We need some preliminary results and some notation before we start the
proof. Without loss of generality, by considering the real and imaginary parts
separately, we may assume that ag = @_¢, where @ is the conjugate of the
complex number a. Thus f(z,t), f*(x) and f.(z) are all real functions. In
addition, we may assume that ag = 0.

Define

(2.1) filet) = =3 08 i

fo(z,t) = Zg;&omQZ It

Under the condition (1.4), it is easy to see that for each x € T and t > 0,
f(z,t), fi(x,t) and fo(x,t) converge absolutely and hence are infinitely differ-
entiable as functions of ¢ > 0. Thus by the mean value theorem, for t; > t5 > 0,
there exist t3,t4 € (t2,t1) such that fi(x,t1) — fi(z,t2) = f(x,t3)(t1 — t2), and
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fo(x,t1) — fa(z,t2) = — fi(z,t4)(t1 —t2). Since for each z, f*(x) and fi(z) are
finite, f(x,t) is bounded for all ¢ > 0. The bound depends on x in general.
Thus, for each z, there exist finite-valued functions fi(x) and fa(x) such that

(2.2) fi(x,t) — fi(z) and fo(z,t) — fo(x) ast — 0.
On the other hand, if we define the Riemann function F(x) by
(2.3) Flao)= -3 25wt
227

then, because of the Bourgain condition (1.4), F(x) € L?(T%) and fa(z,t)

2
LFr () as t — 0T. In fact, observe that there is an absolute constant C such
that

e = S lael e
@4) @) -Fal} = 3% (1)

(o)
< Oy 21— Y agf?
k=1 |&[2~2k
ad k 2k/2+1
< CY 27F(1—e ¢
> )

— Oast— 0T,
Thus,
(2.5) fo(x) = F(x) ae.

The key to the proof is to show that Afs(x) = fi(x) almost everywhere.
To this end, we need to use a generalized Laplacian.

Let B(z, p) be an open ball in T? centered at z € T¢ with radius p > 0
and m(B(z, p)) the volume of B(z,p). Then m(B(z,p)) = vgp?, where v is
the volume of the unit ball in R?. For any locally integrable function g(z), the
average of g over B(z, p) is

1

Apg(z) = (B /B(%p)g(y)dy

1
= v Jsen 9(y) dy.
Let
(2) = Ipo,1)(7)
m(B(0,1))’
where I 1)(7) is the characteristic function of the unit ball. Denote 1(¢) to
be the Fourier transform of I(x). Then I(p€) satisfies the following properties:

- I(pg) -1 1/ )
2.6 lim ——>—— = —— xil(x)dr = c4 <0,
(26) p—0  p?[¢]? 2 Jpon ! (@) a
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and for [£] =1,
| [1(pré) —1 >0
2.7 Op | ——=——|| dr = /
(2.7) /0 ‘ " [ 0272 "=

Note that the constant ¢ in (2.7) is independent of p.
The above two equalities are standard. In fact, to see (2.6), rotate (choose

dr < c.

5 lf(ré“) - 1]

r2

the first coordinate axis to be in the direction of ) and use polar coordinates
to get
A 1 .
(2.8) I(pt)—1 = — (e P8 — 1) da
lz[<1
1

- - (e1PlEl — 1) da:
|z|<1

1 d—1
= ML [ (eos(plglan) = (1 - a}) 5 doy.

Vd
Since for any z € T, |cosx — 1| < 22 and lim,_g M = —%, by the bounded
convergence theorem and (2.8), we have
. j(pf) —1 vg—1 (1 2 2, d=1
1 M 0 2T 1—
p0 p?[€]? 2vq /—1 mi(l = o) dm
1

= —= 221 (z)dx = cq < 0.
2 JB(o,1)
Observe that the above argument shows 1(&1) = I(&) if |&1] = |€|. Thus, we
may abuse our notation and write I(£) = I([¢]).
Inequality (2.7) also follows similarly. If |¢| = 1, then

d—1
1—2d) 7 day.
p27’2 Vg 7'3/) ( xl) L1

I(pre) —1 Vg1 (1 — %irpzy)er®r —1
o, | =2 _ /
-1
Thus, for ¢ = —2v4_1/vg,

e I(pré) —1
it

dr

dr

e (1 —x%)% dxy

'/ (1-— —zrpxl) irpzy ]

| 1 (1 — Lirgy)elr™ —1 -
=c '/ 3ira1) (1—1‘%)% dzq| dr

7«3
5, li(r% — 1]

dr
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by the simple change of variable argument: pr — r. The above integral is
finite since

/1 (1 — Lirzy)e™ —1

d—1 C
3 (1—23)2 dry < 5 asr— oo,
-1 r r

and

1 , 1
(1-— §ir$1)e”x1 —1= iim‘l +O(r3) as 7 — 0.

Define the generalized Laplacian operator on g(x) € L' to be

~ 1 A —

p—0 cq P
if such a limit exists (not necessarily finite), where ¢4 < 0 is the constant
given in (2.6). We can also define the upper and lower generalized Laplacians
A*g(x) and A.g(x) by replacing lim by limsup and lim inf respectively when
the function g(x) is real-valued. It is clear that all three of these generalized
Laplacians agree with the usual Laplacian when applied to a C? function.
Recall that ag = 0. For fo(z,t) given by (2.1), we have for x € T,
(2.9)f4pf2($at) — folz,t) >y ag 1(p§) — 1 iwe-len

2 1€2 2
p 2ol e

_ _ZM T agcitmelel

2

o P l€2=k
k>1 \|¢]2<k

I(pVk)—1 I(pVEk+1)—1
T T 2Ry

— —f(@,t)caas p—0
since by the fundamental theorem of calculus and (2.7),

5 I(pVk)—1 I(pVk+1)—1 - /Ooo 5 [f(p?"{) - 1]

p*k p*(k+1) p>r?
for a constant b independent of p. Thus, the above argument shows that

dr < b < oo

k>1

(2.10) Afole,t) = lim — L Ael2e@:0) Zfo@t) _ p
p=0 Cq p
for x € T¢ and ¢ > 0.
To pass to the limit as t — 0T, we need the following lemma of Shapiro
(Lemma 7 of [Sh2]). To see that Shapiro’s lemma applies, note that F' € L?(T4)
implies F' € L1(TY).
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LEMMA 2.1.  If (1.4) holds, then at every point x where f.(x) and f*(x)
are finite,

(2.11) Afola) < f'(@)  and  fu(z) < A fola).

The following classical results on the Green’s function G(x) appear with
proof as Lemma 8 of Shapiro [Sh2]. (Also see Theorem 6 of Bochner [Bo].)

LEMMA 2.2.  There is a function G(z) in L*(T%) whose Fourier series is
given by 3 j¢|40 €| ~2e¥®€) . Further, G(x) has the following properties:

1. G(x) is in class C°(T?) away from 0 and AG(z) =1 for x # 0.

2. G(z) = ®(z) + H*(z) where H* is continuous on T? and AH*(x) = 1
for z € T4\ {0} and where ®(z) = Cylz|~ @2 for d > 3 with Cyq =
20-174/21(d/2) /(d — 2) and ®(z) = —27 log || when d = 2.

3. Let u(x) be an upper semi-continuous function on T which is also
in LYT?). Define U(z) = (2r)7¢ [7aG(z — y)u(y)dy and uy =
(2m) 74 [ra u(y) dy. Then Ul(x) is wupper semi-continuous on T,
U(x) € LT, and AU(z) > —u(z) + uo for € T Moreover,
A*U(z) = AU(z) = —u(z) + uo almost everywhere in T?.

A consequence of Lemma 2.2 is that for any integrable function u, the
Fourier series of U(z) = (27)™% [ra G(z — y)u(y) dy is 2] £0 ug|¢| 726 @)
where ug + >j¢|20 uéei("’f’£> is the Fourier series of u.

We now state the following key lemma which will be proved in Section 3.
The function U will not in general be periodic, so we have to work in R?, rather
than in T¢.

LEMMA 2.3.  Let fa(z) be as given in (2.2) where f(x,t) satisfies the
conditions in Theorem 1.4. Suppose that U(x) is an upper semi-continuous
function and that it is in Ll (RY). Let S(x) = fo(x) + U(z). If A*S(x) >0,
then S(x) is subharmonic in RY.

Remark 2.1. By modifying the proof of Lemma 2.3 in Section 3, Lemma 2.3
can be shown to hold locally. Explicitly, we can replace R? everywhere in
Lemma 2.3 by any open ball B ¢ R? and L. .(RY) by L'(B).

loc

We now are ready to prove Theorem 1.4.

Since A(z) € L'(T?), there exists an upper semi-continuous function u(z)
(see p.75 of [S], for example) such that u(z) < A(z). As in Lemma 2.2,
define U(x) = (2m)~¢ [ra G(x — y)u(y) dy, up = (27r2_d Jrau(y)dy and S(z) =

fa(x) + U(x) — ug|z|?/(2d). Then by Lemma 2.1, A*fo(x) > fi(x) > A(z) >
u(z). Consequently, by periodicity, Lemmas 2.2 and 2.3, S(z) is subharmonic
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in R%. Therefore, by Riesz’s representation for subharmonic functions and a
theorem of Saks [S], A*S(x) = A,S(z) almost everywhere and is in L' locally.
Since A*U(z) = A.U(z) almost everywhere and is in L' locally, this shows
that A*fo(z) = A,fo(x) almost everywhere and is in L' locally. Thus by
assumption and Lemma 2.1, f.(z) is in L! locally.

Let B(x) = min{f*(z), A* fo(x)}. Then by Lemma 2.1, A, fo(z) < B(z) <

A* fo(z). Consequently, B(z) = A* fo(x) almost everywhere, and is in Ll _(R%).

By a theorem of Vitali-Carathéodory (p. 75 of [S]), there exists a nondecreas-
ing sequence of upper semi-continuous functions {u*(x)} on R?, which are also

in LL (R%), such that each u*(z) is bounded above and u*(z) < B(z) for all
T € Rd,
(2.12) klim u*(z) = B(x) for almost all z € R?
and
(2.13) lim [ u*(y)dy = / B(y)dy
k—oo JE E

for any bounded set E C R Set Uk(z) = (27)7? [;a G(z — y)uF(y) dy
and uf = (27)~? [ u*(y)dy. Then (2.13) implies that uf is convergent to
bo = (27)" [;a B(y)dy as k — co. By Lemma 2.1-Lemma 2.3, we have
Sk(z) = fo(x) + U¥(x) — ub|x|?/(2d) is subharmonic in R
Note that 0 < B(z) — u*(z) < B(z) — u'(x). Since B(x) and u'(z) are
locally integrable on RY, by Lemma 2.2, (2.12), and the dominated convergence
theorem,
Jim UH() = U(@) = 2m) | G —y)B)dy  in L ()
and hence there exists a subsequence, still called U* for notational simplicity,
such that
lim Uk(z) = U(x) ae.
k—o0
Since for any sequence of subharmonic functions convergent in L', there is a
subharmonic function which is almost everywhere the L! limit of that sequence
(see p. 20 of [R]); S(x) = fa(z)+U(x) —bo|x|?/(2d) is almost everywhere equal
to a subharmonic function S,(z) in R%.
Similarly, there exists a sequence of nonincreasing lower semi-continuous
functions v*(x) on R?, which are also in L{_(R?), such that each v*(x) is
bounded below and v*(z) > B(z),

lim v*(z) = B(z) for almost all 2 € R?

k—oo

and

lim Ev'“(y)dyz/EB(y)dy

k—oo
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for any bounded set E C R?. Since —v*(z) is nondecreasing the above argu-
ments show that there exists a superharmonic function S*(z), which is almost
everywhere equal to S(x).

Therefore Si(xz) = S*(x) almost everywhere. The subharmonicity of S
and superharmonicity of S* show that at every x

(2.14) S, (x) < A1S.(z) = A,S(z) = A18%(z) < S*(x).

In addition, if both Si(x) and S*(z) are finite, for any e > 0, there exists § > 0,
such that

(2.15) Si(y) < Si(z) + € and S*(y) > S*(z) — ¢

for all y € B(x,6). Thus the fact that S, = S* almost everywhere and (2.15)
imply that S*(x) < S«(z) + 2¢e. So S*(x) < Si(z). In fact, a similar argument
shows that for all z, S.(xz) > —oo and S*(x) < oo since Si(z) < oo and
S*(x) > —oo by sub- or superharmonicity. Thus S,(x) and S*(x) are finite for
all z and S*(z) < S.(z). Consequently, by (2.14) S*(x) = S.(z) everywhere
and hence it is harmonic in R?.

But then,
* 1 *
S*(z) = — S*(y) dy
Va Jly—a|<1
1
= — S(y) dy
Vd Jly—z|<1
1 1
- [ Ry [ Uy
Vd Jly—x|<1 Vd Jly—x|<1
~ 0 d
5d vy |y_w'gly! y
= I+II+1II.

Since fo and U are periodic, I and II are bounded. Thus, S*(z) = O(|z|?).
By the penultimate inequality of Section 2.13 of [PW] it follows that every
second order partial derivative of S* is a bounded harmonic function and hence
constant, so that S* itself is a quadratic polynomial. (An alternative argument
can be based on expanding S*(z) into spherical harmonics.) Thus, the periodic
function fo + U is almost everywhere equal to a quadratic polynomial Q(z) =

01,07...70$% + ---. A simple countability argument shows that for almost every
z € R? we have (fo +U)(z + 27ne;) = Q(x + 2mne;) for n = 1,2,3,-- -, where
e1 = (1,0,---,0). Let n — oo to see that ci,...0 = 0. Similar reasoning shows

that Q(z) reduces to a constant K. Consequently, we have fa(z) = —U(z)+ K
almost everywhere. However, both U and F are integrable over T¢. The
integrals of U and fy over T¢ are both 0 by (2.5) and Lemma 2.2. So K = 0.
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Hence,
fale) = —Cr) [ G- y)Budy ae.
Td

= —en [ Ge-pA @y e
Finally, by (2.5), we have

Fla) = ~@n) | Ge-pAfa@dy ae

Comparing the Fourier series of both sides, we see that the a¢ are the Fourier
coefficients of A* fa(x) — K for some constant K. The Fourier series of the
integrable function A* fa(x)— K71, 3 age’®®) is Abel summable to A* fo(z)— K}
almost everywhere (Theorem 2 of [Sh2]). Thus, from the definition of f.(z),
fo(z) = A*fa(x) — K7 almost everywhere. Therefore f.(z) € L'(T%) and a¢
is the ¢ Fourier coefficient of fi(x). In fact, K1 = 0 by Lemma 2.1. This
completes the proof that Lemma 2.3 will imply Theorem 1.4.

We end this section with the following observation. It is well known that
if u(z) is an upper semi-continuous function in B = B(xg, ho) C T¢ and Gp
denotes the Green function of B, then when d > 3, the function

1
U(z) = —/ Gp(z,y)u(y)dy,
(z) o d=2) /s B(z,y)uly) dy
where o, is the surface area of the unit ball in R, satisfies

AU (x) > —u(x), for all z € B(xo, ho).

Replacing U everywhere by U’ in the proof of Theorem 1.4, we have the fol-
lowing lemma. Notice that we include the case where ag may not be zero.

LEMMA 2.4.  Let Y ¢cza age™8) be a multiple (d > 3) trigonometric
series with G¢ = a_¢. Suppose that the coefficients ag satisfy condition (1.4);

1. f*(z) and f«(x) are finite for all x € B where B C T% is a ball; and
2. fi(z) > A(x) for almost all x € B, where A(z) is in L'(B).
Then for any ball By C By S B, fiisin L'(By). Moreover,

Fa@) = fole) + s [ Gmnlon) o) dy + aolaf (20)

is finite everywhere and is almost everywhere equal to a function h(x) harmonic
in Bi. In addition, if f*(x) = f.(x) everywhere in B, is in L'(B), and is
continuous in B, then

R+ o [ Gl (o) dy + aolel/(20)

1s harmonic on B.
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Note that under condition (1.4),

ag ; T
§#0

is in L2(T%) and F(x) = fa(x) almost everywhere in T?. Combining the above
lemma with Lemma 5 of Shapiro [Shl], we have the following analogue of
Lemma 3 of Shapiro [Sh4].

Let B denote the interior of B.

LEMMA 2.5.  Let 3 ¢cza age“fc’£> be a multiple trigonometric series with
Ge = a_¢. Suppose that the coefficients ag satisfy condition (1.4),

1. f*(x) and f«(x) are finite for all x € B where B C T? is a ball (open or
closed), and

2. fi«(x) =0 for almost all x € B.

Then for any ball By C By C B°, f(x,t) converges to 0 as t — 0% uniformly
in By. In particular, f*(x) = f«(x) =0 in B.

3. Proof of Lemma 2.3

The proof of Lemma 2.3 is so difficult that this section will be given the
following preface.

The proof of Lemma 2.3 is extremely delicate, incorporating all the sub-
tle ideas from Bourgain’s landmark work [B] as well as an additional Baire
category argument that overcomes the unpleasant fact that an upper semi-
continuous function on a compact set need not be uniformly upper semi-
continuous. Some of the difficulty is pushed into Lemmas 3.2 and 3.3. The
proof of Lemma 3.2 contains a great deal of hard analysis. Even after so much
of the work in Lemmas 3.2 and 3.3 has been hidden, the reasoning involved in
the proof of Lemma 2.3 is still tortuous, and so we will provide an overview
here.

We assume that the set W where S fails to be upper semi-continuous is
nonempty and then reason down a path which eventually divides into two paths
each ending in a contradiction. First, a Baire category argument produces a
nonempty portion Z of W (Z = W N B for some ball B) such that S restricted
to Z is “very good,” fs restricted to Z is “very good,” et cetera.

Next, for each € > 0, let W, be the points of W where S has a jump of at
least e:

limsup S(y) > S(x) + ¢, for every x € W,.

Yy—x
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For each ¢ > 0 and each z € B\ W, consider the harmonic measure w of
OW. with respect to B\ W, at x. Our path splits depending on whether the
harmonic measure is “thin:”

(3.1)  w(B\ W, 0W,,x) =0 for all pairs (¢,2) with e >0 and = € B\ W,
or whether it is “thick:”
(3.2) w(B\ W, 0W,,x) > 0 for some ¢ > 0 and some x € B\ W_.

If (3.1) holds, from Lemma 3.2 it follows that S is bounded above and
Lemma 3.3 then applies and asserts that W N B = (), a contradiction.

On the other hand, if (3.2) is the case, we apply a second Baire category
argument to strengthen assumption (3.2) by producing an € > 0 and a subset
Z. of W, so that U is “uniformly €/40 subharmonic” when restricted to Z..
Furthermore, the set Z. is still “thick:” w(B\ Z¢,0Z.,x) > 0.

Finally a very careful procedure involving picking balls within balls within
balls is used to find a point p; of W, and a very nearby point ps of B so that
S(p2) — S(p1) is small relative to € because of Lemma 3.2, but large relative
to € because of S having large (relative to ) jumps at each point of W,. This
contradiction will complete the proof of Lemma 2.3 which we begin here.

Since A*S(z) > 0 and S(x) is in L' locally, we have S(z) < oo for
all z € R S(z) # —oo since S(x) is in L' locally. We first show that
S(x) = fa(x) + U(z) is upper semi-continuous in R?.

Let
(3.3) Wgz{xERd: sup S(y) — S(z) > € for a116>0}.
lz—y|<é
Then the set where S(x) in R? is not upper semi-continuous is given by
W= JW..
e>0

If W = 0, then S(z) is upper-semicontinuous. Now we assume W # ()
and construct the set Z. Bourgain’s condition (1.4) implies that f(x,t) =
> agei@’@*mt is a uniform limit of its partial sums and hence is continuous on

T x [%, oo) for every positive integer j. Taking periodicity into account, we

see that for each k, f(x,t) is uniformly continuous on R x [k—il, %} So we may
partition [%,1] intol=t >tg>--- >t = % so that fori =1,2,---,r — 1,
(3.4) sup  sup |f(z,t;) — flz, 1) < 1.

z€ERA ti>t>ti41
Then partition [%, %] into % =t > tpy1 > - >ty = % so that inequality

(3.4) holds for ¢ = r,r +1,---,s — 1 and so on, thereby producing a sequence
T = {t,} satisfying 1 =t; >ty > -, limp_, tx, = 0, and

(3.5) sup  sup | f(z,t;) — fz,t)[ < 1
zERI t;>t>t; 1
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holds for all k. Since f(z,t) is bounded as t — 0% for each x € R?,
U N{zer?: @ <n}=R"
n>1teT

Therefore,

UN{zeW:|f@n <n}=W.

n>1teT

Since for each positive integer n and each t € 7, the set
{0 €W |f(2, )] <n}

is relatively closed with respect to W, by Baire’s category theorem applied to
the space W (the intersection of countably many relatively open dense sets is
not empty), for some Ny > 1,

N {z e W:|f@1)] < No}

teT
has a nonempty interior relative to W. This means that there exist an open
ball B(p, po),p € W, and a constant Ny such that
(3.6) sup sup |f(z,t)] < No < 0.

€T zeB(p,po) W

Bourgain’s condition implies that sup,cpa | f(z,t)| < C, sup,epa | fi(z,t)] < C,
and sup,cpa | f2(x,t)] < C whenever ¢ > 1. Use

¢
fie,t) = [ fGo,9)ds+ fila,1),

(3.5) and (3.6) to see that there is a constant N > 0 such that

(37) sup|f1(a:,t)] <N,

rEZ
t>0

where Z = B(p, po) N W. Similarly, since

flest) = = [ i) ds + (o)
by (2.2),
(3.8) sup |fa(e) — fale, )] < NV

reZ
t>0

Therefore, fa(x) is continuous when restricted to Z. It follows that S(z) is
upper semi-continuous restricted to Z.

We will show a contradiction if W # (). Once S is everywhere upper semi-
continuous, it is subharmonic since A, S > 0. For this, see p.14 of [R]. This
will complete the proof of Lemma 2.3.

The following lemmas are needed in proving W = ().
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For a bounded open set G and Borel measurable set F', we denote w(G, F,, z)
to be the harmonic measure of a Borel set F' relative to G at z € G. Har-
monic measure is closely related to Brownian motion. Let ({X;}:+, ¢, P) be
the standard Brownian motion in R?. For z € G, let T be the exiting time of
X, from G:

T=inf{t>0:X, ¢G).

Then Xp € OG since X; is continuous in t. Let P* denote the probability
measure such that Xy = x almost everywhere. Then the harmonic measure
w(G,F,x) = P*(Xp € F).

The following properties of harmonic measure are well-known. We sum-
marize them as a preliminary lemma.

LEMMA 3.1. Let Fy C Fi C Fy be closed subsets of a bounded open set G.
Then for x € G \ F3,

(3.9) w(G\Fg,ﬁFg,x) Z w(G\Fl,aFl,m)
> w(G\Fl,aFo,l')Zw(G\FQ,aFo,.%').

To see the last inequality, let T; = inf{t > 0: Xy ¢ G\ F;}, i = 1,2. Then
T, < Ty. Note that on {Ty < Ti}, we must have X7, € G \ F;. Otherwise,
X1, € G\ (G\ F) = Fi. Thus by definition Ty > Tj, a contradiction.
But {TQ < Tl} C {XT2 € é\Fl} implies that {XT2 € Fl} - {Tl = TQ}.
Consequently, {Xp, € 0Fy} C {Xp, € Fo} C {Xp, € F1} C {Th = T»}. This
proves the inequality since

Px(XT2 S 8F0) = Px(XT2 € 0Fy, Th = Tz) < ch()(T1 € aFo)

The middle inequality is simply the monotonicity of the harmonic measure.
To see the left inequality, observe that on { X7, € 0F1}, X7, € 0F;. Otherwise,
X7, € 0G and Ty < Tj imply that X7, € 0G, a contradiction. Consequently,
{X1, € 0F1} C {X7, € 0F»}. This completes the proof.

The next three lemmas are essential to the proof of Lemma 2.3.

LEMMA 3.2. Let S, fo, and U be as given in Lemma 2.3. Let W be
the set where S is not upper semi-continuous. Assume that there is a open
ball B(p, po), p € W, such that when restricted to Z = B(p,po) N W, fa(z)
is continuous and (3.8) holds. Then, for p1 € W, B(p1,p1) C B(p, %,00) and
p2 € B(p1, %pl), there exists a constant ¢ > 0 such that for almost all such pq,

(310) S(pa) - S(pm) < c([rf2<p1>|+p;%<d‘”

N

X [1 = w(B(p1, p1) \ W,0(W N B(p1,p1)), p2)]
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+ sup [ f2(q) — fa(p1)]
q€B(p1,2p1)"W

+2 sup  (U(g) —U(pl)))
q€B(p1,2p1)

Lemma 3.2 is a one-sided version of Bourgain’s key lemma in [B]. The
proof is also similar and is given in Section 4. It follows from Lemma 3.2 that
S(x) is bounded from above in B(p, %) when p; = p.

LEMMA 3.3.  Assume U is defined on B(p,r) and is upper semi-continuous
on B(p,r). Let fo be a function in B(p,r) such that S(z) = fa(x) + U(x) is
bounded from above in B(p,r), in L'(B(p,r)), and satisfies

(3.11) A*S(x) >0, and A, fo(z) < 0o

for each x € B(p,r). If S is upper semi-continuous when restricted to W =
{x € B(p,r) :S(z) is not upper semi-continuous}, and for all x € B(p,r)\ W
the harmonic measure

(3.12) w(B(p,7) \ We, B(p,r) N W, x) =0

for all e > 0 where W, is given by (3.3), then W must be empty and S(zx) is
subharmonic on B(p,r).

The proof of Lemma 3.3 is given in Section 5. The special case when
U = 0 was proved by Bourgain.
The next lemma provides a harmonic measure version of a point density.

LEMMA 3.4.  Let B(po,r) be a ball in R? and F a closed set such that
B(po,r) N F # 0. Suppose for some x € B(po,r) \ F,

W(B(p()a’r) \Fa a(B(p()’T) N F),$) > 0.
Then there exists p1 € B(po,r) N F, such that

1 inf liminf inf  w(B F,8(B F),z) = 1.
(3.13) Juf limint inf  w(B(py, 8) \ F,0(B(p1, 1) O F), z)

The proof of Lemma 3.4 is outlined in [B]. For a detailed proof, see the
proof of Theorem 3.14 in [AW].

We now return to the proof of Lemma 2.3. By (2.5) and the fact that
F(x) € L*(T%), we have S is in L] (R9). For the duration of this proof, we

abbreviate B(p, po/8) to B. There are two cases.
Case one: for all € > 0,

W(B\W.,d(BNW.),z) =0
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for all z € B\ W.. Then by Lemma 3.2, S is bounded from above and by
Lemma 2.1, A, f, < oo everywhere. Also B(p, pg) was chosen so that S is upper
semi-continuous when restricted to B(p,po) N W. Thus all the hypotheses of
Lemma 3.3 are satisfied and W N B = (), which is a contradiction.

Case two: for some € > 0 and for some xg € B\ W, we have
(3.14) w(B\ W, d(BNW,),xq) > 0.

Even though U is upper semi-continuous everywhere, it may not be uni-
formly upper semi-continuous on W,. This presents a problem which did not
arise at the corresponding point in Bourgain’s proof. To deal with this, we
now introduce a subset of W, called Z,, on a portion of which there holds a

kind of uniform upper semi-continuity.
Let

Ze={ye BNW.:w(B\ W, B(y,0) N We,z0) > 0, for all § > 0}.
Then,
(3.15) w(B\W,,8Z.,70) > 0.

In fact, by definition, for each z € BN W, \ Z, there exists a ball B(z,6,),
such that

(3.16) w(B\ W, B(z,6,) N We, ) = 0.

The open cover {B(z,6,)} of BNW,\ Z has a countable subcover {B(z;,6,,)}.
Thus, (3.16) implies

wW(B\ W, BNW,\ Z.,x0) = 0.
So (3.15) follows from (3.14) as w(B \ W, Ze, z0) = w(B \ We, 8Z,, o).

Since U is upper semi-continuous,

U{yEZ: sup U(Z)—U(y)<i}—z.

m>1 [z—y|<2/m — 40

Apply Baire’s category theorem to the space Z, to see that there exists m > 1
and an open ball B(q, p) C B,q € Z, such that

Blg.p)NZ:ClyeZe: s T(s)-Tly) <.
|=—y|<2/m 40
Equivalently, for any fixed y € B(q,p) N Z,, there exists a sequence y, €
B(q, p) N Z convergent to y such that
(3.17) sup  U(2) — Ulya) <
|z—yn|<2/m 40



SPHERICAL UNIQUENESS THEOREMS 19

However, U is upper semi-continuous. So there exists 0 < § < % such that for
’yn - y‘ < 67

_ — €
U(yn) - U(y) < 4_0
Thus, for [z — y| < L, since |z — y,| < 2 if [y, — y| < 6,
(3.18) sup U(z) < U(yn) + << Ul(y) + <.
yl< L 40 20
lz2—yl<s;
Without loss of generality, we assume that % <L

Because q € Z,, we also have
(3.19)  w(B\ W, B(q, g) AW, z0) = w(B\ We, d(B(q, §> NW.),z0) > 0.
Set F. = B(q,5) N We. Then the rightmost inequality of Lemma 3.1 and
(3.19) imply that
w(B\ Fe,0F., 20) > w(B\ W,,0F, x9) > 0.
From Lemma 3.4, there exists p’ € F such that

(3.20) 6iln>f0 lim infs, o zeBi&f,M w(B(p',61)\ Fe,d(B(,61)NF.),z) = 1.

Notice that Lemma 3.4 requires the set F' to be closed, so we cannot be
sure that p’ € F.. Although F. may not be closed, the uniformity implied by
(3.20) allows us to continue.

Since f, restricted to W N B is continuous, we may select 1/(8m) > &§; > 0
such that

(3.21) 1f2(2) = Faly)] < —

10
for all y,z € B(p',85) N W.
Let n > 0 be any positive number. From (3.20), it follows that there exists
0 < 82 = 62(n, 61) < 61 such that

w(B(p',61)\ Fe,0(B(p',61) N F,),y) >1—n for all y € B(p', ).

We may also assume that &, + & = 6 satisfies B(p/,83) C B(p, 2). Pick
any 63 bigger than 63 but small enough to force B(p', 63) C B(p, &*). Note that
p' € F. implies that there exists p; € B(p/, %)HFE. Since B(p',61) C B(p1,063),

B(p1,63) \ [F. U{B(p1,63) \ B(p/,61)}] = B(p',61) \ F-.
So by the rightmost inequality of Lemma 3.1,

w(B(p1,63) \ Fe, 0(B(p',61) N Fe),y)
> w(B(p1,63) \ [F- U{B(p1,63) \ B/, 1)}, 0(B(p',61) N Fe),y)
= w(B{,6)\ Fe,d(B(p,61) N F),y)

> 1—nforall y € B(pi, 6—22)
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Consequently,

_ I}
w(B(p1,03) \ Fe,0(B(p1,63) N Fe),y) >1—n for all y € B(ps, 52),

since B(p', 61)NF. C B(p1, 63)NF,. Finally, by the left inequality of Lemma 3.1
w(B(p1,63) \ W,0(B(p1,63) "N W),y) > w(B(p1,83) \ Fe,d(B(p1,63) N Fe),y).

We therefore have
— o
(322)  w(B(p1,8) \ W,9(B(p1,63) N W),y) > 1 —1 for all y € B(pi, 52).
By definition, p; € W, implies that there exists ps € B(p1, %2) such that
S(p2) = S(pm) = 5.

Apply Lemma 3.2 at pi,p2, and p; = 63 where the inequality (3.10) holds for
83. Then by (3.18), (3.21), (3.22), and the above inequality, we have

—3(d—1 e
(323) S <S()— S < el + 8+

Note here that pi1, ps, and 63 depend on 7. However, since fs is continuous and
hence bounded on B(p, pg) N W and 63 is bounded below by 6; as n — 0, so
(3.23) becomes a contradiction upon choosing 7 sufficiently small.

4. Proof of Lemma 3.2

For any bounded measurable function f(x) defined on 9G,

(4.1) Hy(x) = (2)w(G, dz, x)

f
oG
is harmonic in G. If every point on OG satisfies the exterior cone condition
and f is continuous at x € dG, then

lim Hy(y) = f(x).

Yy—x
yeG

Since any upper semi-continuous function is the limit of a decreasing sequence
of continuous functions, so the maximum principle for subharmonic functions
and (4.1) imply that

(4.2) flx) < (2)w(G,dz, x)

S
oG
for any function f subharmonic on an open set G D G D G.

We need only to consider py ¢ W. Let 7 = dist(p2, W) < %pl. For k < 7,
define
G, = {r € B(p1,p1) : dist(z, W) < s}.
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Clearly W N B(p1,p1) C Gx. We know that S is upper semi-continuous and
A*S(x) > 0 on B(p, pp) \ W. This is the hypothesis of a classical theorem (see
for example [R, p. 14]) which concludes that S is subharmonic on B(p, po) \ W.
Thus, S(z)—S(p1) is subharmonic on B(p, po)\W. In particular, S(z)—S(p1) is
subharmonic on an open set containing B(p1, p1) \ Gx. Note that B(p1, p1)\Gx
satisfies the exterior cone condition everywhere on the boundary. So by (4.2),
we have

S =Se0< [ 1@ = SEulw(Blpr,pr) \Crrde.p2)

d(B(p1,01)\Gk)

- / S(2) = SOl (Bp1, p1) \ G, )
0B (p1,p1)\(B(p1,p1)N0G)

[ 186~ S0 w(Br, 1)\ G dr, )
B(p1,p1)N0G

= 11 + Is.

We first estimate I;. When py € B(p1,p1/2), a classical result on har-
monic measure shows that w = w(B(p1, p1) \ Gk, dz,pe) is absolutely contin-
uous with respect to the surface Lebesgue measure o when restricted to the
sphere B(p1,p1). (See [D] or (4.39) of [AW].) By (2.5), fo(x) = F(z) almost
everywhere with respect to Lebesgue measure; thus, for almost every p; > 0,
fo(x) = F(x) almost everywhere with respect to the surface Lebesgue mea-
sure on B(p1,p1) and hence with respect to the harmonic measure w for all
p2 € B(p1,p1/2). Consequently,

hos [ IR fa)|w(Br ) \ G da,po)
9B(p1,p1)

+ SupqEB(phPl)U(Q) - U(pl)
= I3+ 1.

A result of Bourgain [B] (see also Lemma 4.5 of [AW]) shows that

(d-1)

ST

[1 = w(B(p1, p1) \ W,0(W N B(p1, p1)),p2)]

).

Remark 4.1. In fact, Lemma 4.5 of [AW] was based on Connes’ condition
(1.3). But a careful reading of the proof shows the conclusion of Lemma 4.5

b<c(|If)]+ o

holds true under Bourgain’s condition (1.4) since inequalities (4.18) and (4.19)
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in Lemma 4.2 and Corollary 4.3 respectively can be replaced by
1
supop D, el <M
|§[2~2k
as they are used only in (4.21).
This gives the first half of (3.10). Now we estimate .

For any = € B(p1, p1) N OG,, there exists & € W N B(p1,2p1), such that
|x — Z| = k. Since S is subharmonic at z,

(4.3) S(z) < Apfo(x) + AU ().
Since & € W N B(p, po), by assumption,
(4.4) |f2(Z) — fa(Z, k)| < Nk.

Thus combining (4.3) and (4.4), we have

S(‘T) - S(j) < Aan(x) - Aan(j’ "Q) + Anf2(jv ’Q) - fQ(j’ "Q)
+ AU(z) — U(&) + Nk.

Consequently,
S() = S(p1) = S(x)—5@@)+5@) - Sp)
< Axfo(®) = Anfo(@, k) + A fo(T, k) — f2(, k)
+ f2(%) = fa(p1) + AU(x) = U(p1) + Nk
< Axfo(@) = Anfo(@, k) + A fo(T, k) — f2(Z, k)

+ SUD ¢ gy 20w 1 f2(0) — f2(p1)]

+ Supqu(p1,2p1)U(q) - U(pl) + Nk.

From (2.5) and the definition of A, f2(x), we have A, fo(x) = A,F(z) for all x.
Thus

(4.5)
I

IN

|AHF(1‘) - AKfZ(jv ’{)| w(B(plvpl) \61‘67 dxvp?)
B(p1,p1)N0G

+ / A fa(@, &) — fo(F, K)| w(B(pr, p1) \ Gr, dz, pa)
B(p1,p1)N0G

+ SUD ¢ gy 200 | f2(0) — f2(p1)]

N
+ SupqEB(thpl)U(q) - U(pl) + NH
= Is+ I+ Supqeg(pthl)mW’f?(q) - f2(p1)‘

+ SupqEB(pLQpl)U(Q) - U(pl) + Nk.
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It is enough to show that Is — 0 and Is — 0 as k — 0. Observe that

B [ JAE@) - AF@) (B, 1) \ G, de )
B(p1,p1)N0G

+ [ JAP@) — Aa(@ 0 w(Blpr,p1) \ G, p2)
B(phpl)maGn
= I;+ Ig.

A result of Bourgain [B] (again, see also Lemma 4.4 of [AW]), shows that
I; — 0 as k — 0. However, the same proof of Lemma 4.4 in [AW] shows that
if a¢ satisfies Bourgain’s condition (1.4), then

@) hmu [ |3 IR w(Blpripi) \Cusdrpa) =0,

rk—0
B(p1 ,P1 )F‘IaGK

where [T — x| < k. Note that

Anlrti)_WAﬁjb(jvﬂ)::'_ E:
€140

\£I2 L(x[€))e" ™9 (1 — eEm),

while by the mean value theorem, for each £ # 0, there exists t¢ > 0 such that

—|&lte
> Gl O (1 ey = 3 ST (rle])e
|£]#0 |€]#£0

Since e~l¢lte < 1, {ageIélt} satisfies Bourgain’s condition (1.4) as {ag¢} does.
Thus by (4.6), Is — 0 as k — 0. This shows that Iy — 0 as kK — 0.

The method that Bourgain used to prove that Iy — 0 as kK — 0 can also
be used to prove Ig — 0 as kK — 0. To establish this, we will use the following
lemma of Bourgain [B]. (See also the proof of Corollary 4.3 of [AW].)

LEMMA 4.1. Letk > 1,7 > 0,7 <27%. Let Ej . be a set of n-separated
points x € B(p,q) C R? satisfying

E ' be itag)
——e 1] >
|€|~2k |€’2

Then, the cardinality of Ey ., satisfies

fd272ky2

ko

| Bkl < v

where ¢ is an absolute constant and

—2k
vi=2"" > |bel*.

|§]~2*
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| callog(1 + 2Fk)]72, for 2F > k1
TN callog(l+27Fk1)]72, for 2 < kL.

The positive constant ¢ is chosen so that > ;51 ax < 2ca Y, 5q(log(1 4 2")) ™2
= « for all @ > 0. Clearly, ¢ is an absolute constant. For o > 0, let

Sn,a = {SL’ € B(plnol) N aGn : |Al€f2(j7’%) - f2(1~:7’€)| > Oé}.

Then
(4.7) I = /0 w(B(p1,p1) \@m Sy.crr P2) dav.
Let
Seka, = 1€ B(p1,p1)N0G, : |Axfor(Z,k) — for(Z, k)] > ag},
/{c,k,ak = {x S B(pl,pl) : |A,£f27k(x7 /4;) — f2,k(«73, fi)| > ak},
where
f27k(m,l‘€) = Z a—gei<$7£>_m|£‘7 and
|€|~2k ’€|
ag » )
Apfor(z, k) = Z _52[(K|§,)6%<w,£> lel
e €
Then
(4.8) Swa C U Seban-
k>1

Since |r — #| = k, observe that a collection of balls of radius n < 27* centered

at points in S’ , o "L o, Will cover Sy i o, if the radius of each ball

is enlarged by k.

covering

Bourgain’s condition (1.4) may be restated as 6, — 0, where
Sr=2"" 3" |af|.
|&]~2*

In particular, 6,% is bounded for all k. Now apply Lemma 4.1 and use the fact
that 1(|¢]) = O(|¢|7(4+1D/2) as |€| — oo and also use (2.6). We find that the

number of balls of radius n < 27% centered at S;}k,yak covering S,’{’ky% is at
most
9 de—9k ok £
(4.9) |Ekapml < cak2n do=2ke=r2%62  sup  |I(kj) — 1]
2k—1§j<2k
ca;26zn_d2_2ke_“2k, k2F > 1
ca,;26,%n*d2*2k(/ﬁ2k)4, K28 < 1.

We estimate w(B(p1,p1) \ G Sk k.a,» P2) according to the size of k.
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Case (i): k2F > 1. By (4.9) with n = 27% and the observation made
after (4.8), the number of balls of radius 2x covering S i o, is at most M =
ca,;2§,%2(d*2)ke*"‘2k. Let {B;}1<i<a,, M1 < M, denote these balls. Then

(4.10)
W(B(pla pl) \ am Sﬁ,k,akaPZ) < W(B(PL Pl) \ Sﬁ,k,ak ) Sn,k,akap2)

w(B(p1, p1) \ UB;, d(UB;), pa)

IN

M -
> w(B(p1, p1) \ UB;,dB;, ps)
=1

My

ZW(B(pb pl) \Ev anpQ)
i=1

d—2
calzzéz?(dﬂ)ke*mk (;)

IN

IN

c k
_ —2¢2 k\d—2 _—k2
= 2% 0 (k2%) e

C

< [
)

o, 87 (k2") 71,

where ¢ is a constant which may vary from line to line. The first line of (4.10)
follows from the rightmost inequality of Lemma 3.1, since B(p1,p1) \ Gx has
been relaced by B(p1, p1) \ Sk k,a,- The second line follows from the left-most
inequality of Lemma 3.1, since both occurrences of Sy . o, have been replaced
by the union of balls U,f\ill B; of radius 2k covering it. The third line follows
from the subadditivity of harmonic measure in the second coordinate. The
fourth line follows from the right-most inequality of Lemma 3.1, since Uf\ill B;
has been replaced by B; in each term. To see the next line, write B; as
B(qi, pi); use the explicit formula for the Poisson integral to estimate each

- -2
term w(B(p1,p1) \ Bi, 0Bi, p2) by MZJW’ where p; = 2k and [py — ¢;| >

7 — 3k > 7/2; and finally use the first line of (4.9) to estimate the number of
terms.

Case (ii): k=2 <28 < k=1, By (4.9) with n = 2%, the number of balls
of radius 2 - 27% covering Sk ko, 1 at most ca,;26,%2(d*2)k(/<a2k)4. So as shown
in Case (i),

(4.11)

- B 3 1 d—2
W(B(ph /?1) \ Gm Sn,k,ak7p2) > Cag 26]%2(d 2)k(/f2k)4 (%)

N

IN

pr ) a,;2§,%(ﬁ2k)2.
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Case (iii): 2 < k=12, By (4.9) with = /k, the number of balls of
radius 2y/k covering Sy y.q, is at most oy 267272 k=4/2(k2F)4. So,

(4.12)

W(B(pla pl) \ ém Sn,k,ak ) p2)

IN

d—2
ca;26£2_2km_d/2(52k)4 <ﬁ>

T

d—2
< ca;26z272kﬁfd/2(ﬁ2k)2 <£>

T

C

<
- gd-2

262
oy, oLk,

When (4.10), (4.11), and (4.12) are combined, it follows from (4.8) and the
definitions of o, that

(4.13)
— C _ -~
w(B(plvpl) \GIﬂSN,OMPQ) S m Z Oékz(sg(le"i) 1+
2k>k—1
Z o 262 (28K)? + Z oy 263k
k1/2<0k <1 2k <k—1/2
c 9 2 5

< —2¢ {ngl;m_:>cl/2 0i + k| log K| } .

Choose

) 5 1/2
B = {ngl,{a—)i/z o; + k| log K| } :
Then by (4.7),
B c s [T o ¢
Iﬁg/ da+ﬂﬁn/ a d()é:<ﬂ+1)ﬁ,{*>o
0 T Br T

as k — 0. This completes the proof.

5. Proof of Lemma 3.3

Let the average of H on the surface of B(x, p) be denoted by
1
D,H(z) = 7/ H(z)do(z),
HE) = o [ HE) ol

where o is the surface measure, and o4 = dvy is the surface area of the unit
ball in R, Then,
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(5.1) AH(p) = Udlp /B (po(z)dz

- Udﬂ / /c‘)B(x,ﬁ (Z)dﬁ

= /DH )64 tds

vap?

= — | DgH(x)p" ' dp.

pd/o B (z)8 B

For any n > 0 and = € B(p,r), by (3.11) there exist two sequences p;, =
Pizamn L 0 (With p;, <r — |z —p|), i = 1,2, such that for all n > 1,

Apy,S(a) = S(x) = —npi, and Ay, fo(@) — folw) < copd s
where ¢, is a positive constant independent of ps,,. Thus, by (5.1), the above

inequalities imply for all n > 1,

(5:2) [ D58 @)~ S@) +ansgt 1 as = 0

pam 21 pd—1
|7 1Dssaw) = fola) — et ds < 0
where a = %2. So there exist 8, = Bepn < p1pBn 1 0, and ry, = 125 p
< p2n,Tn | 0, such that
(5.3) Dg,S(z) — S(x) > —anB2 and D, fo(z) — fa(z) < acyr?

Let B(q, p1) C B(p,r). We show, for y € B(q, p1) \ W, that

(5.4) sw) < sy SCWABLG ). 020

1 2 12
= — WS(Z) do(2).
oap1 JoB(gp) |2 — Yl

If (5.4) holds, then for ¢ € W, by (5.3), there exists a decreasing sequence
rn, of positive numbers going to 0 such that for each n

(5.5) f2(9) = Dy, f2(q) = —acyry.
For any given € > 0, using upper semi-continuity of U at q, we have for large n,

U(q) > sup Uly) —

ly—ql<rn

Thus, for large n,

Consequently
(5.6) S(q) > D, S(q) — acgrz — €.
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Note that for each r > 0, by the mean value theorem, there exists a constant ¢
such that

1L’ —lg—yP| _ |-yl
T =

rd=2Jz =yl

if [y —q| < %|Z —q| = %r. Therefore, for |y — q| < %7‘,

1 r? — g —yl?
5.7 —/ L7 S(2)do(z) — D, S
SR O PR (2) do(2) (q)
1 1 —lg—y]?
< - S(z)|d
S it Jonan |77 T gt | PO

q—
< D s
Combining (5.4)—(5.7), we have for any given ¢, for n large,

lqg —yl

n

S(y) —S(gq) < acqr% +c

Dp,|S(9)] + ¢,

if [y —q| < %rn and y € B(q,rn) \ W. Letting y — ¢, then n — oo, and then
€ — 0, we have
limsup S(y) < S(q).

y—a
y€B(q,p1)\W

Thus, S is upper semi-continuous at ¢ since S is upper semi-continuous when
restricted to B(p,7) N W. Consequently, W must be the empty set. So S is
upper semi-continuous in B(p,r). Inequality (5.4) also implies that S(q) <
A,S(q) for all B(q,p) C B(p,r). Thus S is subharmonic in B(p,r) since it is
also in L'.

It only remains to prove (5.4). Let {X;};>0 be the standard Brownian
motion starting from a fixed point y € B(q, p1) \ W in the probability space
(Q,F, PY). Define

T=inf{t >0: X, € 0B(q,p1)}

to be the exit time of X; from B(q,p1). Then by (4.1), inequality (5.4) is
equivalent to

(5:8) S(y) < EY[S(X7)].

We first show that for any stopping time S < T,
(5.9) PY(XgeW)=0.
This is implied by
(5.10) PY(XseW.)=0
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as W C |J We. Let R be the hitting time of X; with 9(B(q, p1) \ We):
e>0

R=inf{t >0: X, € 9(B(q,p1) \ We)}.
Then R < T. Since y € B(q,p1) \W C B(q, p1) \ We and, by assumption,
(5.11) 0 = w(B(g,p1) \We,d(B(g, p1) NWo),y)
= PY(Xg € 0(B(q,p1) N W)
= PY(XreW,.),
we see that
(5.12) PY(XgpeW.)=0.

Next, by definition,
{R< T} C{Xgre€ oW}

So

(5.13) PY(R<T)< PY(XpedW,) =0.

Thus, by (5.11) and (5.13) we have

(5.14) PY(XreW.) = PV XreW,R=T)+P'(XreW_,R<T)
< PYXpeW.)+P/(R<T)

= 0.

To show (5.10) for a general stopping time S, note that for any 7 > 0, there
exists an open set G such that W, C G and

(5.15) w(B(g,,m) \ G,0(B(q,,) N G),y) <.

Define a function u on B(q, p1) as follows:

w(B(qapl)\G>8(B(q”01)mG)7w) onzrc B(qvpl)\Ga
u(z) =4 1 on B(q,p1) NG,

0 on 9B(q, p1) \ 0(B(g, p1) N G).
Then w is superharmonic on B(q, p1). Let 7, be an increasing sequence going
up to p; and y € B(q,71). Denote T), to be the exit time of X; from B(q, 7).
Clearly T, is increasing and convergent to T'. Since Brownian motion is con-
tinuous, we have

{XseWe.,S<T}clJ, , {Xsnr, € We, S <T},
where S AT, = min{S,T,}. So (5.10) is implied by the following:
(5.16) PY(Xgar, € W.) =0, for each n,
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since by (5.14)
PY(Xs € W.)

PV (XgeW.,S=T)+PV(XseW,S<T)
PYUXreW.)+PY(XsgeW.,S<T)
nlgrolo PY(Xgsar, € We, S <T).

IN A

For a superharmonic function v and for each n > 1, there exists a sequence of
increasing superharmonic functions {u;} such that u; € C? and

(5.17) lim uj = u on B(q,7y)

J—00

(see, for example, Theorem 4.20 of [H]). Applying It6’s formula to u;j(Xgar, ),
we have

E¥uj(Xsar, )] < uj(y).
Let j go to infinity and apply (5.17) to see that
EY[u(Xsn,)] < uly).
Consequently
> u(y) > EYu(Xsar,)] > PY(Xsat, € B(q,p1) NG) > PY(Xsar, € We).

Letting 7 — 0 proves (5.16).
As a consequence of (5.9), since S is upper semi-continuous on B(p,r)\ W,
we have almost everywhere with respect to the probability measure PY

(5.18) limsup S(Xg, ) < S(Xs, ) if Spn T Sec <T.

n—oo

Let n > 0. Then by (5.3), for any y € B(q, p1), there exists 0 < § =
Bym < p1 — |y — q|, such that

(5.19) S(y) — DS (y) < an™
Consider a family of stopping times
& ={S<T:8(y) — EYS(Xs) < anE’ly — Xs[*}.

Define
So=imf{t >0:|X; —y| > By}

Then Xg, is uniformly distributed on 0B(y, fy,,). So by (5.19), we have
S(y) — EYS(Xs,) < anBEY|y — Xs,|*.

Thus Sy € & and hence & is not empty.
For a sequence of increasing stopping times S, in &, let Soo = lim;,>15,.
Then by (5.18) and Fatou’s lemma, we have

S(y) — EYS(Xs,) < anE¥)y — Xg. |*.
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So Ss € &. Thus by an argument given in Halmoe [Ha] on page 121!, there
exists S* € & such that §* is a maximum of &. We show that $* =T almost
everywhere with respect to PY. In fact, if S* < T with positive PY probability,
then

St =inf{T >t > 85" :|X; — Xg+| > Bxaun}s

where for x € 0B(q, p1), we define 3, , to be 0. Then, clearly, S7 > S* with
strict inequality on {S* < T'}. On the other hand, conditional on Xg«, X sx 18
uniformly distributed on the surface of B(Xg«, Bxg. 5), if S* < ST. So by (5.3)

(6520)  S(Xg) = B¥"S(Xg;) = S(Xse) = Dy, ,9(Xsr)
S a77|ﬁXs* ,77|2
= CLT]EXS*|XS* _XSHQ'

Hence, by (5.20), the strong Markovian property, orthogonality between
Xgr — Xg+ and Xg« —y, and 5™ € &, we have

S(y) —EYS(Xs;) = S(y) — EYS(Xg-) + EY[S(Xs+) — S(Xgy)]
< anB'ly - Xs: |’ + BY[S(Xs+) — S(Xs;), 57 < ]
= anEYly — Xg:|* + EY[S(Xg+) — E*5"S(Xgr), 8% < Sf]
< anBYly — Xg+|? + anEY[EX5 | Xgr — Xg: 7,97 < ]

= anEYly — Xg+|* + anFY|Xg- — Xg:|?

= anB'|ly — Xg:|*.

Thus ST € &. This contradicts the maximality of S* in & since S7 > S* and
ST # 8*. Thus we have shown that 7€ &. So

Sw - [ SEwBlap).dy) = S) - ES(Xr)
0B(g,p1)
< anBY| X7 —y|* < danp?.

This implies (5.4) by letting n — 0. We have finished the proof.

6. Proof of Theorem 1.8

Without loss of generality, we assume that ¢ = 0, the origin. As in the
proof of Theorem 1.4, we have that A*fo(x) = A, fo(z) almost everywhere in
T4\ {0}, and that A*f(z) is in L*(T?\ B(0,7)) for any r > 0. Consequently,
A*fo(z) = A, fo(x) almost everywhere in T¢.

1See [A] for the details.
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As in Section 2, let B(z) = min{f*(x), A*fy(x)}. Then by Lemma 2.1,
on T4\ {0}, fu(z) < B(z) < f*(x) and A, fo(z) < B(z) < A*fo(z). Thus,
B(z) € LY(T%). Consequently, when we proceed as in Section 2, there exists a
function S*(x), which is harmonic on R?\ M and almost everywhere equals

S(@) = fal@)+ m) " [ Glo—y)Bly) dy— olaf/(2d),

where M = {2um : u € Z4}. The rest of the proof is identical to that of
Theorem 2 of Shapiro ([Sh, p.479]).
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