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Nonvanishing of quadratic
Dirichlet L-functions at s - ;

By K. SOUNDARARAJAN™

1. Introduction

The Generalized Riemann Hypothesis (GRH) states that all nontrivial ze-
1

ros of Dirichlet L-functions lie on the line Re(s) = 5. Further, it is believed
that there are no Q-linear relations among the nonnegative ordinates of these
zeros. In particular, it is expected that L(%, Xx) # 0 for all primitive charac-
ters x, but this remains unproved. It appears to have been conjectured first
by S. D. Chowla [5] in the case when y is a quadratic character. In addi-
tion to numerical evidence (see [16] and [17]) the philosophy of N. Katz and
P. Sarnak [13] lends theoretical support to this belief. Assuming the GRH, they
proved that (oral communication) for at least (19 —cot($))/16 > 12 of the fun-
damental discriminants |d| < X, L(3, (4)) # 0. Independently, A. E. Ozluk
and C. Snyder [15] showed, also assuming GRH, that L(1, x4) # 0 for at least
% of the fundamental discriminants |d| < X. Katz and Sarnak also developed
conjectures on the low-lying zeros in this family of L-functions (analogous to
the Pair Correlation conjecture regarding the vertical distribution of zeros of
¢(s)) which imply that L(3, (¢)) # 0 for almost all fundamental discriminants
d. In a different vein, R. Balasubramanian and V. K. Murty [1] showed that
for a (small) positive proportion of the characters (mod g), L(3,%) # 0. Re-
cently, H. Iwaniec and P. Sarnak [10] have demonstrated that this proportion
is at least one third.

For integers d = 0, or 1 (mod 4) we put xq4(n) = (%) Notice that xq4
is a real character with conductor < |d|. If d is an odd, positive, square-free
integer then ygq is a real, primitive character with conductor 8d, and with
xsa(—1) = 1. In [19], we considered the family of quadratic twists of a fixed
Dirichlet L-function L(s, ). Precisely, we considered the family L(s, v ® xsq)
for odd, positive, square-free integers d. When v is not quadratic we showed

1

that at least % of these L-functions are not zero at s = 3, and indicated

how this proportion may be improved to % The most interesting case when
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1 = 1 (or, what amounts to the same, when 1 is quadratic) turned out to
be substantially different from the case when 1 was not quadratic. There
arose here an “off-diagonal” contribution which we were unable to evaluate in
[19]. In this paper, we resolve the case when 1) = 1 and establish that a high
proportion of quadratic Dirichlet L-functions are not zero at s = %

THEOREM 1. For at least 87.5% of the odd square-free integers d > 0,
L(%, Xsd) # 0. Precisely, for all large z, and any fized € > 0,

> w(2d)’ > <£ - s) > p(2d)”.

d<z d<z
L(% 7X8d);é0

It is striking that the proportion of nonvanishing in Theorem 1 is more
than twice as good as the proportion obtained when 1) is not quadratic, and also
the proportion obtained by Iwaniec and Sarnak in the family of all Dirichlet
L-functions (mod ¢). One explanation for this is that if L(%, Xsq) = 0 then
automatically L'( %, Xsd) = 0; this does not hold in the other two families. This
makes it more unlikely for L(s, xsq) to vanish at % than in the other cases.
Another explanation is provided by the Katz-Sarnak models [13]. The zeros
of L(s, xsq) are governed by a symplectic law where there is greater repulsion
of s = 3, whereas the zeros of the L(s,9 ® ysq) (¢ not quadratic) and L(s, x)
(x (mod q)) are governed by a unitary law with no repulsion of s = % The
same proportion % appears in work of E. Kowalski and P. Michel [14] concerning
the rank of Jy(q). They showed that the proportion of odd, primitive, modular
forms f of weight 2 and level ¢ with L'(f,1) # 0 is at least £ (note that
since f is odd, L(f,3) = 0). This coincidence may be ‘explained’ by noting
that the Kowalski-Michel family is governed by an odd orthogonal symmetry
(SO(2N + 1)) and the distribution of the second eigenvalue in such a family
matches precisely the distribution of the first eigenvalue in the symplectic
family of Theorem 1 (see pages 10-15 of [13]).

In Theorem 1 we considered only fundamental discriminants divisible by
8. We may replace this by fundamental discriminants in any arithmetic pro-
gression a (mod b); this would include all the quadratic twists of ¢ for any
quadratic character . Also, the point % is not special. A similar result (with
a different proportion) may be established for any point o + it in the critical
strip.

Earlier work of Jutila [12] shows that that there are > X/log X funda-
mental discriminants d with |d| < X such that L(3,xq) # 0. He achieved
this by evaluating the first and second moments of L( %, Xd)- That is, for two
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positive constants ¢; and co he established

(1.1) > L(3,x4) ~ a1 X log X,
ld|<X
and
(1.2) > LG xa))? ~ 2 X (log X)?,
ld|<X

where d ranges over fundamental discriminants in both sums above. By
Cauchy’s inequality it follows that the number of fundamental discriminants
|d| < X such that L(3, xa) # 0 exceeds the ratio of the square of the quantity
in (1.1) to the quantity in (1.2) which is > X/log X.

The improvement in Theorem 1 comes from the introduction of a “mol-
lifier.” Historically mollifiers appear first in work of Bohr and Landau [2] on
zeros of the Riemann zeta function. Later this idea was used with remarkable
success by Selberg [18] to demonstrate that a positive proportion of the zeros
of ((s) lie on the critical line. Our aim here is to find a mollifier

(1.3) M(d)=>" )\(l)\ﬁ<87d>,
I<M

such that the mollified first and second moments are comparable. Precisely,
we want

> w(2d) L5, xsa)M(d) =< Y p(2d)?|L(5, xsa) M (d)[* = z.

d<z d<z

By Cauchy’s inequality this demonstrates that a positive proportion of odd
square-free d’s satisfy L(%, Xsd) # 0. In Section 6 we achieve this by choosing
an optimal mollifier which has the shape (for an odd integer | < M)

(1) log® (M /1) log(X 2 M>1)
I log>M logM

A1) roughly proportional to

By taking M = X 37 and evaluating the first and second mollified moments
for this optimal choice, we prove Theorem 1.

We now give a detailed outline of the proof of Theorem 1. Let {f,}>%
be any sequence of complex numbers and let F' denote a nonnegative Schwarz
class function compactly supported in the interval (1,2). We define

S(fa: F) = Sx(fa; F ZM de<d>

dodd



450 K. SOUNDARARAJAN

Let Y > 1 be a real parameter to be chosen later and write p?(d) = My (d)

+ Ry (d) where
- Z u(l), and Ry (d) = Zﬂ(l)

2|d 12|d
<Y I>Y
Define ;
M(fa; F) =Suxy(fa; F Z My (d de<X>
X
and ]
Sr(fa; F) = Spxy (fa; F Z |Ry (d fd|F< >
X

so that S(fa; F) = Sm(fa; F) + O(Sr(fa; F)).

In this notation, we seek to evaluate the mollified moments
S(L(%, xsa)M (d); @) and S(|L(5, xsa) M (d)|?; ®). Here, and in the sequel, ® is
a smooth Schwarz class function compactly supported in (1,2) and we assume
that 0 < ®(¢) < 1 for all ¢. For integers v > 0 we define

= max/ 1) (¢)|dt.

so that Cﬁ(w) is a holomorphic function of w. Integrating by parts v times, we

get that
. 1

W) = D @t /0 2 )y dy,

so that for Re(w) > —1 we have

2Re(w)

(1.4) |<i>(’lU)’ <y m

®(V)

To evaluate these moments, we first need “approximate functional equa-
tions” for L(%,ng) and ]L(%,ng)P
£ > 0 define w;(§) by

s 4 1y\J s
(1.5 )= [ (FEt) e

where ¢ is any positive real number. Here, and henceforth, f(c) stands for
fccjigo. In Lemma 2.1, we shall show that w;(§) is a real-valued smooth function
on [0,00) and that w;(&) decays exponentially as { — oco. As usual, d;(n) will

. For integers j > 1 put w;(0) = 1 and for
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denote the j-th divisor function; that is the coefficient of n™° in the Dirichlet
series expansion of ((s)7. For integers j > 1, we define

oo e S0

The relevance of these definitions is made clear in Lemma 2.2 where we show
that for square-free odd integers d, and all integers j > 1,

From these approximate functional equations, we see that in order
to evaluate the mollified moments we need asymptotic formulae for
Sy(M(d) Aj(d); @) (for j = 1, or 2). Further, we need good estimates for
the remainder terms Sg(|M(d)?A;(d)|; ®) (for j = 1, or 2). In Section 3, we
tackle the remainder terms and show that for “reasonable” mollifiers, their
contribution is negligible.

PROPOSITION 1.1. Suppose that M(d) is as in (1.3), and that A\(l) <
[=%¢. Then, for j =1, 2,

SrIM () 4;(d): @) <<§+)?fl

In Proposition 1.1 and throughout € denotes a small positive number. The
reader should be warned that it might be a different € from line to line.

Next we evaluate Sp(M(d)A1(d); @). In fact, more generally we shall
evaluate SM((STd) A1(d); @) where [ is any odd integer. Observe that

au((F)ewre) =3 Fosw(():o),

where ®,(t) = ®(t)wi(ny/7/V8Xt). Now Sp((34); ®,,) is essentially a char-
acter sum. Thus we may expect substantial cancellation here whenever (E)
is a nonprincipal character (i.e. In # 0O), and we may expect that the main
term arises from the principal character terms In = O. Here, and through-
out, we use the symbol O to denote square integers. In Section 4, we use the
Pélya-Vinogradov inequality to make these heuristics precise, and establish
Proposition 1.2.
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PrRoPOSITION 1.2. Write | = lll% where l1 and ly are odd with 11 square-
free. Then

s (§)1009) - 0 5 e )

l%—i—s
+ O< L
where

=3l sgn) e 0I5 ()

p>3 |l

A

Y N logX>
Wxi—="vvi)

Lastly, Cs is a constant depending only on ® (it may be written as
Cs+ C4®'(0)/®(0) for absolute constants C3 and Cy) and Ca(p) < 1 for all p.

Finally, it remains to handle Sy/(|M(d)|*Aa(d); ®). Again, we treat the
more general S M((STd) As(d); @) where [ is any odd integer. As before, we may

8d . d(n) 8d
— |A(d); @ | = — — |; Fy
u( () ore) = 2o (&)
where F,,(t) = ®(t)wa(nm/8Xt). Again we expect that there is substantial
cancellation in the character sum SM((S—d);Fn) when In # 0O, and that the

in
main contribution comes from the In = O terms. However, the simple Pélya-

write

Vinogradov type argument of Section 4 is not enough to justify this; and, in
fact, our expectation is wrong. There is an additional “off-diagonal” contribu-
tion to SM((ZS—;f);Fn).

In Section 5, we develop a more delicate argument using Poisson sum-
mation to handle this (see Lemma 2.6 below). Roughly speaking, Poisson
summation converts S M((?—ch) ; F,) into a sum of the form

% ()7 ()

where ﬁ’n is essentially the Fourier transform of Fj,. Now (%) =1 or 0 de-
pending on whether In is a square or not. So this term isolates the expected
diagonal contribution of the terms In = 0. The terms k # 0, or a O contribute
a negligible amount because here (E) is a nonprincipal character. However,
there is an additional contribution from the k& = O terms which cannot be
ignored. Evaluating this nondiagonal contribution forms the most subtle part
of our argument, and we achieve this in Section 5.3. We note that these non-
diagonal terms do not arise in the case of twisting a nonquadratic L-function
L(s,v) (as in [19]), because @Z)()(E) is nonprincipal for all k # 0.
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For all integers j > 0 we define A;(n) to be the coefficient of n™* in the
Dirichlet series expansion of (—1)7¢1)(s)/¢(s). Thus Ag(1) = 1, and Ag(n) = 0
for all n > 2; Aj(n) is the usual von Mangoldt function A(n). In general
Aj(n) is supported on integers having at most j distinct prime factors, and
Aj(n) <; (logn).

PROPOSITION 1.3. Writel = lllg where Iy and ly are odd and 11 is square-
free. Then

a5 () )

_ ;q;g d\(/%) g(zll)lh(l) <1og3 (%) —3 log?plog (%) + 0(1))

pll

FXe FXe
I~ )

+
VIY (1 X)7
where h is the multiplicative function defined on prime powers by
1 1 4 1 1
hp") =1+ -+ — (k> 1), D=—H(1——)h(p)7

2 T T
p P plp+1) 8 s

and

3 i\m n
on=> Y%} qufn )A’“Ti )D(m,n)Qj,k (log %)

73,k=0 m|l n|ly
) Sy

pll

¢'(0)
-3 (A +B30

where the Q1 are polynomials of degree < 2 whose coefficients involve absolute
constants and linear combinations of ®9)(0)/®(0) for j =1, 2, 3; A and B
are absolute constants; and D(m,n) < 1 uniformly for all m and n. Lastly,
R(1) is a remainder term bounded for each individual I by

1
l5+syl+e
€ e —
IR(D| < D(2) P P
and bounded on average by
2L—1 L1+eyl+e

R(D| <« O D]
;| Ol 0% 1=

In Section 6 we choose our mollifier M(d), and use Propositions 1.2 and
1.3 to complete the proof of Theorem 1. Our analysis there shows that an
optimal mollifier of length (v/X)? leads to a proportion > 1 — (4 1)73 + o(1)
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for the nonvanishing of L(%7 Xsd). Since Propositions 1.2 and 1.3 allow us to

take a mollifier of length X 3¢ we get the proportion % of Theorem 1. If we
believe that such results hold for mollifiers of arbitrary length (i.e. let § — o),
then we would get that L(%, Xsd) # 0 for almost all fundamental discriminants
8d. We remark that Kowalski and Michel show that a mollifier of length
(v/2)? (in their context of the rank of Jy(g) [14]) leads to the same proportion
1 — (0 +1)~3 for the nonvanishing of L'(f, %) Curiously, this proportion also
appears in a conditional result of J. B. Conrey, A. Ghosh, and S. M. Gonek
[4] on simple zeros of ((s). They showed (assuming GRH) that a mollifier of
length T leads to a proportion 1 — (84 1)~3 for the number of simple zeros of
((s) below height T. We gave earlier an explanation for the similarity between
the Kowalski-Michel result and ours; it is unclear whether the similarity with
this result of Conrey et al. is just a coincidence, or not.

We also note that using Proposition 1.3 with [ = 1 we may deduce the
following stronger form of Jutila’s asymptotic formula (1.2).

COROLLARY 1.4. There is a polynomial Q of degree 3 such that

3" L(}xsa)? = XQ(log X) + O(X 4,
0<d<X

where the sum is over fundamental discriminants 8d.

Corollary 1.4 should be compared with Heath-Brown’s result on the fourth
moment of {(s); see [8]. No doubt the remainder term in Corollary 1.4 can be
refined; but we have not worried about optimizing it. Also one can calculate
explicitly the coefficients of Q(z) from our proof (compare Conrey [3]). Pro-
fessor Heath-Brown has informed us that C. R. Guo (preprint) has obtained a
result like Corollary 1.4 with a remainder term O(X 1_ﬁ+5).

While we cannot obtain an asymptotic formula for the fourth moment of
L(%, Xsd), our methods enable us to evaluate the third moment.

THEOREM 2. There is a polynomial R of degree 6 such that
> L(3,xsa)’ = XR(log X) + O(X %)
0<d<X

where the sum is over fundamental discriminants 8d.

We shall merely sketch the proof of Theorem 2 in Section 7, since the
details are very similar to the analysis carried out in other parts of this paper.

I am very grateful to Peter Sarnak for his constant encouragement and
many helpful conversations. I also thank Brian Conrey and David Farmer for
some useful conversations on the nature of the off-diagonal contribution to
Proposition 1.3. Lastly I am grateful to the referee for a careful reading of the
manuscript and some valuable suggestions.
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2. Preliminaries

2.1. Approximate functional equations. We first prove some properties of
the functions w;(§) defined in (1.5).

LEMMA 2.1. The functions w;(§) are real-valued and smooth on [0, 00).
For £ near 0 they satisfy

1_
wj(§) =1+ 0(§27°),
and for large & and any integer v,

() Koy €22 exp(—j€7) <oy exp(—4€7).

3L

Proof. By pairing together the s and 3§ values of the integrand in (1.5),
we see that w;(€) is real-valued. Further the v-th derivative of w;(§) is plainly

_1\ s 4 1y\\J S
(2.1) (2;) /()(F(;(—I)‘l)) s(s+1)...(s+v—-1)¢& ds
c 1

Thus w;(£) is smooth.

Move the line of integration in (1.5) to the line from —3 + ¢ — ico to
—% + & +i00. The pole at s = 0 leaves the residue 1, and the integral on the
new line is plainly < 5%_5. Thus w;(§) =1+ 0(55_3), as desired.

To prove the last estimate of the lemma, we may suppose that & ; >v+2.
Since |I'(x +dy)| < I'(x) for x > 1, and sI'(s) = I'(s + 1) we obtain that (2.1)
is (here ¢ > 0 is arbitrary)

. £—C
< T+ +v+1)¢ /—<<V +u+§)J€C.

By Stirling’s formula this is

42+ 2 %(c+2u+2)€
<y <—>
2e

-
With ¢ = 25% — 2v — 2(> 2) above, the desired estimate follows.
Recall from (1.6) the definition of A;(d).

LEMMA 2.2. Suppose that d is an odd, positive, square-free number. Then,
for all integers 7 > 1,
L(3, xsa)’ = 24;(d).

Proof. For some ¢ > % consider

22 5 ], (F(T;))M o (H)
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Expanding L(s+ %, xsa)’ into its Dirichlet series we see that this equals A;(d).
We now evaluate (2.2) differently by moving the line of integration to the
Re (s) = —3 line. The pole at s = 0 leaves the residue L(},xsq)’. Thus (2.2)
equals

T INCE N  (8d\ 72 ds

2.3 L(L, ysa) + —— mAP R U By O i e
(2.3) (35 x84) +5 1 < () ) (5 +5,X84d) - S
Recall from [6, Chap. 9] the functional equation for L(% + 5, X8d):

(%i) 5r(% + 1)L(5 + 5, Xsd) = 73‘88_5) (%d>_§r(i — $)L(L — 5, xsa)-

Here 7(xsq) is the Gauss sum of xgq (mod 8d). Since 8d is a fundamental
discriminant we note that 7(xsq) = V8d (see [6, Chap. 2]). From this it
follows that the integral in (2.3) equals

1 INCEE A (8d\ T2 ds
- YNV N 0 il 2e @
8

Replacing s by —s we see that the above equals —A;(d); and this gives the

IS

lemma.

2.2. On Gauss-type sums. Let n be an odd integer. We define for all

integers k
am= (50 (G)5), 2, (%)
and put
o= 2 ()G - (50 (5) 5 )ae

a (mod n)

If n is square-free then (E) is a primitive character with conductor n. Here it
is easy to see that Gp(n) = (%) \/n. For our later work, we require knowledge
of Gi(n) for all odd n. In the next lemma we show how this may be attained.

LEMMA 2.3. (i) (Multiplicativity) Suppose m and n are coprime odd in-
tegers. Then Gi(mn) = Gx(m)Gg(n).
(ii) Suppose p™ is the largest power of p dividing k. (If k = 0 then set « = 00.)
Then for B > 1

(0 if B < a is odd,
o(p”) if B <« is even,
Gk (Pﬂ> =4 —p° if B=a+1 is even,

(kp;a)p“\/ﬁ ifB=a+1 is odd
\ 0 ifﬁZOé+2.
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Proof. Using the Chinese remainder theorem we may write a (mod mn)
as bn + em with b (mod m) and ¢ (mod n). This shows that 7,(mn) =
() (2) 7 (m)7i(n). To show (i) we need only check that

n

1—i+ —1\1+1i 1—i+ -1\ 1434 1—i+ —1\1+di\/m) /n\
2 mn) 2\ 2 m) 2 2 n 2 n)\m)’
this holds by quadratic reciprocity.

If 6=a+1 then

> @G- 2 6 2 )

a (mod pP) ! (mod p) b (mod pf=1)

_ l lk
I (mod p) P p

If 3 is even then the last sum above is —1 and if § is odd the last sum above
is, from knowledge of the usual Gauss sum (see [6, Chap. 2|),

I o A o S o

I (mod p)

These calculations show the third and fourth cases of (ii). The other cases are
left as easy exercises for the reader.

2.3. Lemmas for estimating character sums. We collect here two lem-
mas that will be very useful in bounding the character sums that arise below.

These are consequences of a recent large sieve result for real characters due to
D. R. Heath-Brown [9].

LEMMA 2.4. Let N and Q be positive integers and let ay, ..., any be ar-
bitrary complex numbers. Let S(Q) denote the set of real, primitive characters
x with conductor < Q. Then

Z Z anX(n)

XES(Q)'n<N

2

< (QNFQ+N) D an,an,|,

nino=0

for any e > 0. Let M be any positive integer, and for each |m| < M write
4dm = mlm% where my is a fundamental discriminant, and ms is positive.
Suppose the sequence ay, satisfies |a,| < n°. Then

1
2

[m|<M

Y an (%) ‘2 < (MN)EN(M + N).

n<N
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Proof. The first assertion is Corollary 2 of Heath-Brown [9]. Using this
result, we see that the second quantity to be bounded is

<X Ly S|

™o <2\/_ XES(M/m2) n<N
M
< Y. —(NM) €N<N+ >
2 2
ma<2vVM

and the result follows.

LEMMA 2.5. Let S(Q) be as in Lemma 2.4, and suppose o+it is a complex
number with o > % Then

> Ll + it )|t < QUL + ),
X€S(Q)

and

ST (o +it, X1 < QUTE(L + [t])E .
XES(Q)

Proof. The fourth moment estimate is in Theorem 2 of Heath-Brown [9].
The second moment estimate follows from this by Cauchy’s inequality.

2.4 Poisson summation. For a Schwarz class function F we define

o0

Fle) = 1;iﬁ(g)+ L= lpe) = /_ (cos(2mEx) + sin(2m€x)) F(x)dz.

LEMMA 2.6. Let F' be a nonnegative, smooth function supported in (1,2).
For any odd integer n,

w(G)r) =) X @St ()

(o,2n)=1

Proof. First note that

(2.4) > My(d)(%)F<%> = > pla) > <g>p(d%2>
(d,Z%zl (a,2n)=1 (d,2)=1

Next observe that

e 5 O() SO Q50




NONVANISHING OF QUADRATIC DIRICHLET L-FUNCTIONS 459

Splitting the sum over d below according to the residue classes (mod n) and
using the Poisson summation formula we derive (for a = 1, or 2)

S6)) -, 2, O ()

b (mod n) d

e, 2 ()27 () (D)

b (mod n) k
X A kX
= F .
naa? ; (aa2n> k()

Writing 7, in terms of Gy, using the relation Gi(n) = (=) G_g(n), and recom-

n
bining the £ and —k terms, we obtain that the above is

X ~ (kX
naa? Zk: GrlmF <aa2n> .

Substituting this in the right-hand side of (2.5) we see that (using Gi(n) =
() Gar(n)

(2.5) = 2;;2 <%> %:(—1)’@Gk(n)ﬁ<2i§2>.

Substituting this in (2.4) we get the lemma.

3. Proof of Proposition 1.1

Observe that Ry (d) = 0 unless d = [?>m where m is square-free and [ > Y.
Further, note that [Ry (d)| < > ;1 < d°. Hence

Sa(M@ A @) < X4 ST ST MEmP A (P,

Y<I<v2X X/12<m<2X/12
(1,2)=1

where the b on the sum over m indicates that m is odd and square-free, and
j =1, or 2. By Cauchy’s inequality the above is
(3.1)

1
b N\ 2 b
cx e Y (O mewp) (X aewp)
Y <I<V2X CX/12<m<2X/12 X/12<m<2X/12
(1,2)=1

2
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Write Ai(n) = A(n) and Xa(n) = >, o p<nr A(@)A(D).  Note that
I\j(n)|<n~1¢ and that M(d)! =3 Aj(n)y/n(34). Hence, by Lemma 2.4,

n<MJi "I
(3.2)
b . b l2 2
S = YIS weva(s) ()]
X/12<m<2X/12 X/12<m<2X/12'n< M3
X .
< X€<l—2+MJ> S () (no) |/
ni,no<MJ
nine=0
X , 1
< X€<—2+MJ> Z
l iy g < M \/M1M2
nine=0
X . d(a? X .
< X5<l—2+MJ> Z (a%) <<X€<l—2+MJ).
a<M?2i a

Now observe that for any ¢ > %,

SRR S I R

n=1
- (F(% + %))j <8z2m)5% i d;(n) (812m ds
211 (c) F(%) T — ns“'% n s
Plainly
>~ dj(n) (812m 1 ; ;
(3.4) > L = L(5 + s, xsm) E(s, 1)
n=1 ns+§ n
where L /s
m
E(s,l) = 1- — ).
(50 H< szr% < p >>

pll

Since xsm is nonprincipal, it follows that the left side of (3.4) is analytic for
all s.

Hence we may move the line of integration in (3.3) to the line from
1/log X — ioo to 1/log X + ioco. This gives
|ds|

AiPm)| < [ NG+ DPILG + s X G, DP T

log X
Plainly [€(s, )] < ][,,(1 +1/y/p) <1¥ < X*¢, and note that

s |d8‘
TG+ P 5

< X°&.
(i) |s[?
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Using these estimates and Cauchy’s inequality, we deduce

40P < X [ G+ DPIEG + 5 xsn) Plds]
Tog X

Summing this over m and using Lemma 2.5, we obtain

(3.5)

b X1+E X1+z-:

ST @M < T [ PG DO s ] < S
X/12<m<2X/12 (tozx)

Proposition 1.1 follows upon combination of (3.1) with (3.2) and (3.5).

4. Proof of Proposition 1.2

Observe that

(11) sur( () aniare) =3 s ((34) 0. ),

where

LEMMA 4.1. Ifiln # 0O then

8d Y n
—|:®, dy—=Vinl — )
SM((Zn)’ > < ¥ Inlog(in) exp< 10X%>
If In =0 then

u((in)eo) =) e L) (+0(5))

pl2in

Yién® n
+ O<<I> exp(— >)
WX 10X 2

Proof. Note that ( ) (l_) if d is odd and is 0 otherwise. Thus we seek
to bound (or evaluate)

w2 sl () ) = 2w () 3 () (%)

a<Y
« odd

If In #£ O, (m) is a nonprincipal character to the modulus 4/n. Hence by
the Pélya-Vinogradov inequality

> ( 47 ) < Vinlog(4ln)

d<z
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for all z. By partial summation it follows that

> <%) o, (%) < Vinlog(4ln) /0 ~ @ (t)|dt.

d

Now, by Lemma 2.1,
(4.3)

[ o< [ 2(|<I>’<t>rw1 (2] + 0o

n
< @(1) exp(— 1 >
10Xz

Using these estimates in (4.2), we obtain the first bound of the lemma.
If in = O then (ﬁ) =1 if d is coprime to 2In, and 0 otherwise. Hence

> (5) = Sop -+ 0ty

d<zx

(v )

and so by partial summation and (4.3) we get

(4
3 <%> o, (%) - 90(;? %@n(o) +0 <<1>(1) (In)° exp <— 107;(% ) ) .

d

We use this in (4.2) and observe that

w2 gl (E) (o)
(o,2In)=1

This proves the second part of the lemma.

Using Lemma 4.1 in (4.1), we obtain

where
1 = 1 /8 P\
M=—— —F\ 7 N (I)n ’
¢(2) Z n<ln) H (p—|-1> (0)
n=1 p|2ln
In=0
and
1
Y oo 1 n l§+€Y
4.6 R« dp—= > 121enfe <——) L Py ——.
(4.6) (”Xn; BRANTIVG's W xi-

We now focus on evaluating M. Recall that | = lll% where [1 and [y are
odd and I; is square-free. Thus the condition In = O is equivalent to n = I;m?
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for some integer m. Hence
[e.e]

_ ! B LAY
W M= 2 o 1l <p+ 1>¢’””2(0)

m=1 p|2lm

odd
2 o0 2
Vic(2) S ™ o P 8Xt
m odd

Write [, 2m (1%) = 2 d2im % where o(d) is the sum of the divisors
of d. An elementary argument based on swapping the sums over d and m
(Which we leave to the reader) shows that

Z H<p+1> Z)(longrO +Z P p>+0<d<l)$)’

m<x p|2l p|l
m odd

where C' and g(l) are as defined in the statement of Proposition 1.2, Cj is an
absolute constant, and Cy(p) < 1 for all primes p. Hence for any 1 < ¢ < 2 we
have by partial summation (using Lemma 2.1)

> 5 I G () = s e )

m= 1 p\2lm pll
3
o),
Xie

m od

where C is an absolute constant and C(p) < 1 for all p. We use this expres-
sion in (4.7) to evaluate M. Combining this with (4.5) and (4.6), we see that
Proposition 1.2 follows.

5. Proof of Proposition 1.3

Observe that

(51) sur((3) sty o) = 32 s ((34): 1)

n=1
where
nm
F, P —
(0 = 2(0)ea 33
Using Poisson summation, Lemma 2.6 above, we obtain
(5.2)
8d 1 ) & X ¢
S F, -G ol ——
w((@)P) =) T X oo (5an)

k=—o00
(v, 2ln)
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Using this in (5.1) we deduce

sur( () Aata® ) = i) + Ro(0),

where P (1) is the main principal term (arising from the k£ = 0 term in (5.2)),
and Ro(l) includes all the nonzero terms k in (5.2). Thus

791(1)2%2_:1‘1@ () > HD Giofam) F(0),

n
(o,2in)=1
and
(5.3) o0 o0
1 d(n) (16 () i . kX
)= — 2= -1 n)F, | —— ).
Rol) 21 Z " <ln> a? Z (=1)"Gi(in) 2a2In
n=1 OZSY k=—00
(a,2In)=1 k#0

We shall compute the main principal contribution P;(l) in Section 5.1
below. In Section 5.2, we separate Ro(l) into a second main term (essentially
arising from the k = O terms in (5.2)), P2(l), and a remainder term R(l). The
evaluation of the Py(l) contribution is quite subtle and forms the focus of our
attention in Section 5.3. The remainder terms R(l) are relatively straightfor-
ward, and we bound their effect precisely in Section 5.4 below.

5.1. The principal P1(l) contribution. Note that F,(0) = F,,(0) and that
Go(ln) = @(In) if In = O and Gy(In) = 0 otherwise. Using (4.4) and these
observations we get

Pu(D) = 1+C0((21)/—1) i d(n) (%) I (ﬁ)pn(())_

T
o=y " i pl2in

Recall that [ = lllg where [; and Iy are odd, and [y is square-free. The
condition that In = O is thus equivalent to n = l;m? for some integer m.

Hence
1+0Y Y & d(lim?) ( P >
Pi(l) = ————— — | F; 0).
RO mz::l m 1;[ pr1) eV
m odd pl2im
For any ¢ > 0,

~ o0 llm27r>
F m2 0 :/ P(t)w ( dt
w2 (0) = [ @(we Sz
_ L <F<%
2w Jo T

_ L (W%
2w J o\ T
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Pi)= 5 Z())(ﬁ g /()(p(é(;@y (%q’”

Thus

o i d llm H P ds
m1+2s p+ 1 s :
pllm
modd

LEMMA 5.1. Suppose | = [113 is as above. Then for Re(s) > 1

— d(lim?
> T (2 = dwictoPutso

m=1 !
m odd plim

where n(s;1) =[], mp(s;1) with na(s;1) = (1 —27 $)3 and for p > 3,

)
1 1 :
~ o (1 ) * o — &~ g 1]

mp(s;1) = (,%) (1-#%) if plh
G2 (1 5) if pll but p 11y,
(Note that n(s;1) is absolutely convergent in Re(s) > 1/2.)

Proof. This follows by comparing the Euler factors on both sides.

From Lemma 5.1, we see that

21+0(y 1)
5.4 Pi(l) = c—————==d(l)I(l
where
1 T(5+ 5\ /8X\°; ds

54b)  I(l) = — —2 A2 (=) ()¢ + 28)3n(1 + 28;1)—
v 1= 5 [ (R0 (1) S+ 2t s

We move the line of integration in (5.4b) to the Re(s) = —1 + ¢ line.
There is a pole of order 4 at s = 0 and we shall evaluate the residue of

this pole shortly. We now bound the integral on the —i + € line. From [6,
p. 79] we know that on this line |[((1 + 2s)| < |s|, and plainly |n(1 + 2s;1)| <
[T, (1 + O( =) L, (1 + O 1+5)) < I5. Hence the integral on the —1 + ¢

line is

jite ite
< / 1B(s)|[sIT( + 1)2lds| < L
X17° J(-1+9) 1

We now evaluate the residue of the pole at s = 0. For some absolute constants
c1, C9,...,d1, do,..., we have the Laurent series expansions
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2
<F(s/2+1/4)> s L C

F(1/4) 33 82+ —|—03—|—C4S+

/
77(1+25;l):17(1;l)< +d155(1 1) 4 das? 7 (1 l) +ds 3377?7 (1;l)+...);

and ®(s) = ®(0) + s'(0) + %(P”(O) +.... It follows that the residue may be

written as

WD 0 s (35 SV L 1 (10 55
2 ¢(0)|( log I + P logl17T +n(1,l)P1 logl17r

! 8X n
+ Lo (10s73) + P
n lym n

where Pj is an absolute constant, and Py, P;, and P» are polynomials of degrees
2, 2, and 1 respectively. Their coefficients involve absolute constants, and linear
combinations of the parameters ®()(0)/®(0) for i = 1, 2, and 3.

From the multiplicative definition of n(s;1) in Lemma 5.1, we may write
n(s;1)=F(s)Gi(s)H,, (s) where F(s) is independent of I; and Gi(s) =[], 9p(s)

and Hy, (s) = [[,, hp(s) for appropriate Euler factors g, and hy. Differ-

C . . L. (%)
entiating this product i times, we see that "T(s;l) may be expressed as

(k)
a?  H : s
Zj ko Ciik ¢ (1) (1) for some absolute constants c¢; 5 (given easily in terms

H,y
L 1 : a? Aj(m)
of derivatives of F(s)). It is easy to see that —4—(1) = >_,,, =5 D1,;(m),
")
and that }}lll (L) => A’“é”) Dy j;(n) where Dy j(m) <; 1 and Dy i (n) <j 1.

From these observations, we may recast the residue of I(l) above as

where

= 35 3 S LLEEUTN (MRS T A

73,k=0 m|l n|ly

where Dg(m,n) < 1, and the P;j, are polynomials of degree < 2 whose co-
efficients involve absolute constants and a linear combination of ®®)(0)/®(0)
(i=1,2,3).
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Using this evaluation of I(l) in (5.4a) we conclude that

= (e’ (3 >+Ol(”>
X

" O( (\)/_ff (51X)i 6)

5.2. Extracting the secondary principal term from Ro(l). For all real num-

bers ¢ and complex numbers w with Re(w) > 0 we define

(5.5) FE,w) = /0 T @tw—ldt.

Since \Ft( )| < 2|F(0)] < e~ %% by Lemma 2.1, clearly the integral in (5.5)
converges for Re(w) > 0. We now collect together some properties of f(§, w).

LEMMA 5.2. If £ # 0 then

. d
&) = () [ o () (costzma) + sea©)sin(zrs))
The integral above may be expressed as
1 LG+ DV (XN 0 erupy.
(56) i /<>< () ) (fg) e —w)

x (cos(5(s —w)) + sgn(§) sin(5 (s — w))) %,

for any Re(w) +1 > ¢ > max(0,Re(w)). For £ #0, f(&,w) is a holomorphic
function of w in Re(w) > —1, and in the region 1 > Re(w) > —1 satisfies the
bound

)] < 1+ ) exp (- VL e

Proof. From (5.5) and the definition of F; we have

f&w) = /000 (/000 Fi(y) (cos(27ry%) + sin(27ry%)> dy> tvtdt.

In the inner integral over y, we make the substitution z = |£|y/t, so that this
integral becomes

el / i t(m) (cos(272) + sgn(€) sin(272)) dz.

We use this above, and interchange the integrals over z and ¢. Thus

£u) =g / ( / <|£‘>t dt) (cos(2) + sgn(€) sin(272)) dz.
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From the definition of F} the inner integral is

() [ (@)= (B (5) o

by a change of variables. The first statement of the lemma follows at once.
By the definition of wy (see (1.5)) we have for any ¢ > 0

/o (Jsi) (cos(2mz) + sgn(€) sin(2mz)) %

:/OOO(COS(sz) + sgn(§) Sin(Z'ﬂ'z))L./(C)(F(g + %))2(8)()823_1”_1@ Z

27 r'(3) 13k s

If we choose ¢ so that Re(w)+1 > ¢ > max(0, Re(w)) (thus 0 < Re(s—w) < 1)
then we may interchange the two integrals above. This is because the z-integral
Jo~ (cos(2mz)+sgn(€) sin(2mz)) 25~ 1dz is (conditionally) convergent for Re(s)
in this range. The interchange of integrals is rigourously justified by restricting
the z-integral to the range (g,1/¢) and letting ¢ — 0+4. Thus, with ¢ in this
range, we have

/0 (25’(2) (cos(2mz) + sgn(§) sin(27z)) % _ ZLm /(C) (F(E%)i))z

4

x <%)( /0 " (cos(2nz) + sgn(€) sin(2r2)) = >dj

Employing the expressions for the Fourier sine and cosine transforms of z5~%~!
(see [7, pp. 1186-1190]), we obtain the second assertion of the lemma.

From the first two statements of the lemma, it is clear that for fixed
& # 0, f(¢§,w) is an analytic function of w for Re(w) > —1; and it
remains only to prove the bound on |f(§,w)|. Write the integral (5.6) as
= f(c s w;sgn(f))(‘sl )°ds. Note that when Re(w) > —1, the integral (5.6)
makes sense for ¢ > max(0, Re(w)). We shall bound it by choosing ¢ optimally.
Stirling’s formula shows that

lg(s, w;sgn(§))| < (';) 3 exp (—=Z|Im(s)|) (1 +|s — wl)e—zRe(w)

€]
VX (1+|w])

Observe that for any sequence of numbers a, < n°, and any smooth
function g with ¢(0) = 0 and g(x) decaying rapidly as x — oo, we have the
Mellin transform identity

a’_n > w—1
Zang =9 nz: pr </0 g(t)t dt) dw,

Choosing c =1+ % we easily see the bound of the lemma.



NONVANISHING OF QUADRATIC DIRICHLET L-FUNCTIONS 469

where ¢ > 1. Hence we may recast the expression for Ro(l) (see (5.3) above)
as

(5.7)
1 p(a) ( kX
l)=— - d
mi=y T8 G [ X eum(gg)w
(a,20)=1 kA0 (n2a) 1
for any ¢ > 0.

LEMMA 5.3. Write 4k = klk% where k1 is a fundamental discriminant

(possibly ki = 1 is the trivial character), and ko is positive. In the region
Re(s) > 1
(5.8)
. d(n) Gu(ln
Z (S) ak(ln) = L(S,Xkl)Qng(s;k,l,a) =: L(s, xx,)?G(s; k,1, )
~ n vn p
(n,2a)=1

where Gp(s; k, 1, a) is defined as follows:
k) )’ .
Op(sik,l,a)=1——(— if p|2a, and

ps P
1 kl o0 d pT 7“+0rdp(l)) .
G,(s;k,l,a) = (1——(—)) — , if pt2a.
o ) 15 ZO T, f

Then G(s; k,l, a) is holomorphic in the region Re(s) > %, and for Re(s) > %—i—
satisfies the bound

(5.9) G(s; k,1,a)| < f|k[FI2T(1, k2)2.

Proof. The Euler product expansion (5.8) follows from the multiplicativity
of G4x(n) (see Lemma 2.3). By Lemma 2.3 we see that for a generic p { 2akl,
Gp(s;k,l,a) =1— p‘gs + (%) p%s (s; k,l, o) is holomorphic in
Re(s) > 3. It remains only to prove the bound (5.9). From our evaluation of

Gp for p 1 2kla we see that for Re(s) > % + e,

1G(s; k1, )| < (Jklla) [T 1G(s: kD).
plkl
P2

Suppose now that p® || k and p® || I. Plainly we may suppose that b < a + 1,
else (using Lemma 2.3) G,(s; k,1, ) = 0. Notice that plz! || kz. We now claim
that |G,(s; k, 1, )| < (a + 1)2p™n®il3 +3 ), which when inserted in our earlier
estimate gives (5.9).
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By the trivial bound |Gr(p")| < p" it follows that |G,(s;k,l, )] <
(a 4+ 1)?p’ so that our claim follows if [4] > g. The only remaining cases
are a even and b =a + 1; and a odd and b = a, or b = a + 1. These are easily
verified using Lemma 2.3.

We use Lemma 5.3 in (5.7), and move the line of integration to the line
Re(w) = —3 + . We encounter poles only when k = O (so that ky = 1,
and L(s,xk,) = ((s)); here there is a pole of order 2 at w = 0 and the
residue is the source of the secondary principal term. Thus we may write
Ro(l) = R(l) + P2(l), where

_ 1 plo) o~ (=1)F

(.10) RO=5 > B S o
a<lY k=—o00
(a,20)=1 k#0

kX
X / L(l+w7Xkl)2g(1+w;k,l,a)f<—2,w>dw,
(,%+E) 2a?l

and (with an obvious change in notation, writing k2 in place of k),

(5.11)
Pall) = 5 Res M(C;) > (DR + w)?G(1 + wi k2, 1 a)f<k2X )

—, W
21 w=0 (67 2042l’
a<Y k=1

5.3. The secondary principal term Ps(l). Below we shall suppose that w
is in the vicinity of 0; precisely, |w| < @. We begin by trying to simplify

o 2
(5.12) S -1k +w;k2,z,a)f<%,w).

k=1

We now define for |v — 1| < @, and any u with Re(u) > 3,

u . (_1)k 2
H(u,v;l, ) =1 Z G(v; k%1, ).

2u
k=1

Note that this series converges absolutely in this range. Define also
Iy (u) = (2m)7"T'(u) (cos(5u) + sin(Fu)) .

Using Lemma 5.2 and these definitions, we see that (5.12) may be recast as

o) 2 ) () et
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From this it follows easily that
(5.13)
Res ¢(1+w)? x (5.14)
w=0

i (s 4+ 1 2 2\ §
- S0 (R (M) ramts st
271 (%) F(Z) T
o (1p DX g Lha)  gpH(s Lt wila)|  Ti(s)\ds
8 a? H(s, 1;1, «) H(s, 151, ) weo Ti(s)/) s’

where D; is a constant depending only on ®. We note that log D; may be
written as A + B®'(0)/®(0) for absolute constants A and B.
From the definition of G(v; k2,1, o) we see that

oo

1
H(u,v;l,0) = —1%(1 — 21724) Wg(u; k2,1, a)
k=1
- = Gp(v;p?, 1, )
u 1-2u ) s by
p b=0

Using the expression for G, in Lemma 5.3, and then employing Lemma 2.3 to
evaluate it, we may write

_1
H(u, v;1,0) = —I(1 — 272917 2¢(2u)¢(2u + 20 — 1) HHLp(u, v;l, )
p

=:—(1— 21_2“)l11i7%§(2u)§(2u +2v — V)Hi(u,v;l, ),

where
1- L 2 1— —4%— if p|2
( pv) pZut2o—1 if p[2a
(1-7%)° 2 2 1 3 1 012l
(- TzaFro=T) L+ 5% = gzt + pmavoo=t — pmafee T preFmoeT if p{ 2c
Hip =

(1—%)?
P 1 2 2 1 1 .
(1_p2u+12v71) 1- v + pRuto—1 — prute + prutzu—1 — pAutzo—1 if p|l1

(-7%)° 1, 2 2 1 1 :
L 1- P + pv  prutv + pZutZv—1 — pZufZv if p|l,pJ[l1.

1
1- p2ut2v—1 )

From this it follows that

2'H(s, 11, ), and i’H(s,w; [, )

H(s, 151, ), B 50

w=1

are holomorphic when Re(s) > 0. Since [((s)], |¢'(s)] < max((1 + |s])F,
1-R

(1+1s])

7 *€) (see [20, pp. 95, 96] for the proof of this estimate for ¢(s);
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the estimate for ¢’(s) follows by a similar convexity principle) we obtain that
when Re(s) > @ they are bounded by

_1
(5.14) < 1R 7E (x| + 1),

Hence we may move the line of integration in (5.13) to the Re(s) = logX line.

We now introduce the sum over a as well, and (since ®(0) = i’(O)) arrive at
4 a<yY
(e,20)=1
I (s) ds
a? H(s, 151, ) H(s,w;l,a) |,y Ti(s)) s
We now extend the sum over a above to infinity. By (5.14) the error incurred

d(0) 1 / <F(§+ )> <16> u
Po(l) = —2L — —2 47 (s,1;1,
2() 2l 2rmi (1Oglx) F(l) Z OZ)
" <log (DlX) B %H(&l;l,a) %H(s,w;l,a)
in doing so is

I* 1y)2 / £
< Lyl /bglx) IT(5 + 7| max([T1(s)], [Ty (s)])|ds| < Lyl

because the integrand decays exponentially as |[Im(s)| — co. Hence

Pu) =0 s ) + 5 /_)(”&—?) () Tuokis

log X

9 o)
5K, ;1) 5-K(s,w;l) (s)) ds
log(Dy X o - s
X <0g( 1X) — K(s,1;1) + (s,wil) |y F1(5)> s’

where
I R
’C(Saw’l) - 21 0471 OéQ_QSH(Sawﬂl’a)'

(a,20)=

By our expression for H, a calculation gives

2 s —-s _ b a\’s
K(s,1;1) = — 8\%@5? H<1+1>4+i782 <g> C(25)C(25 + 1)

plt P ab=ly
pil
2 1 1 .
T(-5) (o)

pt2l
Using this together with the functional equation for ((s) and the relations
['(2)[(1 — z) = meosec(mz) and ['(2)T'(z + 3) = ﬂ%21*22F(2z) we see that
(5.15)

<F(1§(7;%)> Cf) Ty (5)K (s, 151) = <F<%;)i)) (1%—6> TRy 130).
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Further, after more calculations, we have

D Ko(s,w;1) DK (s,1;1) ¢! !
aw M ) 88 ) b
— 95 ' " — _logls —2>2(2 2=—(2 1 1
Ko wil) oy Kl 8l T2 2ps i)+ ()
where
6log 2 2logp 2logp
U(s) = 2log?2 —
(s) 0g 2+ (1 — 2142s)(1 — 21-25) T zﬂ: p—1 ; p+1
p p
pth
2logp 2logp 1+ 5 — 0% +p%)
+Z p—l_ P 1+2+L_L(25+ —25)
pl2l p T3 p2\P p
= U(—s).
Note also that
I T/ cos(Z2) — sin(Z2
1) ogam) + 2 (s) 4 TNF) S0,
T'i(s) r 2 cos(5) + sin(5)

Using these together with the logarithmic derivative of the functional equation
for ((s) and the logarithmic derivative of the relation I'(2)['(1—z) = wcosec(7z)
we conclude that
FK(s 10 | gK(swiD|  Tils)
,C(Svlvl) K:(S’wal) w=1 Fl(s)
_%K(—s,l;l) 8%K(—s,w;l) B
K(=s,1;1) K(=s,w;l) |,-; Ti(=s)

The evenness of the expressions in (5.15) and (5.16) is extremely convenient

—

(5.16) —

I ()

below. However we do not know of any ‘natural’ proofs of these facts, which
perhaps make them look purely a matter of good fortune.

We now use these explicit calculations to complete our evaluation of Po(1).
Write

s 4 1y\ 2 s
7= (FE) () Tt
1
D K(s,1; DK (s,w;
< (log(Drx) - B2 B
so that by (5.15) and (5.16), J(s,1) = J(—s,1). Now

¢ 3(0) / ds
Pa(l) = O + , )—.
2(!) <\/EY1—5> 271 (x) I(s,1) s
We move the line of integration to the line —ﬁ — 100 to —ﬁ + ioo, en-
countering a pole at s = 0. Thus
¢ . J(s,1)  ®(0) ds
)= —_ ) — N—
Pa(1) O<\/EY1_5>+ (0) Res ===+ - — /( ER4CU

logX)

w=1 Fl(S)
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and changing s to —s and using the relation J(s,l) = J(—s,[) we see that the
above is

:0< a >+ci>(0)5eg‘7(8’l>—é’(o_)/( T 0%

VI Y1-e s 2mi i) s
Hence R
_ IS ®(0) J(s,1)

To compute the residue above we shall employ the following Laurent series
expansions. In these expansions, we shall use the symbol O(s") to group
together terms involving at least the n-th power of s. Note that

2
T3+ D\ /16\°,  45+47°—3 1
for an absolute constant ag. Further, since l; is square-free,

5 (5) =T+ = [T+ g p+ 061

ab=l; pll1 pll

2
_ S 2 4
—d(ll)(1+3 E log“p + O(s ))
pli1
Next

1\? 2 1 1
||<1——> <1+—+—3——2(p25+p25)>
ey P p p p
1\? 2 1 2>< 5 log?p 4>
=Jl(1-=) (1+2+=-5)(1+s D(p) + O(s
H( p>< p pd p2 Z P2 (p) (s%)

pr2l pl2l
for some D(p) < 1; and this may be rewritten as

[0 (20 2) oo 5 200 o)

pr2l |l

for some absolute constant a;. Lastly we note that in view of (5.16)

%IC(S, 1;1) N %K(s,w;l) B I (s)
K(s,1;1) K(s,wil) |,—q1 Ti(s)

is an even function of s, and so its Laurent expansion involves only even powers

<log(D1X) -

of s. A little calculation shows that this expansion may be written as

D1 X 2
log (;—1> +ag + V(0) + %(\1/”(0) + a3) + O(s%),

for some absolute constants as and as.
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From these observations we see that for absolute constants a4, as, ..

)

e ()T ) (35 )

ol ry p p* p
pila
DX DX
X (log 111 210g2 P+ aqlog l11 + as
pll

" log2p
+ag¥(0) + a7 ¥”(0) + ag » 2 D(p) ).
|l

From its definition we see that W(0) = Do + _,;, longg(p) + 20 lofjng(p)

for an absolute constant Dy and with Ds(p), D3(p) < 1. Further, we may
write W”(0) as Dy + > loip Ds5(p) for an absolute constant Dy, and with
Ds5(p) < 1. From these remarks, and keeping in mind the definition of n(1;1),

we get that

Res J(s,0) _ d(h) n(1;1) (log%ZIOgQHOQ(l)),

0 s VI 12¢(2)

pli1
where

X lo lo
Oo(l) = p<1og E) +log Dy Y log?p + %Dﬁ(p) +3 ipm(p)
pli pll plla

with P a polynomial of degree 1 whose coefficients involve absolute constants
and the parameter ®(0)/®(0); and Dg(p) and D7(p) are < 1. We also recall
here that log D; may be written as A + B®’'(0)/®(0) for absolute constants A
and B.

We conclude from the above calculations that

Pa(l) = — () L) 1) (log%210g2p+ 02(1)) + o( r )
pll

\/E 24{(2) \/Eyl—a

5.4. The contribution of the remainder terms R(l). We begin by obtaining
a bound for R(l) for individual /. Using the bounds of Lemmas 5.2 and 5.3 in
(5.10) we obtain that |R(1)| is

’L(1+W7Xk1)|2 _i \/m w
X Z exp( 10 /Il T l(|w|—|—1))’d |.
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Performing the sum over ko, we see that this is bounded by

l%+e 1
a<Y
L(1 1 vk
Z’ + w, Xk’l)| exp| —— | 1| |dw|
10 o )

|1 I(Jw| +1

Splitting the k; into dyad1c blocks, and using Lemma 2.5 to estimate these
contributions we deduce that

l%+eyl+e

lz—i—syl—l—a
IR(l)I<<7Xé /(1+>| (w)[(Jw] + 1) F¢]dw| <
—s+e

where the last inequality follows by using (1.4) with v = 2 for |w| < (3; and
v = 3 for larger |w|.
We now show how a better bound for R (/) may be obtained on average.

Let 3, = EIONSY; R(l) # 0, and B; = 1 otherwise. Then, from (5.10),

0]
(5.17)
2L—1 201
> IROI= X ARG < 2/ L1+ w, i)
a<yY k— 00
(0,2)=1 k#0
201
kX
x Z B (1+wk:,l,a)f< )’]dw[
=L
(l,a)=1
We now split the sum over k into dyadic blocks K < |k| < 2K —1. By Cauchy’s
inequality
2K—1 2L—
ﬂ kX
Z |L(1+’LUan1 Z T (I+w;k,l,a)f 2lw
k|=K I=L
(La)=1
2K—1 L
< ( Z ko|L(1 +w,Xk1)|4>
k|=K
2K—1 2L—1 2\ 1
0O kX 2
ll e o
><< Z k2 Z Gl +w;k,l,a)f 5o ¥ ,
|k|=K I=L
(lvo‘):
and using Lemma 2.5 to estimate the first factor, this is
(5.18)
2K—1 2L—1 2\ 3
1 1 B kX 2
K(1 te — =g : — .
< (K(1+ [w])? <|k|§< AP ruibta)f ()| )

(La)=1
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LEMMA 5.4. Let a« <Y, K and L be positive integers, and suppose w
is a complex number with Re(w) = —% + e. Then for any choice of complex
numbers ~; with |y < 1,

2K—1 2L—1 2
1 Y . kX
g k'_g g Tg(1+wak7laa)f(2a2l7w>
|k|=K I=L

1s bounded by

. 2+5L2+5K5 1 K
1+ |w\>€|@<w>2“7exp< VK )

Xi-e 200y/L{T +[w])

‘QQQ(KL+L2)
KX

and also by
(1 + |w|)aK LX)¢|®(w)

Before proving this lemma we note the bound it gives for ZZL YIR(1)]. We
bound (5.18) using the first bound of the lemma for K > a?L(1 + |w|)log® X,
and the second bound for smaller K. Inserting this bound in (5.17) gives (with
a little calculation)

2L—1
D IR < |(1+ Jw]) ¢ duw]
=L a<Y 2
L1+syl+e
<< X—% . @(2) (I){E3)7

as desired.

Proof. Using the bound for G in Lemma 5.3, and the bound for |f(&, w)]
in Lemma 5.2 we obtain that our desired sum is

< (1+ [w])7|(w)[* ex p( 210%)

o2+ (LK) KT 1 |2 e
X Dl Tk > (L k3)2
K=k "2 =1

This immediately gives the first bound of the lemma.

Write the integral (5.6) as 5= f(c s w;sgn(ﬁ))(%)sds. Taking ¢ = ¢,
we see that
2L—1

kX
ng 1+wk,l,a)f< oL >‘
. 1+e 2Lzl m
< |B(w)|———— [ |g(s, w;sgn(k)) b G(1+wik, 1, a)ds
(1k1X)2< Jio ot




478 K. SOUNDARARAJAN

Since |g(s, w;sgn(k))| < (1 + |w|)® exp(—5|Im(s)|) by Stirling’s formula, we
get by Cauchy’s inequality that
201

Z Wg 1+ w; k:,l,a)f(k)gl )

x/ exp (=% |Im(s)
(0)

The second bound of the lemma follows by comblnatlon of this with Lemma
5.5 below.

2 24¢

< (1+ |w|)€|@(w)|2W

2L—1
Z le -G(1+w;k, 1, ) |ds|

LEMMA 5.5. Let |6;| < I¢ be any sequence of complex numbers and let w

be any complex number with Re(w) = —% +e. Then
2K-1 4 201 4 2
|k|§< " ; 7g(1 +w;k,l,a)] < (KLa)*(K + L)L.

Proof. For any integer k = +[[; , >, py" we define a(k) = [], pa’Jrl

put b(k) =[], o,-1pi 11, >2p;“_1 Note that G(1 + w; k,l,«) = 0 unless [
can be written as dm where d|la(k) and (m,k) = 1 with m square-free. From
the definition of G in Lemma 5.3, and using Lemma 2.3, we get

Gl + wik, 1, ) = m(%) H<1 + piw <§>)_1g(1 +wik, d, ).

Using Lemma 5.3 to bound |G(1 + w; k, d, )| we see that our desired sum is

21 L k 2 V2
KLy S0 S d| S st () TI(1+ 55 (5))
|k|= K d|ak) m=L/d plm p p

We interchange the sums over d and k. Note that d|a(k) implies that b(d)|k,
so that k = b(d)f for some integer f with K/b(d) < |f| < 2K/b(d). Write
4f = f1f3 where fi is a fundamental discriminant, and fs is positive. Notice
that ke > fo. Thus our desired sum is bounded by

2K /b(d) 1 2L/d fb(d) 9 fb(d) -
(KLa)* Y d > % > 5(dm)u(m)2<T> H(l o <7>> :
d<2L  f=K/b(d) m=L/d p|m
and by Lemma 2.4 this is
L 1
(KLa)® Y d= < (KLa)*(KL+ L%y —
> alia +a) = 2

<« (KLa)*(KL+ L?).
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5.5. Proofs of Proposition 1.3 and Corollary 1.4. We assemble the as-
ymptotic formulae for P;(l) and P2(l) of Section 5.1, and Section 5.3, and the
bounds on R(l) in Section 5.4, and check that 7(1;1) = DIy /(c(l1)h(l)). This
proves Proposition 1.3.

Notice that by Lemma 2.2, Proposition 1.1 with M (d) = 1, and Proposi-
tion 1.3 (with [ = 1),

1 9 R X¢€ . Y1+€
S(L(3:x8d)"; @) = ©(0)Qo;a (log X) + 0<7 + CI’(Q)CD(;;)X%E),

where (Qo.¢ is a polynomial of degree 3 whose coefficients involve the

ég()o()o) for j = 1,2,3. Now we choose ® such that ®(t) = 1 for
te (142712~ 271 and such that ®™)(t) <, Z%, for all v > 0. Tt follows
that () < Z, &3 < Z2, and that ®(0) = (0) = 1+ O(Z~'). Further, the
parameters ®()(0)/®(0) equal ff(log y)Ydy + O(Z~1). Thus we deduce that
for a polynomial ()¢9 whose coefficients are absolute constants

Xl+te xl+te

Y+Z

parameters

> B(4)L(F.x80)” = XQO(logX)+O( +Zl+EY1+€X%+E>.
X<d<2X

We now apply Lemma 2.2, Propositions 1.1 and 1.3 to the new choice
Qi(t) =1—®(¢t) for 1 <t <2 and ®1(t) = 0 otherwise. Then we see that

X1+6 X1+5 )
> (1= (4)L(3 xsa)* < o+t yltegltexste,
X<d<2X

We add the two displays above, and take Y = Z = X § to obtain

Y L(3 xsa)* = XQollog X) + O(X 7).
X<d<2X

Having summed this with X = z/2, X = z/4, ..., we have proved Corol-
lary 1.4.

6. Choosing the mollifier: proof of Theorem 1

Throughout we shall suppose that A(I) < [7!7¢ and that Y = X°. We
choose M = (\/Y )9 where 8 < 1 — . For simplicity we shall suppose that
A(l) = 0 unless [ is odd and square-free. The optimal mollifier satisfies these
constraints, so no loss of generality is incurred in making this simplification.
Further, put A(I) = 0 if [ > M. Lastly, we shall suppose that ® is chosen so
that ®;) <; X for all j > 1; indeed later we shall just choose ® to be any
smooth approximation to the characteristic function of (1,2).
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With hindsight, we introduce the linear change of variables

(6.1) =3 A,f(“cj)) ad(a)

o(a)

Like A, £ is supported only on odd square-free integers below M. This change
of variables is invertible, and A may be recovered from & by

(6.2) A=) % ‘;d((;‘)) £(la).

We shall further require our mollifier to satisfy

et 110 0())

ply

(6.3) €I <

Notice that (6.2) and (6.3) ensure that A(l) < [~1F%.
With these conventions in mind, we proceed to evaluate the first and
second mollified moments.

6.1. The first mollified moment. Using Lemma 2.2 and Proposition 1.1
we see that

S(M(d)L(3, xsa); ) = 28ar (M (d) Ay (d); &) + O(X ).
Using Proposition 1.2 we get
28m (M (d)A1(d); @)

C . A) ( VX Ca(p) -
= —9(0 —=(log — 4+ Cy + ——logp | +O(X™°).
@202 e+t 2T (x)
Define g;(7) to be the multiplicative function defined on primes by
1 2p
g(p)  hp)p+1)

)
It’s easy to see that gi(p) = —1+ O(%). Writing A in terms of £ using (6.2) we
deduce that

g1(p)

Z M1 E = Z Zg(la)i,u(a)ad(a) log vX

o) T T 2 2N Y0 h(ayo(a) T
- 1 pla)ad(a) VX
260 2 S ayeta) BT

= ¥ €0)n) (los(V ) + 0 <L) ).

ply
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By (6.3) this is
1
Z& 7)g1(7) (log VX ) +O< )
og X

Similarly one sees that

A1) logp 1
> 5 (G S < s

l p|l

We have shown that the first mollified moment is

(6.4) Zg ~) log( \/_7)+0<0g1X>.

6.2. The second mollified moment. Using Lemma 2.2, Proposition 1.1 and
Proposition 1.3 we know that the second mollified moment is (with an error

O(X™9))

36C Z(Z)\ )%d\(/ll%) gélll) <1og3 (_) —SZlog plog( >+(’)(l)>

rs=l pli1

We write r = aa and s = ba where a and b are coprime. Since we assumed
that X is supported on square-frees we note that a = Il and l; = ab. Thus the
above may be rewritten as

aa) A(ba) ad(a) bd(b)
36( Zh Z h(a) h(b) o(a) o(b)

(a, b)
X X
32N 2 A 2
X <log <ab> 3 E log” plog <ab> + O« ab)).

plab

Since } g4 #(8) =1 or 0 depending on whether (a,b) =1 or not, the above
becomes

(6 5)
B(0) & = p(B) Fd(B) < MaaB) AbaB) ad(a) bd(b)
% Zh(a 2R o0 2 ) hO) ola) o)
og> X\ ogZplo X o?B%a
X <1 g (abﬂ2> 3p|§ab:ﬂl g pl g(abﬂ2> + O(a”p b))

We now define a multiplicative function H(n) by setting

4p 1
He) == 3oy re = ”O<5>'
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Observe that, for nonnegative integers j, and square-free integers +,

0 ﬁ?d(ﬁ)? = N () md(m)?
Q;Wh 2 g(B3)2 (log 5)” = h(y) ;AJ( )h(m) o(m)? H<m>
YT

mly

Further, using (6.3), we note that for any square-free integer v and any non-

<7

negative integer j,
Aav) ad(a) Ji_ (o S Aay) ad(a)
2 ha) ofa) (B = LM TG
N A () A
_;A]( )h(m)a(m)é( 7)
R L Aatm)
< 7log2MH<1+O<p>> Z m

ply m<M /vy

o)

ply

From these two observations we see easily that
ﬁ2d (8)>
% i) X A5

(aozﬂ) A(bafB) ad(a) bd(b) X X
x> ha) h(b) o(a) o(b) <log3 Y 2 3%)

a,b

7H Ay(m) (log X)~1 1 1
1+0|- .
<y > Z w1+ 0)) <z
j=1~y<M mly ply
Similarly we see that

ﬁQd AaaB) AMbaB) ad(a) bd(b)
za: h(« Z h(B)? o(B)? ; h(a)  h(b) o(a) o(b)

<log—<210g p+210g p> log — bﬂz Z log p) ﬁ,

pla plb plabp

(aaB) AN(bafB) ad(a) bd(b)
h(a)  h(b) o(a) o(b)

1
2 92
O(a”fab) < g X'
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We have shown that the second mollified moment is (with an error
O(1/log X))
(6.6)

H(7) < A A b (b
36c ZW:W Z h@) ) (a)) a((w) (l @ b<zlog P2 p))

a,b p|b

6.3. Completion of the proof. Roughly speaking our expression for the
second mollified moment looks like
D‘I’ ’Y 7)2.

(6.7) 600

This is a diagonal quadratic form in the &’s and we shall choose our mollifier
so as to minimize (6.7) for fixed (6.4). Obviously this is achieved by choosing
&(7) (for odd square-free v < M) to be proportional to

MO oy )

vH(7)
In fact, we shall choose (for odd square-free v < M)
C h
(6:) ) = D90 o).

Dlog* M ~H(7)

Observe that our choice (6.8) meets the constraint (6.3) imposed earlier.
An elementary argument shows that

(6.9)
C?~ o h(No1(7)? €21 1 hP)n )\
5 e g = 5 lL(-5) (= 5y e <000

From this and partial summation we get that the first mollified moment is

c? (0 oh
(6.10) leogg])ng‘;u(m) % 2(VX7)

2 1\3 1Y 29(0)
”5(0*5)‘@)5&&
For nonnegative integers j note that
_ N~ AMav)ada) | Alay) ad(a) (m
V=20 ofa) Y =2 ) oa) 22

= 3 ) ()
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Note that &;(7) is supported only on odd square-free integers < M, and that
for such a v our choice (6.8) gives

__C  hal) Ay (m)
§0) = Drogar ~H() m;MMu(m)d(m) j
(my)=1

X H(l + O( )> log(V Xmy).

plm

It is easy to check that

S wmyaem) M T (1 Lo @)
m<z p|lm

(m,y)=1

St o5 ()

plm aly m<z plm
qlm

—2logz + O( 1+th - )
={ log?z+O(logz(1+ Y 184)) if j=2

ql'v q

< log?x(1+ Y 1084 if j = 3.

qaly q

if j =1,

From this and partial summation we get
(6.11a)

fi(y) = ———o 9 ) <2 log (%) log(VX7) + log” <%)

Dlog* M ~H(7)
O(logM(l +Z logq))>,

qly

baly) = — = M) (logz( )1og<F 1)+ 2 log? (Af)

Dlog* M ~vH(7)
+O(1og M(l +3 logq))>,
aly

and

[h(7)g1(7)] log ¢
(6.11c) £(7) < TG)(NF%T).

Expanding log3 (X / ab) in terms of log X, loga and log b, we may write

7H a7 ad ) A(by) bd(D) X
(6.12) 36( Z Z h(a) o(a) h(b) o(b) log® 7
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as a linear combination of terms

36C ZVH fj )€k (y )(logX)l, where j+k+ 1 = 3.

These terms may be evaluated by appealing to (6.11a,b,c) and then using (6.9)
and partial summation. In this manner we show that

(6.12) 2 028 170 16 4 20(0)
' 81 ' 1350 ' 1862 ' 8163 ' 270* ' 2765 ) 3((2)°

This handles one of the terms in our asymptotic formula (6.6) for the second
mollified moment.

To handle the other term, we note that for odd, square-free v < M
a'y ad Z
Z log
=> 10g2p(2 +0(p™")é(vp)
P
91(7) 2log” p ( <1>>
S LEL AL A = E(1+0(=) ) log(vX

waviD D 5 5) ) los(vVXp)

M 2 M
log? - log(VX~) + 3 log® - + O(log? X)>,

and similarly

Alavy) ad(a
Z h((c;Y)) J((a)) logaZlong

= log’p2+0(p~ ")) > Mapy) ad(@) ) o)
p

= Zp: 2log2p<1 + O(%)) (logp £(pv) + &1 (py)) -

Here we employ (6.8) and (6.11a), and use partial summation. It transpires
that the main terms cancel out, and we find that the above is

|h(v)g1(7)] (1 n Z 10%)

<
vH
) aly
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Using these we find that

_ D(0) x—~ YH(Y) — AMay) ad(a) A(by) bd(b) s o i
12¢(2) ; h(7) %: h(a) o(a) h(b) o(b) log — (pZa:l g P+%b:1 g p>
2 4 7 2\ 29(0)
(G )i

817150 52 T e
Combining this with our evaluation of (6.12) we find that the second mollified
moment is

(6.13) N <4 8 20 76 16 4 >2<i>(0)

81 270 T o767 T R16% T 2701 T 2765 3¢(2)°

We choose ® to be an approximation to the characteristic function of (1, 2)
so that ®(0) ~ 1. By Cauchy’s inequality, and the evaluations of the mollified
moments,

> otz S re() = x g e

1 .
X<d<2x d oad X S(L(3, x8a)*M ()% @)
d odd L(%7X8d)¢0
L(%,x34)#0
1 4 7
>(1- 7) —X = <— + 0(1)) p(d)?,
< (0+1)7) =2 8 X<%<:2X
d odd

upon taking § = 1 — e. Take this with X = z/2, /4, ..., and sum to get
Theorem 1.

7. Sketch proof of Theorem 2

By Lemma 2.2 and by modifying the proof of Proposition 1.1, we have

S(L(L, x84)%; @) = 28a1(A3(d); @) + O (g)

() o)

where Hp(t) = @(t)wg(nw%/(SXt)%). By Poisson summation (Lemma 2.6
above) this becomes

ST SR
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The method of Section 5.1 shows that the &k = 0 term above contributes
Qo.a(log X) + O(X°Y 1Y),

for a polynomial @y of degree 6 whose coefficients involve linear combinations
of the parameters ®U)(0) for j = 0,...,6. As in Section 5.2 we may extract
a secondary principal contribution from the ¥ = O terms. These may be
evaluated as in Section 5.3 to give a contribution

Q10(log X) + O(X°Y 1Y),

for a polynomial )1 also of degree 6 whose coefficients are again linear com-
binations of the ®)(0) for j = 0,...,6. Lastly the remainder terms (aris-
ing from k # 0, O values) are estimated analogously to Section 5.4, and are
< <I>(2)<I>f3)YX ~1+5. Thus one may show that

)

X 1
S(L(3,x80)% @) = Qa0(log X) + O<7 + <P(2)<I>f3)YXi>,

for a polynomial Q2.6 = Q1,6 + Qo,e of degree 6.

We now argue exactly as in Section 5.5, choosing ¢ to be a good approx-
imation to the characteristic function of (1,2) (with ¥ = Z = X %), thus
proving Theorem 2.
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