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ARTICULOS

(Dirichlet-Neumann)-Schwarz problem for the
nonhomogeneous tri-analytic equation

Antonio Nicola Di Teodoro and Carmen Judith Vanegas

Abstract. The goal of this paper is to solve a combined boundary
value problem for the nonhomogeneous tri-analytic equation namely
the (Dirichlet-Neumann)-Schwarz problem. In order to obtain the
solution and solvability conditions we use an iteration’s process in-
volving those corresponding to equations of lower order.

Resumen. El objetivo de este articulo es el de resolver un problema
de valores de frontera combinado para la ecuacién no-homogénea
tri—analitica, es decir, el problema de (Dirichlet-Neumann)-Schwarz.
Con el fin de obtener la solucién y las condiciones de solubilidad,
utilizamos un proceso iterativo que involucra las ecuaciones corre-
spondientes de orden inferior.
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1 Introduction

Basic boundary value problems in complex analysis are the Schwarz, the Dirich-
let and the Neumann boundary value problems. The Schwarz problem is the
simplest form of the Riemann-Hilbert problem. The Dirichlet problem is re-
lated to the Riemann jump problem and the Neumann problem is connected
to the Dirichlet problem. In the last ten years these boundary value problems
have been investigated in different domains. Particularly in [2] Heinrich Begehr
started a systematic investigation on the unit disc D of the complex plane for
complex model equations using integral representation formulas. He also intro-
duced there the study of combined boundary value problems which are boundary
value problems involving different boundary conditions. In those papers he used
an iteration’s process to get a solution for the problems involving operators of
higher order. Using this method integral representations for solutions to higher
order partial differential equations can be obtained from the representation in-
tegral formulas for those corresponding to first order equations. This method
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has been used many times, see [1, 2, 6] and references therein. In [1, 3], the
authors studied Dirichlet, Neumann and Schwarz boundary value problems for
equations of higher order and some combined problems taking into account only
two different boundary conditions for those equations.

Following their idea we solve in this paper a combined boundary value prob-
lem for a higher order equation involving a particular combination of three dif-
ferent boundary conditions: Dirichlet, Neumann and Schwarz conditions. For
do it we apply the Begehr’s method. Because of the laborious calculations to be
done, we have restricted our study to the inhomogeneous tri-analytic equation.

The combined problem studied in this paper is (Dirichlet-Neumann)-Schwarz
problem and in order to give an explicit integral representation for the solution,
the unit disc of the complex plane is taken as the domain. For the inhomo-
geneous Cauchy-Riemann equation in a regular domain D belonging to the
complex plane, the Schwarz problem is well-posed while the Dirichlet-Neumann
problem is overdetermined. Therefore we have to look for solvability conditions.
This last also happens in the combined (Dirichlet-Neumann)-Schwarz problem
in the unit disc and hence we have to determine solvability conditions.

The integral representation of the solution and the solvability conditions
(found using the Begehr’s method) for our combined problem are original results
and represent our main contribution in this research.

The problem solved in this paper may be used as a starting point to study
others combined problems, combined problems in other bounded or unbounded
domains and also for higher order equations. Combined problems can model
physical and engineering problems involving different geometries, see [4, 5].

In order to solve our combined problem we will need the following problems
whose proofs can be found in [2].

THEOREM 1.1. The Schwarz problem for the inhomogeneous analytic equation
in the unit disc

Opw = finD, Re(w)=~yondD, Im(w)(0)=-c

for f € Li(D,C), v € C(OD,R), ¢ € R, has a unique solution. The solution is
given by the Cauchy-Schwarz-Pompeiu formula

d&dn,
(1)

_ b (+zd¢ 1 (+zf(¢) | 1+20f()
w(z)zc+2m/m_17(é)<_z R 27T/|<|<1C—z ¢ +1—zZ :

for ¢ =& +1in.
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THEOREM 1.2. The Dirichlet-Neumann problem for the inhomogeneous Bitsadze
equation in the unit disc

Zw=7FfonD, w=7y indD, 0,0.w="y0n0D, w0 =c,

where 0, is the Neumann operator defined by 0, = (20, + Z0z), is uniquely
solvable for f € L1(D,C) N C(ID,C), v, 1 € C(OD,C), and ¢ € C if and
only if

B N (S N N B B <0 ( (S N
- G 1-C dg 7T/|<|<1 2 ¢ dédn = 0. (2)
and
1 R S S TS N
7wt o, OS5 T+ 5 /|<|<1 Tk dedn =0, (3

The solution then is given by

1 Y0(C)

OJ(Z) =cz+ 2772 ¢l=1 C_ > d<+
1 - ~1—|z|? d¢
e et [71(()—§f(4)]10g(1—24)7 3
1 1> = I2* £(©)
n W/|<|<1 S e @)

The Schwarz problem for the inhomogeneous polyanalytic equation is proved
in [2]. For the same equation the Dirichlet-Neumann problem is proved in
[6]. In [1] using a non-iterative process, the Schwarz-Dirichlet-half-Neumann-
(n — 2) problem and the Dirichlet-half-Neumann-(n — 2)-Schwarz problem for
the inhomogeneous polyanalytic equation have been studied.

The mathematical tools which we use in this paper are classical results of
the complex analysis as Gauss Theorem, Cauchy Theorem and Cauchy-Pompeiu
Formula [7]. To make it easier to read this paper, we have been included the
most of details of computations.

2 Some region and boundary integrals

LEMMA 2.1. For |z| <1 and |{] < 1

i 1/ ﬂd&dnz

1 z
T Jicj<1 C(1 = Z¢) 2
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z-( 2P
1-z2 1-%

il (- EP)E+Q)

' z dedn =20+ 2 +22
7 o a0 ¢ BI=H T

e
T K< (1= 2¢)(1 — ¢C) 2
1 ¢ _ -
o ey €=
Y B« (S N (£ 9}
2mi Jig=1 ¢(¢ = ¢)(1 = Z() 1-%¢
vi. L SRS R

270 Jj¢|=1 ¢(1—-z0)(1 - CE)

. _
Vi, / 2 dedn ==
C

T Ji¢l<1 (1-%2¢)?
2 +0) (P - )
e —2 2 dfdn = ST ——
o “/<<1 C-ou-=r M= 1=y

in. l/ 46O gean—=
w Jia<r (- 21 - €0

Proof. i. First we rewrite the given integral as

1 (1—[¢]) 1 1 1 z
- dédn=~ | ~dedn+~ | 2 ded
w/|<|<1<<1—z<) <dn w/|<|<1< 5"+7r/|<|<1 T —zq) %

1 ¢
T /<<1 1-z0 “dn-

From the Cauchy-Pompeiu formula we have

l/ 1 dgdn—i ¢ d¢ — z.

mhigea ¢z T 2w igma €= 2

Denoting the first integral on the right side as h(z) we observe that it is
an holomorphic function respect to z and

K ¢

®) () = S B
h (Z) = om cl=1 (C_ Z)k+1

dc.
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Using the change ¢ = €%, 0 < 0 < 27, we can prove that h(k)(O) =0,

: o~ 15(0) 4
k =0,1,... which means h(z) = ¢ = 0. So we have
1 1 o
— / dédn = —Z and if we make z = 0 we get
cl<1 6 — 2
1
2 gem=o (©)
[¢l<1 C

From theorem’s Gauss

= ffi/ = L d L 1 ¢=z (7)
211 Icl=1 ¢ —Z 271 Ic|=1 (—=z
and
_ 2
1 ¢ 1 ¢
— — d&dn = — — d( =
s I¢|<1 1—ZC f " 4 I¢]=1 1—ZC C

et o 30500 = G0 |

Finally from (5)-(8) we obtain the desired result.

7i. We split the given integral in four integrals:

1 11—+ 1 L sedn L2
7T/|c|<1C(1—ZC)(C~ ¢) n /<|<1C ¢ /<<1C ¢

1 A+, dn D ey
* 71' /C<1 (1-2z0)(¢—-¢) : /|C|<1 (1- z()({ Q) s

1
From proof of (i) we know that — / = d€dn = 0.
|¢l<1 C

Using Cauchy-Pompeiu Formula and Cauchy’s theorem we get the value
of the other integrals

1 1 1 ¢ = 1 .
— ~ dn = = d(— = ——=— ——d(—(=—
7T/|<|<1 ¢—¢ " omi Icl=1 ¢ — ¢ ¢ < ¢
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and

1 (+¢ 1 (—C+2
— ——  dfdn = — —2 2 >  dfdn =
ﬂ/|<|<1 (1-20)(C—¢) s ﬂ/|<|<1 (1-20)(C—¢) s

d&dn + — > dedp=
: ¢ 2 ¢ 2
n a2 D
i ejon -2 mi o 1-z0 -9 1%

1 1 2 ¢ _ 2
— —d¢— — - — dC — _ =
iy T e Cw

1+2< C~> - 25~:1+25_<
1-C¢ - 1-2C 1-2C

and

1 CCHO  geg L[ CC=Q+20C 0
o a-20C-0 "  Joe 000

1 ¢ 1 20¢
— déd — — 2> dfdn =
7r/|<|<1 1=%¢ ¢ 77+7T/|<|<1 (1-2¢)(¢C—<) s

=2 . =2 ‘

z (¢ 1 ¢ ¢ 2yt

z L 55  ge=Z2 55172
9 + 1-2z¢ 2m ,/|<|—1 (1 =20 —¢) ‘ : '

Finally we have

1 1-KPEC+Q
— ~ > 7 > dédn =
g
2-C 7z -z _ = .z, . z2-C z-C(P
2C+z+221725 5 - ,2<+2+2217§~+ —
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7ii. Again we separate the given integral in four other

L (1=K +CO ey
T Jici<r ¢(1 = 2¢)(1 - ¢0)

1/ 1+¢C dgdn_g/ D) g —
™ i< ¢(1-2¢)(1 - ¢{) ™ i<t (1-2¢)(1 - ¢0)

<

™ Jigi<1 € T Jic<1 1 — (¢ u 1-20)(1 - Q)
1 / D e
™ Jiel<t (1 =2¢)(1 = ¢C)
Since © / L dean =0, 221 Y dedn=oC,
™ Jicl<1 € T Jiel<1 1 — (¢

1/ L+¢C dgdn:i/ A+ 4o
™ Jigl<t (1= 20)(1 - ¢C) 2mi Jigl=1 (1= 2¢)(1 = ¢C)

1 1+¢C d¢ 1+4¢C _,
2 =1 (1-20)(1-¢0) ¢ (1-20)(1 <) e
and
L CU+CD gy L L [SCETS
™ Jicl<1 (1-20)(1 - ¢C) 221 Jig=1 (1 -2¢)(1 - Q)
11 1+ ¢C _1( 1+ (C )/ I
357 = di=5 | ——2— | =(+s,
22mi Jig=1 (1 —2¢)(1 - ¢&)¢° 2\(1-200-¢0) )y 2

where we used the Gauss’theorem, we get

;/ (0= KPO+CD) ey —of 2 G2
T Jicl<1 ¢(1 —2¢)(1 - ¢C) 2

iv. Follows from (8).
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v. Follows from applying the Cauchy integral formula

2mi Jigm CC- Q)1 —2¢) 2w Jig=1 (C—2)(1 - &)
:fi/ c1+¢0) dc(cmcé)) __z1+%0)

2mi Jigl=1 (¢ — 2)(1 = ¢0) - ), 1=

1 A+ o1 1+

vi. From Cauchy integral formula we obtain

L 1) d<_<1~+<<~> i
i Jigi=1 ¢(1 - 2¢)(1 - ¢0) (1-c)0-¢)) ey

vii. From Gauss’ theorem and Cauchy integral formula we have

1 z _ 1 1 a¢  _ 1

— —— dédn =Z— = =

vr/<|<1 0= " Fami J L aomr ¢ ((1z<>2>

viii. First we split the integral into two

1 z  (+¢C
— > dédn =
7T/|q|<1 (1-20)%*¢—-¢ S

1 1 1 ¢
- . dtdn+2z- S
ZW/|<|<1 (1-=%¢)? S22 /<<1 (1-2)%(¢ - ¢) s

From Gauss’theorem we observe

=Z.
¢=0

1 1 1 c
- . dtdn= — L
7T /|<|<1 (1-20)? e 2mi /<=1 (1-72¢)2 ¢

1 S c

2mi Jigo1 (C—2)2 2w Jigzy (C—2)?

and from Cauchy-Pompeiu formula and Gauss’ theorem we obtain

! ¢
_ 2 S ggdn =
e a-z0rc-0 "
& 1 e
(=207 2 g (1-202(¢ - )
< 1

(1-20)2 (1-%)?

e 1=z
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Therefore we have

/<<1 C—oa-zp ®" =P 0 e

iz. From Gauss’theorem follows

L ELES R U+ e
<t (1—¢2)2(1—¢0) 2T Jicl=1 (1= ¢2)2(1 - ¢C)
L (1+¢0) dC:Z< (1+¢0) ) .
2mi Jic=1 ¢(1 - ¢2)2(1 = Q) (1-¢2)2(1=¢C)

LEMMA 2.2. For|z| <1 and |(| < 1

CL [ (=P
' 27 I¢|=1 z

T R IS A
i 5 /|c—1 . Clog(l z(C) <§_<> d¢ =0.

i L (-1 ¢ 1+(¢ |z\2 -
111. 27ri/|<| 1Z<10g(1—z§)( CC) dC—QC log(1 — 2().

glog(l —2() d¢ =0.

|Z|2 =2

1 CJ2 - g
e dédn = —.
" vr/|<|<1 (a2 BM=5

1 ([ T R - (4 22— C
e > d Q2 2 2.
! /|<1 C(C—2) ¢-¢ S ¢(z =) |Z‘z—§
1 (P =l 14¢C . 1+4F14+2  ((z—3)
.- dédn = .
h /|<|<1 CC=2) 1-¢C ¢ 2 1-2¢ 201-20)

Proof. i. Applying the Cauchy’theorem

1 (1 — [2*) log(1 — ()
oo

271 14 dc =

(1—|z*) 1 _ _
B /Icl—l log(1 —%¢) d¢ =0,
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1i. As before we separate the integral into two

L T &
57 /|<|—1C . log(1 z()é_C =
1|22 | 1 ~ ~C=¢d¢ 1 2¢Clog(1 — 2()
- log(1 — > = 4= Do o Bl =
? [2” /c—lC el ZOC—C ¢ "o /|<|—1 (C=0) C]
1—|z2 |1 B 1 log(1 — %()
el lod B 1 — — =X el P4 =0.
. [QM /|<|_1 og(1 —z() d(+2m, /IC—I g:(—l dC] 0
1ii. Follows from Cauchy integral formula
1 / (1= [2?)log(1 — 20) (14CC d¢ _
2mi Jigi=1 i 1-C¢) ¢
1- z|21/ Clog(1—20)¢(C+ Q) dC _
@i (0= 0) ¢
1—]e? 1 log(1 — 2¢)(C = ¢ +2¢)
_ > a¢ | =
z < 2 /|<|—1 (—¢ C)
12 22 - =
_ %(log(l ‘EQ)%L:E - % log(1 — 2C)2C.

iv. Separating the integral into two we have

1 / IC17 — |2
B dedn =

T Jiger C(C—2)
1 ¢ 1 |22
— dédn — — dédn.
™ /|(|<1 (C*Z) Sdn 7T/|§|<1 C(C*Z) S (9)

For the first integral on the right side, Cauchy-Pompeiu formula yields

11 e 72

= %%mi g 2N

1 2
21 Jigg<a 6 — 2

d&dn

Denoting the first integral on the right side as h(z) we observe that it is
an holomorphic function respect to z and

k! I
®) () — R S
)= o cj=1 (¢ = 2)k+1 .
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Using the change ¢ = €%, 0 < 0 < 27, we can prove that h(k)(O) =0,

— h*(0
k =0,1,... which means h(z) = Z T(')Zk = 0. So we have
k=0

l/ < @m:-i.

T Jig<1 € — 2

Now the second integral on the right side of (9) becomes
1/‘ Bk 1 11 P
— dfdnzzf/ - — ——dédn=7%z(—%2) = —z".
T Ji¢l<1 C(¢—2) ™ |§\<1C ¢—=2 (=2)

Here we have used the proof of (i) in Lemma (2.1). Consequently, the

integral on the left side in (9) is equal to %

v. Observing that

C+¢ 1 2
_ =4 —
(C—=¢ ¢ ¢-¢

and applying Cauchy-Pompeiu formula we obtain the identity.

vi. Follows similar to (v).

3 A combined boundary value problem

Using an iterative method (see [2]) we solve our combined boundary problem.

THEOREM 3.1. The (Dirichlet-Neumann)-Schwarz problem for the inho-
mogeneous tri-analytic equation in the unit disc

Bw=finD, w=v ondD, 9,0:w=my ondD, dzw(0)=c,
Re(0:0:w) =12 on 0D, Im(9:0:w(0)) = ex

for f € Li(D,C)NC(ID,C), 79,71 € C(ID,C), v2 € C(ID,R), c€ C, ¢; €R,
is uniquely solvable if and only if for z € D,

oz 1 70(¢) 1 AR
T T i Jon T2 % a2y T B L
1 1(©) Z o 12y 2 C
o <<1<[2C+2+(22+K| )1—24] ded

1 J© [Z } dédn =0 (10
+%/¥1< 5 + | dédn (10)
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and

1 () da¢  _ 1 142¢ d¢
271 -/C|_1 l—Zg C +Z27TZ ‘C|:1’Y2 1—2( C

1 £ 1+ 1 O, -
—Z— —7 dédn — — A 2C) déd
“or Jaa € 1=2¢ B a7 Jl T ) A
1 © [ 2z(|<|2—1>]
2 Jig<1 € o (1—2¢)?

dedn + 7 1O dédn = 0. (11)

2m Jig<r €

The solution then is

| Y0(¢)
w(z) = cz—l—zc§ + o iz d¢
P
_|_i fyl(c)ﬁ]

2w Jig=1

1 —1—2? -
- = 1 — déd
[ T tos(1 —<0) e

™

ot 0%

E|Z‘2_6_|z|2 ¢

() [az =) _ﬂ 5

RWEG [zlzz—CCIQ_ —C]
w/<<1 B N AT

1 fO[1+2142¢  ((2—7%)
o /<<1 : [ ) ] dedy. (12)

2 1-2¢ 2z(1-20)
Proof. We consider de following problems, the Dirichlet-Neumann problem:

2mi Jil=1

D2w="TinD, w=rv ondD, 8,0,w=r ondD, d&w(0)=rc,
where ¥ € L, (D,C) N C?%(dD, C), and the Schwarz problem:
00 =finD, Re(¥)=r ondD, Im(¥)(0)=c.

Because of Theorem (1.2) the solvability conditions for the Dirichlet-Neumann
problem are

1 70(¢) 1 v(g)1—1¢”
- d¢ + ~ dédn =0 13
‘o Jig 1-%¢ C+7r/|<|<1 ¢ 1oz B (13)

1 = 1 1 zZ¥(() _
(€)=~ T¥Q) = 4+ /IC<1 e e =0,y
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which yield the unique solution

Y0(<)
OJ(Z)—C +% Cl:lc_zd
1 o log(1= 201 |2 dc
S RO

I 1S
+7r/<<1 C-z ¢ - (15)

After Theorem (1.1) the unique solution for the Schwarz problem arrive from
the Cauchy-Schwarz-Pompeiu formula

B(z) = i1 + 1/ NG P
[¢]=1

2mi (-2 C
sl e e
Replacing (16) into (13) and (14) we obtain
g fo iR s L
+271m T (Enggng 217r/|<|<1 [f(cogfg_f(c)igg dédﬁ} déd.
and
% cl=1 C(Yl(czo ! _% =1 ¢ =50 . -
iy 02 L [RR P ]
*i e (1 z<>2[ 2mi /m_l”(é Ztgi
L[ T

respectively. Using the identities of Lemma 2.1 we reach the solvability condi-
tions (10) and (11).
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Now we look for the solution (12). For it we substitute (16) into the solution

(15), so we have

oo 1 70(¢) 1 7(Q)log(1 —20) 1 — |2
w(z)—cz—k% \(l:lC—Zd o e R d¢
S Clog(1—2Q)1— |z | 1 5 (¢ d¢
27 Jyc=1 ¢ . | m /|§|_172(OC~—C ¢
L lf@)@c—fol*“ dédij| d¢

2 Jigca | € C=C ¢ 1-¢C
1 CP—1*]. 1 2 ¢+ ¢ d¢
*3 Joare [ 3 fo PO
1 FQC+¢ FQ1+] o
- = SURTLEL R 2 | dédi| dedn.
27T/|<|<1[ ¢ ¢—=¢C ¢ 1-¢ 577] sl
The solution (12) follows from Lemma 2.2. O
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