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Bounds on the effective energy density of a more
general class of the Willis dielectric composites

Gaetano Tepedino Aranguren, Javier Quintero C.,
Eribel Marquina

Abstract. The authors Willis (see [W] ) and Milkis (see [MM] )
considered a composite formed by a periodic mixed in prescribed
proportion of a two homogeneous dielectric materials whose respec-
tively energy density are W1(Z) = %-|z|?, Wa(Z) = %2|Z1> + J|Z]%,
being 0 < a3 < g,y > 0. Willis gave a lower bound on the effective
energy density, but his method failed to give an upper bound. The
difference between Milkis work and ours is that Milkis gives a self-
consistent asymptotic expansion for the effective dielectric constant
when the microstructure geometry is fixed and the non-linear phase
has very low volume fraction. By contrast, we will give bounds on
the effective energy density for the same material with arbitrary
geometry and volume fractions 61, 05, valid for any spatially periodic
microstructure.

This work gives not only lower and upper bound of that com-
posite but also of a more general class considering W1(Z2) = %|Z[?,
Wy (Z) = %|Z)* + 2|Z|P being 0 < oy < agz,y > 0 and p > 2.
Moreover, we will prove that our bounds converge, as v — 0T, to the
optimal bounds of the effective energy density Wy, of the considered
Linear Composites, that is when v = 0. In the article [L.C] it has
been proved that the optimal bounds of the linear-isotropic case
(this is when v = 0) are expressed in the form:

(Wi, — Wh)*(n) < A(n), (Wa = Wi)*(n) < Bn)

while in our composite, the bounds of the isotropic case will be
expressed in the form

(W = W1)*(n) < A(n) —vL(0) + o(¥?)[n]*~*,
(Wo + Wa — W)*(n) < B(n) — U(n) + o(+*)|n|**~*
where Wy (€) = 22— [¢|P.
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Moreover, we will give bounds to the anisotropic case. This
article is a generalization of the particular case p = 4, which is
called the Willis Composite (this particular case was first studied by
[W] and [MM] and later was completed by [T] ).

Resumen. Los autores Willis (ver [W]) y Milkis (ver [MM] )
consideraron un compuesto formado por una mezcla periédica y
de proporciéon prescrita de dos materiales dieléctricos homogéneos,
cuyas densidad de energia son, respectivamente, W1(2) = %2 12,
Wy (Z) = %|Z* + 2|Z[P, siendo 0 < ay < ag,y > 0. Willis dio un
limite inferior para la densidad de energia eficaz, pero su método no
dio una cota superior. La diferencia entre el trabajo de Milkis y el
nuestro es que Milkis da una expansion asintética auto—consistente de
la constante dieléctrica efectiva cuando la geometria micro estructura
es fija y la fase no lineal tiene fraccién de volumen muy bajo. Por el
contrario, vamos a dar limites a la densidad de energia eficaz para el
material propio con una geometria arbitraria y fracciones de volumen
01, 05 valido para cualquier micro estructura espacial periddica.

Este trabajo no sélo da cotas inferior y superior de ese compuesto
pero también de una clase mds general teniendo en cuenta W1 (Z) =
S Z]2P Wa(2) = 1Z)* + 21ZP es 0 <o <az,y>0yp>2 Por
otra parte, vamos a probar que nuestros limites convergen cuando
~ — 0T, a la cota éptima de la densidad efectiva de energia W, del
considerado Composites lineales, que es cuando v = 0. En el articulo
[LC] ha sido probado que los limites éptimos del caso isétropo
lineal (esto es cuando v = 0) se expresan en la forma:

(Wr, — Wi)*(n) < A(n), (Wo — Wr)*(n) < B(n),

y mientras en nuestro compuesto, los limites del caso isotrépico
seran expresados en forma

(W = Wa)*(n) < A(n) —vL(n) + o(y*)|n|**~*,

(Wo + W — W)* () < B(n) — 1U®n) + o(r?)|n>~*

donde Wy(€) = 12— |¢]?.

Ademsds, daremos limites en el caso anisotrépico. Este articulo
es una generalizacién del caso particular p = 4, que se llama Willis
compuesto (este caso fue estudiado por primera vez por [W] y
[MM] y més tarde se completé con [T ).
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1 Introduction

Given 2 C R™ open-bounded the region occupied by a dielectric, then its
electrostatic potential satisfies the constitutive equation field

—divg€(z,Vu)Vu = p if z€Q
U = o if x2€0Q ’

—divyVzW(x,Vu) = p if xze€f
U = o if €0

being p its free charge density, Eg = —Vipq its electric field at the boundary,
and & is its dielectric tensor. If there is a function W : R™ x R®™ — R such
that VzW(z,Z) = E(x, Z)Z, then we say that W is the Energy Density of this
material. We will consider this class of material.

A dielectric is called homogeneous when W does not depend on the space
variable, otherwise, it is called heterogeneous or inhomogeneous. If a material is
inhomogeneous with energy density W, we say that W : R” — R is its effective
energy density when u. — ug, in some sense, being u., ug solution of

{—diszZW(f7Vu)Vu = p if z€Q

U = o if x2€0Q ’
—dinVZW(Vu) = p if €N
U = o if x€N

We will consider a composite formed by a periodic mixed of two homogeneous
dielectric in prescribed proportions which energy densities are respectively
W1, Ws. The composite formed has energy density W (z,§) = x1(x)W1(§) +
X2 (x)Wa(€) in a cell Y, where xj is the characteristic function of Yy, being
YiNYa=0,Y =Y, UYy C Qacell and 6 = |Yy|/|Y|. We will suppose that the
composite has a Y —periodic structure. That is, microscopically given ¢ > 0, the
energy density of the composite in a cell €Y is W (x,&) = W(z/e,£). Therefore,
extending Y —periodically W (., ¢) to all R, we find that

W(z,8) = x1(x)Wi(§) + x2(x)Wa(§)
being W1 (€) = G[E7, Wa(€) = & + TIEP, (1.1)
where < a; < ag,y>0,p>2.

n

The set Y is the open rectangle H(O, a;), being {a1,...,a,} C (0,00). We will
i=1

prove that the Effective Energy Density is given by the variational principle

W(f) = vien‘ghW(x,v—F@ dz, (1.2)
e
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where V,, is the completion of C}_ (Y, R™) under the L,—norm. This and other

per
spaces will be defined in the next section. The formula (1.2) will be proved

together with the exact definition of the effective energy density.

2 Definitions and Notations

Definition 1 Givenn € N and {a, ... ,a,} C (0,00) we consider Y =[], (0, a;).
If0 # X, a function f : R — X is called Y —periodic when

Ve € R",V(01,...,0n) €EZ" : f(x1,...,2n) = f(z1 4+ 0101, .., Zn + Onay).
(2.1)
The usual norm and the usual inner product in R™ will be denoted by |.| and

(s 1)
1
Definition 2 The integral ][f means the average mﬁ, where |A| is the
A

L-measure of A.

Definition 3 The space Cper(Y) are the function f : R™ — R continues in Y
and Y —periodic. In the same way we define Cl, (Y), Cper(Y,R™), Cl,, (Y, R").

per per
If 1 < p < oo the spaces L, (Y), L2, (Y,RY) are defined in natural way
and usually we will write LY., for both spaces. If 1 < p < oo we will use the

per

1/
normalized norm ||f||, = (][|f\p) ", The usual inner product of L?,, will be
e

(fo9)s = F 19 and (7.6, = (7.,
Y

Y

Definition 4 We will consider the following: natural spaces:
CV = {constants vector fields RY — RV},
M=M(Y)={0€ Cper(Y,RN) : 0 = Vu for some ue CL, (Y)}.

per
N = N(Y) = {o € CL,,(V,RY) ;][a — 0 and div(c) =0 in Y},
Y

Definition 5 Given 1 < p < oo and p~ ' 4+ ¢~ =1 we will consider the spaces:

K, = Ky(Y) = WpR(Y) the completion of C}..(Y) under the norm
lull1p = 1l + 1Vl

Vp = Vp(Y') = the completion of M under the ||.||,—norm.

Sq = Sq(Y) = the completion of N under the ||.||q—norm.

Xy ={oe L (Y,RY):div(o) =0 in Y}. And given n € RN we have
the space

Xqm)={o€Xy:4o=n}
/

er
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Definition 6 Given N € N, Ay = {0 # Q C RY : Q is open and bounded}.

Definition 7 Given (£,7) a topological vector space which satisfies the first
aziom of countabilityy ACE, SCR,ae S, {Fs:A—=R|se€ S} anduec A,
we say A =T'(7) li_I}n Fs(u) if and only if

S a

()V{sn} C S,Y{u,} C A with s, — a and u, - u:
A < liminf Fy (uy,).
n— oo

(ii))V{s,} C S with s, — a there is {u,} C A with u, — u such that
limsup Fs, (u,) < A.

n—oo

In this work, given N € N, 1 < p < oo and Q € Ay we will take € = LP(),
A =WLYP(Q), 7 the topology induced by the LP—norm and 7* the weak* —topology
of WP (Q).

Definition 8 IfV is a real reflexive topological vector space and f : V — R, we
define f*: V* =R and f**: V —- R as
Ve V" f(l) = sup{i(z) — f(x)}, Ve e Vi f7(x) = sup{l(z) — f*(x)}
zeV ev
We will use the fact:
f:V > Risconvex < f = f** thatisVex € V: f(z) = sup{l(z) —

lev
f(@)}

3 Existence of W, I'—convergence and Homogenization

In this section we will prove the formula (1.2) and give general results for future
considerations.

Lemma 1 The function W : R® — RN — R defined by (1.1) satisfies:

(1)Vz € RN : W(., 2) is Y —periodic and measurable.

(2)Ve € RY : W(z,.) is CY(R™) and strictly conver.

(8) There are 3> 0 and X € L}, (RN) a Y —periodic positive function such
that

Ve, z €R™: 0 < A (2)|2|P < Wz, 2) < B(1+2|P)) . (3.1)

Lemma 2 Given N € N,Qc Ay, 1<p<oo,p t+ql=1pecLiQ), X a
closed linear subspace containing Wol’p(Q) and W : RN x RN — R a function
which satisfies the conditions (2) and (3) of lemma 1 (the periodicity is not
necessary here), then the function

T(Q,u) = ][ (W (2, V) — pu) da, (3.2)
Q
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has an unique minimizer over X which satisfies

—divV, W (.,Vu) =p in Q,. (3.3)
And reciprocally, the solution of (3.3) is the minimizer of (3.2).
Proof This is a consequence of a more general statement proved in [D.A] . O

Theorem 1 VN € N,Q € Ay, 2<p<oo,p l4+q¢gl=1and W a function,
which satisfies the conditions (1) to (3) of lemma 1. Then, the function W :
RN — R defined as

W) = uienlgp][W(a:,Vu—i—é) dx, (3.4)
Y

is well defined and has the following properties:
(1) W satisfies the conditions (1) to (3) of lemma 1.
(2) Given p € WHP(RN) p € Le, ., € > 0 and ug,u. solutions of

per>
—divyVzW(Z,Vu)Vu = p if x€Q
{ U = ¢ if x€d ’ 45
{ —div, VW (Vu) = p if z€Q (3:5)
U = ¢ if xze€dN

L (Q)

then u. L@Q ug and Vi, Vug.

Proof This is a consequence of a more general statement proved in [AB] . O

We conclude that VQ € Ay the operators T, (Q,u) = ][(W(aj/e, Vu) —pu) dx
Q
is I'(7)— convergent to the operators To (€2, u) :f {W(VU) - pu} dz, as e = 0.

Q
We have compute W as a primal variational principle (3.4). The next section

will prove a dual variational principal associate with W. We suggest to our
readers to review the definition of F* the dual of the function F' : X — R, being
X a real locally compact vector topological space, see for example [EK].

4 Dual and Hashin-Shtrikman Variational Principles

Lemma 3 Let1 <p<oo,p ! +¢ ! =1 and v the outer unit vector on 9Y .
(1) Vf € Cpon(Y) /f:O.
ay
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per

(2) Vu e C} (Y),VlgiSN:/Diuzo.
Y

(8) o eV, < o=Vusomeue€ K,.

(4) VE € RN Vo € V, ;f<v,g> —0.
Y

(5) V€ € R, Vo € S, :f<a,g> ~0.
Y

(6) Vo € Xy,Vv eV, :f(a,v) =0.
%
(1) V- =8,0CV, §; =V, aCV.

Theorem 2 If W is the function defined by (8.4), then

Vn € R™ :W*(r]): 1é1£ fW*(x,U—&—n)dm. (4.1)
y

Proof From lemma 2 given & € RV : W(f) = ][W(x,VUE + &) dx, where
y

ug € K, and
divV, W (., Vus+¢) =0 in Y. (4.2)

Since W(z,.) is convex, then W(x,.) = W**(x,.), therefore (see for example
[E.T] )

W(©) = W(a, Vue +6) do = s F Vo) =W @,0)) do (43)
J

since the integrand is concave, thus the supreme is achieved at some o¢ € L.,
which satisfies VW*(.,0¢) = Ve+£ in Y, then (see [ET] ) oe = V. W (., Vue+£)
inY and by (4.3) div(ce) =0 in Y, that is o € X4. On the other hand, since

Xq C L., then using the lemma 3, we have

W(f) > sup ][[<Vu5 +&,0)—W*(z,0)] de = sup f[(f,(ﬂ —W*(z,0)] dx.

ceX ogeX
y Y

(4.4)
Given o € Sy and n € RN we have o + 1 € X4(n), then from (4.4)
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Vé,m e RN :
W(e) > supf[<s,a+n> W*(z,0 +n)] dz
7€, (4.5)
= (&,n) —Ulgfqy[W x,0+n)d

because ][<U, &) = 0. Subtracting (£,n) in both sides of (4.5), multiplying by —1

Y
and taking supreme over & € RN, we obtain

v e RN - W*(n) < inf W (2,0 +n)dz. (4.6)
B¢
On the other hand, since the supreme in (4.8) is achieved at X, C L., then
VEERY WIS = s ((6.0) = W (a0 da, (47)
o€L}er
Y

subtracting (€, n) from both sides of (4.7) with n = faf we get (£,n) — ﬁ//(ﬁ)
Y

i}I(lf( )][[W*(J;,a) — (o +n,8)] du. Since W is conver, we have W(£) >
ceXi(n

Y
(&,m) —W*(n), therefore W*(n) > ael)?f(n) W*(z,0), because ][(U —n)dz =6.
e Y
Hence
W*(n) > Uiélgq W*(z,0 +n)dx,, (4.8)
Y
thus from (4.6), (4.7) and (4.8) we obtain (4.1). O

The arguments used in the proof of this theorem can be used to obtain, under
certain conditions on W, other variational principles. Under a more general
approach there is a method called (see [H.S] ) Hashin-Shtrikman variational
principles and improved in the article [TW] . We are going to present this result
restricted to our particular case.

Theorem 3 (Talbot-Willis) If W satisfies the hypothesis of lemma 1 and
fi, fa, f3, fa : RN — R are convex functions of class C' such that Vo € RV :

W(z,.) = f1, fa = W(x,.),W*(z,.) — f3, fa — W*(x,.) are convez, then
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VEERY WO = sup inf of [(Vut& o) = (W= f1)"(0) + fi(Vu+¢)] de
oELYer @ pY

(4.9)
VEERN :TW(E) = inf inf f [—(Vu+£,0) + (fs = W) (0) + fo(Vu+ &) da

oc€LY. uEK)
Y

(4.10)
Vn e RY . W*(n) = sup inf ][[<0+77,U> — (W* = f3)"(v) + fs(o +n)] do.

veLb., o€y

(4.11)
vp e RN :W*(p) = inf inf 4 [—(o+n,0) + (f2 — W)*(v) + falo +n)] dz.

vELD.,. 0E€ES,
Y

(4.12)

Proof WehaveW = Enlgf (,Vu+&) — fi(Vu+&) + fLr(Vu+¢&)] dz
Yy

and since
W(xz,.) — f1 is convex, then, following the same approach of the proof of the
theorems 1 and 2 we obtain

W)= inf sup f[<w+5,a>—(W—fl)*(a)+f1(w+£)] du

u€EKp ceLl,,

= inf sup T(u
uEKpo.equD ( 0)

per

. . q . ,
since Yu € Kp : T(u,.) is concave on Lf., and Vo € L., :T(.,0) is convex on

K, then the usual Theorem of the Saddle Point (see for example[E.T] ) gives

the existence of (,6) € Kp x L., such that mIf{' sup T(u,0) =T (4,6) =
ue pocLd

per

er

sup inf T(u,0). Therefore, we can interchange sup and inf to obtain (4.9).
€L, uc K,

The item (4.10) is easier because W (x,.) — fo is a concave C1 function, thus

W)= inf inf [—(Vu+&0)+ (fo—=W) (o) + fo(Vu+&)] dx
u€Ky O’ELger
Y

and interchanging the order of the inf we obtain (4.10).
The items (4.11) and (4.12) are obtained by similar arguments using (4.1)
of theorem 2. |
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5 Some important results

Lemma 4 Given H = (h; ;) € R(N,N) a symmetric real matriz with o(H) =
{A1,..., AN}, then

2 N 2
vr >0 :][|Hn\2 = TN > A= %tr(HQ). (5.1)

r

Proof There is P € R(N,N) such that P'P = I and H = P'DP where
D = diag{\,...,An}. Then|Hn|* = |DPn|?, |det( )| =1and|n*=|Pn|*>. A

change of variable gwesf|H7]|2 ][|Dz\2 Z/\zj[ Smcef|zl\2 f\zﬂ ,

then N][|zi|2 7[|z\2 =72 cmd][|zl|2 = %, thus we obtain (5.1). O

Theorem 4 If ¢ is a Y —periodic solution of Ap = x, — 0, in'Y, H its Hessian
matriz, § € R, n € RN, r >0 and u = §(Vy,n), then

ue Ky, Vu=0Hn, fHXk = ][H2, f(Vu, mXk = 5f|H77|2, (5.2)
Y Y Y Y

2
ff|H77|2 = %9192- (5.3)
5, v

Proof Ezists such a solution o € W2P because x,—0y € Lt . foralll <t < oo

per per

and ][(Xk —0r) =0, then w = 6(Vu,n) € K,. Let H = (h;;) the Hessian
Y
matriz of ¢, clearly H 1is real and symmetric, where h; ; = D; ;0. We have

U= 5anng0, then D;u = 5anD,~7jg0 and Vu = Hn.
j=1 =1
Since @ is Y —periodic, then Gk][hm' =0, and ][hi,ij = ][(Xk —O)hi; =
Y

fAcphl j= tht thi n, integrating by parts, we getf i Xk = Zf i the g,

then ][HXk —][H2
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On the other handf(Vu )Xk —6][ Hxin,n) = 6(( ][HXk )n.m) =

sz 71 f5f< >5yf<H77,Hn> — a1t

Y
Using the Theorem of Fubini and lemma 4 we get

57[3[ [Hyf? = ff [Hnf? = ftr<H2>

and using mtegmtwn by parts twice, we get

fur S = Y

=1 j= 1Y 1=1 j=1
= f|ASD|2 = f|Xk — 0> = 0165
Y Y
a
Lemma 5 Given p > 1, the function defined implicitly by
Vo >0:2GP  (2) + G(z) =1, (5.4)
is a well defined C? function on [0,), G(0) =1, G((0,00)) C (0,1) and
Gx)=1—z+o(z?) as x —07". (5.5)

Proof Given a >0, lets consider the function pq(z) = axP~! +x — 1 defined
on [0,00). If a = 0 this function has the unique real zero G(0) = 1. Ifa > 0
then ¢, > 0, ¢, € C[000), ©,(0) < 0 and pq(1) > 0, then ¢, has an unique
real zero G(a) € (0,1). Therefore, the function G : [0,00) — R defined G(a) to
be the unique real zero of @, it is a well defined real function which satisfies
Va € [0,00) : aGP~1(a)+ G(a) = 1, thus clearly G(0) = 1 and G((0,0)) C (0,1).

Moreover, using the Implicit Function Theorem to F : (0,00) x (0,00) = R
given as F(x,y) = xyP~! +y — 1, we obtain that G is differentiable and G' =
GPY/(1 + (p — 1)xGP~2), then G is C'. Using again the Implicit Function
Theorem we get that G is C?.

On the other hand we have G(0) = 1,G'(0) = —=1,G"(0) = 2(p—1) and using
the L’Hopital Theorem we get lim G(z)szf;(p*l)ﬁ =0 and lim €@+

3
=0+ r r—0t z

p— 1. O

Lemma 6 Givenp>2,a>0,v>0 and h: RY — R given as

Vz RV : h(z) = %|z\2—|—%|z|p, (5.6)
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then, h is a convex C' function which satisfies

Ve RN : h* (1) = [é(l —1)GM) + 1L - DHG0) | nl?,

(5.7)
where b= —X<|n|P=2,

ar—1

1 gl
N . 1% _ 2 P 2 2p—4 +
Vi € RY 2 1" (n) = o] paplnl +o(y)Im*", as y—=0".  (58)

Proof We have H(n) = f(|n]), where f : [0,00) — R is given as f(t) =
St2 + 2tP. Then h*(n) = f*(|nl), where Vs > 0: f*(s) = sup{st — f(t) : ¢ > 0}.
Clearly f*(0) = 0. If s > 0, then F*(s) = st— f(t), where s—at—tP~! =0, thus
%tp_l + %t = 1. Taking z = %t we get azP ' + 2 =1, where a = ysP~2 /P~ 1.
Therefore,

2 D p—2
i G?%(a) — ﬁGp(a), where a = L

Vs 2 0:f(s) =  2a paP apP—1’

G(a)

(5.9)

1%

2

Since aGP~1(a) + G(a) = 1, we get IS:TZGP(CL) = 25 (G(a) - G?(a)), replacing
this into (5.9) we get

sP~2

1.1 11, 0, q
(p 2)G (a)| s°, where a = ——

Vs>0: f*(s) = E(l - E)G(a) +

Q=

From (5.10) we obtain (5.7). On the other hand G(a) = 1—a+o(a?) and G?(a) =
1—2a+o(a?), replacing this into (5.10) we get f*(s) = 5=s? — —L-as? +o(a?)s?.

20 paP
, _ _ P _
Since a = ysP~2/aP~1, we get I%asz = 225 and 0(a?)s? = o(y?)s*~2, then

[H(8) = o8 — S1osP + o(y?)s* ™4, from this we obtain (5.8) . O

paP

6 A Lower Bound on ﬁv/

Theorem 5 Given W by (1.1), (1.2) and W by (3.4), then ¥r > 0:

f(w_wl)*(n)<1( L >T2_p(v7ﬂp+0(vz)r2p4.

200 \ap —a1 Nag oy — 041)1’0571
ST

(6.1)

Proof Since W(x, z) — Wi(z) = x2(z)(Wa — W1)(2) = x2(x)h(z), where h is
the convexr C* function given by (5.6) with a = ag — a1, then we can use (4.9)
to obtain

Ve e RY . NW(&) = sup inf f[(Vu+€,a> —x2h* (o) + Wi (Vu +§)] dz,
€L, uc K,
Y
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we choose o = o, where n € RN and get

0 € RN W) 2 0a(6,m) — Ooh”(n) + inf o [(Vu,m)xz + Wi (Vu+ )] da
Y

Since W1 (Vu+¢€) = %(|Vu|2 +2(Vu, &) + |€]%) and][(wa) =0, then
Y
VE,n € RN ;
W(O) 2 Wa(©) ~ ba(€m) — 021" () + it f [V + GVl

uc K,
Y
(6.2)

The inf in (6.2) is achieved by u € K, such that ocnAu = —div(nxz) in Y, that
1

is u = ——(V,n) where p € W2P(Y) satisfies Ap = x2 — 0 in Y. From (5.2)
aq

we get

Ve € RN - (W — Wh)(€) > 0a(E,m) — Oah*(n) — if Hylde,  (6.3)
Y

subtracting (€,n), multiplying by (—1) and taking sup over £ € RN after having
replaced n = n/0 on(6.3) we find

1
¥ € RY (W — Wh)*(n) < 02h"(n/62) + quﬂﬂzd% (6.4)
2
v

where h* is given by (5.7). Integrating over S, and using (5.3) we get

01 9
r )
2NO[192

Vr >0 :f(W S W) () < Oaf* (r/6a) + (6.5)

Sr

where f* is given by (5.10). Replacing (5.10) or (5.8) into (6.5) we obtain (6.1).
|

Corollary 1 Under the same conditions of theorem 1, if W is isotropic, then

v € RN - (W — Wh)* (1)
(az ar Na2)|’7|2 seragrar I” + oyl

|2p—4 .
(6.6)

Proof Direct consequence of theorem 1. ]
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Corollary 2 Under the same condition of theorem 1, if W is isotropic, then
the lower bound obtained by theorem 5 converges, as v — 0, to the optimal lower
bound of the linear composite.

Proof The energy density of the linear composite is Wi (x, z) = x1(z)|%|2]* +
x2(x)%|z|?, let Wy, its effective energy density, it has been proved, see for
example [L.C], that the optimal bound on Wi, is given in the form (W —
W1)*(n) < A(n), while we have found

(W = W1)" (1) < Aln) = vL(n) + o) |nP~*.
Moreover Wy, < W, then WL -W < WL — W1 and (W —Wi)*(n) < (WL -
W1)*(n) < An). D

7 An Upper Bound on w

Theorem 6 Under the same hypothesis of theorem 5, for all r > 0:

f(Wz—W)*(ﬂ) <L (1 02 > rz—ﬁﬂﬂ"o(’yz)ﬂp%.

201 \ag — o Nas 9 — al)P0f71
Sr

(7.1)

Proof Since W(x, z) — Wa(z) = x1(z)(W1 — Wa)(2), then Wa(z) — W(z,2) =
x1(@)(Wo — W1)(2) = x10)2)h(2), where h is the C' convex function given by
(5.6) with a = ag — . Therefore, we can use (4.10) to get

Ve RN W() = inf inf 4 [~(Vut& o) +xah’(0) + Wa(Vu+ )] de,
o€Llper U P
Y

given n € RN, we can chose o = nx1 and obtain

Ve, neRYN W < —01<€7n>+91h*(77)+uien[£ ][HVu,n)xQ + W (Vu +§)] dz,

Y

Since Wa(Vu+€) = %(\VU\2+2<VU,§>+|§|2)+%\Vu+£\p andf(Vu,f} —0,

Y
then

Vg € RN W(€) < el — 0a(€m) + 0uh* () + inf (To+S)(w), (72)
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where To(u) :7[ [—(Vu,n)x1 + % |Vul?] dz and S(u) = %][|Vu+§|p dz. Since
Y %
iEnIf, (To + S)(u) < Tp(a) + S(0), where 4 is the minimizer of Ty over K, we
uchyp

o . v
bt f (To+ S < inf T —||&1P, th
obtain ulenKp( 0o+ 5)(u) < llf(lp o(u) + p”§| , then

6 € RN 1 W (€) < Wa(€) — 01(6m) + Ouh"(n) + Wnf To(w),  (73)

where the inf is achieved at uw € K, such that a1Au = div(nx1) in Y, then
u = i(Vg&, 1) and o the solution of Ap = x1 — 01 in'Y. Therefore, using (5.2)
we get

Ve € RY T (€) < Wal€) — 01 (,m) + 01h* (n) — %f \Hnf? de |
Y

replacing n = 1/01, subtracting (¢,n) and taking sup over & € RN we obtain

(W — W) () < 601" (/61 — 2;9][ Hyl? dr, (7.4)

integration over S, and using (5.3) we have

T17\ * * 92 2
: — < — .
V>0 b= WY ) <O 0/0) - gt (1)
S,
where f* is the function given by (5.8). Replacing the inequality (5.8) into (7.5)
we obtain (7.1). O

Corollary 3 IfW is isotropic, then ¥n € RN :

—~ 1 1 0 ) 2 v 241, |2p—4
Wo=W)*(n) < 5~ - - Pto L
(Wa=W)" () < 25- (a2_a1 Ny ) (02— a0l [nlP+-o(y%)n]

(7.6)

Corollary 4 Under the same condition of theorem 1, if W is isotropic, then
the upper bound obtained by theorem 6 converges, as v — 0, to the optimal upper
bound of the linear composite.

Proof Following the same notation of corollary 2, it has been proved, see for
ezample [L.C] , that the optimal bound on Wy, satisfies (WS — Wp)*(n) < B(n),
being W3 (z) = %2|z|?, while we have found

(Wa = W)*(n) < B(n) =0 (n) + o(y*) In]**~*.
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Theorem 7 Under the same hypothesis of theorem 5 and 0 < 65 < 01, then
vr > 0:

. 1 1 62 ) 2 gl
W < L _ r2_ r{7.7
f( 0 ) () < 20, <O¢2 —a; Nasg p(az—al)l’ei’*l {7.7)

S
2p \P/2
L 2 o)
oy
being Wo(z) = %|z|* 4+ 2P~ 17| |”, and Z(p Cp ), where C(p) is the

Calderon-Zygmund-Stein constant given in [TG] .
Proof Following the procedure of the proof of the theorem 6 we had

vEm e RY W) < TP~ Ou(Em) + ik () + nf T(w)  (78)

where T, (u) :7/ [—(Vu,n)xl + 2|Vul? + 1|Vu +£|p] dz. Since |Vu+£P <

%
2071 VuP + 2P L|€]P, we get

W () < Wo(€) — 61(&,m) + 01h* () + inf S, (u),

u€EKp
where Sy ( ][ (Vu,n)x1 + %|Vul® + 27~ 17\Vu|p] dx. We will estimate
Y

1n}£ Sy (u) < Sy(u) where u is the minimizer of Sy. Therefore following the
ueKy

notation of theorem 6 we get u = a%(Vap, Ny and inlg Sy(u) < —i][|H77|2 +
ue K,

op—1 “’ ][|H77|p thus
¥

e € BY 5 (W-1W0)°(6) < 01 (6.1 +0u1 (1)~ 5 [ Hof+
2
Y

replacing n = n/601, adding (£,n) and taking sup over & € RN we get

1
vn e RN : (Wo — W)(n )gelh*(n/el)—ﬁ]ﬁ z p][|H P (7.9)
204201 0
Y
In [T] has been found Z(p) > 0 such that

][ ][ |Hn|P < NP/20,0, (6"~ + 651 Z(p)r? (7.10)
S, Y
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replacing this inequality into (7.9) after having integrated over S, and using
0 < 03 < 01, we finally get (7.7). O

Corollary 5 Under the same hypothesis of theorem 5 and 0 < 03 < 6. IfW 18
1sotropic, then

—~ . 1 1 05 2 ¥
vneRY : (Wo — W < —( - > - _pP(7.11
] (Wo )Y(m) < 20, \ay a1 New [n] p(a2_al)p9§,,1\n\ (7.11)

,)/2:!71\]:0/2 _
= 02Z()nl" + o(v*) ",
2

being Wo(z) = %|z> + 2p’1%|z\p, and Z(p) = Cp(p), where C(p) is the
Calderon-Zygmund-Stein constant given in [TG] .

Proof Same proof of corollary 4. O

Summary of Bounds

Let W be the effective energy density of the Willis-composite, WL is the effective
energy density of the linear composite, and Bj, B, are the optimal lower and
upper bounds respectively of the linear composite

It is known that

(W — W1)*(n) < Bi(|n])

and
(W — Wr)*(n) < Bu(ln|).
where
1 1 01 9 9
B(t)= — [ —— t? = ayt
l() 2492 (042—041 +NO(1> a“
and

1 1 0 \ )
B,(t)=— | ——— — t° = aqt”.
u() 291 <a2—a1 NO[Q) @2

Then the bounds for the Willis-composite can be written as:

(a) In the anisitropic Willis-composite. For all » > 0 :

f (W — Wa)*(n)ds < Bi(r) + M (r) + o(+?)
Sr
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and
FOVO ) ()ds < Bu(r) + 7Malr) + o),
S,
where
o -1
wo(z) = Pz + (P20 0100 i
(b) In the isotropic Willis-composite. For all n € RV :

(W = W1)*(n) < By(|n]) +~Mi(|n]) + o(+?) (7.12)

and

(W = W)*(n) < Bu(lnl) +vMa(In]) + o(7*) (7.13)
For both cases (a) and (b) : M (t) = —b1tP and My (t) = batP where

1 o p—
blzg(ag—al) p&g !

_ _ 1
by = (p— 1)ay "[C(p)]P(6162)" /%6, P NP — 591 P (g — ay) 7P

Summary and Conclusions

In the isotropic case the bounds (7.11) and (7.12) implies the bounds:

o[l v, 01) < W([nl, 7, 61) < du(nl, 7, 61)

for all » > 0 and 6; € [0,1].
We have that

ou(t, 7, 0h) = %tQ — 5t — a13° + ybi3°

0, i 6, =1
S =
(OZQ — 051)7%, if =0

where



BOUNDS ON THE EFFECTIVE ... WILLIS CLASS... 51

For all 6; € (0,1) : 5 satisfies

pblfygp*l —2a:5+t=0.
On the other hand

—1
Gult, v, 01) = %tQ - +p77(9192)1/2tp — 5t + a5 + ybos’

where

0, lf 91:0

|
Il

(ag —aq)~tt, if 6, =1
for all 6; € (0,1) : 5 satisfies

pbaysP T 4 2a95 — t = 0.

Notice that W(~,()7 61) = Wl(, 01) and that ¢;(+,0,), ¢u(-,0,-) are the optimal,
respectively, lower and upper bounds of the isotropic linear composite.
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