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Bounds on the effective energy density of a
special class p-dielectric

Gaetano Tepedino Aranguren, Javier Quintero C,
Eribel Marquina, José Soto

Abstract. This work gives lower and upper bounds on the effective
energy density W of a two phase composites material composed by
a periodical mixed of two nonlinear homogeneous isotropic dielectric
materials in prescribed proportion. These bounds are given as a
function of 6, which is the volume fraction of the material with
lowest dielectric constant in the mixture. The dielectric constant
conductivity of the k—material are given respectively by

n(z) = arlz]P7?, wa(2) = aglz[P2,

where 0 < a1 < ag and 1 < p < .
For anisotropic composites the bounds are given in the form

B(p,r,6) < fv*v < U(p.r,0),
Sy

where the functions ®, ¥ reduce smoothly to the optimal lower and
upper bound of the linear composite when p — 2.

The method to obtain this bounds, in the case p # 2, follows a
generalization of the Hashin—Shtrikman variational principles con-
structed from a comparison medium which is in general nonlinear
and reduces to linear when p = 2.

Resumen. Este trabajo da cotas inferiores y superiores para la
densidad de energia eficaz W de un material compuesto de dos fases,
constituido por una mezcla periédica de dos materiales dieléctricos
isotrépicos homogéneos no lineales en proporcién prescrita. Estas
cotas son dadas como una funcién de 8, que es la fraccién de volu-
men del material con constante dieléctrica méas bajo en la mezcla.
La constante dieléctrica de conductividad del k-material se dan,
respectivamente, por

vi(z) = oa|2P7% ) va(2) = aglz|P 73,
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donde 0 <y < gy 1 <p < o0.
Para compuestos anisotrépicos los limites se dan en la forma

B(p,r,0) < fvv < W(p,r0),
Sy

donde las funciones @, ¥ se reducen suavemente a la cota inferior y
superior del compuesto lineal cuando p — 2.

El método para obtener estas cotas, en el caso p # 2, sigue de una
generalizacién de los principios variacionales de Hashin—Shtrikman
construido a partir de un medio de comparaciéon que es en general
no lineal y se reduce al lineal cuando p = 2.

1 Introduction

In this work we will follow the Y —periodic microstructure of the mixture, been

Y the cell H(O,ai), {ai,a2,...,an} C (0,00), if O, for k € {1,2}, is the
i=1

proportion of material type k in the mixed, Y =Y, UY5, Y1 NYs = 0 and yy is

the characteristic function of the phase Y} which only contains material k, then

0, = ][Xk’ 0 <6, <1 and 6, + 02 = 1. Following the notation of [T.Q.M.S],
Y

the energy density of the composite is the Y —periodic extension of the function

W RN x RY — R given by

W(r,2) = X1 ()W (2) + xa(@)Walz) , where m
k():a"|z|p and 0 < g < g, 1 <p < o0. ’
In [T.Q.M.S]| has been proved that the effective energy density and its dual are
given respectively by the variational principles:

W() = inf AW(z, v+ &) dx, W*(n) = inf AW (z,0+n)de,  (12)
veV, o€,
Y Y

where V,, is the completion of C},, (Y,R") under the L,—norm and S, is the

per
completion of N = {0 € C},,.(Y,RY) : T/U =60 and div(c) =0 in Y} under
Y
the Lg—norm. Notice that v € V}, <= v = Vu for some u € K,,. Here K, is the
1/p
completion of C1, (Y) under the norm |jul|;, = ][|u|p dz +][|Vu|p dx

per
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Also we have V;- = S, @ CV, where CV are the constants vector fields. See
[T.Q.M.S] for a complete description of definitions and properties of these
spaces.

2 Existence of W, I'—convergence and Homogenization

Lemma 1 The function W : R® — RY — R defined by (1.1) satisfies:

(1)Vz € RN : W(., 2) is Y —periodic and measurable.

(2)Vz € RY : W(x,.) is CY(R™) and strictly conver.

(3)Vr,z e RV : 0 < SHzP < Wz, 2) < S2[2P.

(4)3L > 0 such that Ve, 21, 20 € RN 2 |[W (2, 21)YP =W (x, 22)V/P| < L|21 — 2|
Proof The items (1) to (3) are direct consequences of 1.1. In other hand let
B = (@7, then W (z, 5) VP = Byxa (@) |2k + Boxa (@) |24 and W (z, )77 —

W (z, 22)Y/? = Bix1()(|21] — |22]) + Baxa (@) (|21] — |22|), therefore |W (x, z1)'/P —
W (z, 22)/?| < L(|21] — |22]) < L|z1 — 22]. O

Lemma 2 If W is the function defned by 1.1, then W and W* are given by
1.2.

Proof These are consequences of lema 1 and the articles  M.M] , [G.DA] .0

Lemma 3 (Elementary Bounds)
If W is defined by 1.1, W is defined by 1.2 and p~' + ¢~ = 1, then

1 _ _ —p/q —~ 1
Ve e RN . > (91a1 P 4 fay q/”) [P < W (E) < = (Bra + a2 |E]P .

(2.1)

’B

These bounds are called The Elementary Lower and Upper Bounds on w.

Proof Since the null vector field belongs to V,,, then from 1.2 we obtain

][W x,&)dr =60 |€|p + 9 |§|p = 91Oél +01a2)[€P. (2.2)

In other hand since the null vector field belongs to Sy, then from 1.2 we get
W* (i fw 2,m) dw = 0, W7 (n) + 6W3 () = (01a P 4 G037 [

(2.3)
from this, using a typical result of convexr analysis, see for example [E,T] , we
get

— B _ -p/q
W(e) = & (01077 +0:205) " e,
from this last inequality and 2.2 we obtain 2.1. |
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Lemma 4 Under the same hypothesis of lemma 8 we have:

Va, & € RN - W(x,8) — Wi (€) = xa(2)h(€), Wa(€) — W(z,&) = x1(a)h (() :
2.4
Vo,n € RN : Wi (n) — W*(z,n) = xa(z)g(n), W*(x,n)—W5n) =xi(z )!é(n))
2.5
Ve € RN :h(§) = @7e|el, bt (n) = Finle, 26)

g(n) = 22l g*(¢ ) = = el
where fral =1, pP(as —a1)?=1, and k(B1 — P2)? = 1. (2.7)

Proof From 1.1 we get W—W1 = x1Wi+x2Wa—x1 W1 —x2 Wi = xo(Wa—W1),
then h(z) = (W — Wh)(z) = 22%L[2|F which is a convez function, and h*(z) =
§|z\q where (P (ag — a1)? = 1. Moreover Wo — W = x1Wa + xoWo — x1 W7 —
x2Wa = x1(Wa — Wn).

In other hand W* = xa W + x2W5 and W (z) = ’8—;|z|q where ﬁ,’gaz =1.
Therefore W* — W5 = xo(W5 — W{) and Wi — W* = xo(W7 — W), then
9(2) = (W} —W5)(2) = B=22]1]9 and g*(2) = 5|2 where x9(61 — Ba)? = 1

Lemma 5 Under the same hypothesis of lemma 1 we have:

VEERM W) = inf i o [(Vut&0)+xa(@)h" (o) + Wa(Vu+)] du
Y (2.8)

v €Y () = ot inf o (o .0+ xala)g” (€ + Wilo )] do.
(2.9)

Proof These variational principles are consequences of theorem 3 of the article
[T.Q.M.S] and the lemma 4. O

Lemma 6 Let ¢ is a Y —periodic solution of Ap = xx — 0 inY, H its Hessian
matriz, § €ER, r >0, n € RN and u = §(Vy,n), then

ue K, Vu=4J§Hn, ][ka:][H2 f(VunXk—é][|Hn|2 (2.10)
Y

][][IHn|2 *9192 (2.11)

Proof See for example the theorem 4 of [T.Q.M.S] . O
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Lemma 7 If2<p<oo, r>0 and H as in the lemma 6, then

2 1
Glr.r) :][ f [Hyl < <610; + (p = DN T 010, Z(p)(r> +17+1), (2.12)
SrY

where Z(p) = CpH(p—f— 1) and C is the Calderon-Zygmund-Stein constant given
in [T.Q.M] . O

Proof Using the corollary 3 of [T.Q.M] there is t € [2,p] such that
G(p.1) <G2.1) + (- INTrHICT (- 10001 +0).  (213)

1 1
Clearly Cc (t+1) < c (p+1) = Z(p), 0% <02 <0 then 0} + 05 <1 and
NED/2 < Ne+D/2  then using 2.11 and 2.13 we get 2.12. O

Lemma 8 Given NeN,2<p<oo,p ' +q¢'=1,0<e<1 ands>0, then
Vz,y € RN:

1 1 _ o1 Lo s
E\Hylp <5 [+ (p = 1)(p — 2)2°72] 2P+ (2, y) [P 2+6(p—1)21" 2Py
(2.14)

Proof If p > 2 the function F : RN — R given as F(x) = %|x|p is of class
C?(RY), then given z,y € RN there is t € [0,1] such that F(x +y) = F(z) +
(VF(z),y)+ 1 (A(2)y,y) where z = z+ty and A(z) is the Hessian matriz of F' at
z. We have VF (z) = z|z|P~2 and A(z) = I|2|P72+ (p—2)B(2)|2|P~%, where I is
the identity matriz and B(z) is the matriz ((z;, 2;)), clearly the greatest eigenvalue
of B(z) is |2|?, the greatest eigenvalue of A(z) is (p—1)|z|P=2, then 2 (A(z)y,y) <
Ly*1z|P72. Using a standard inequality gives |y|*|z|P~=2 = (e=*[y[*)(e*|2|P~2) <
%675p/2|y|p + Pp%?esp/pf?|z|p < %G*SP/QW‘P + 1)1.%26519/10*2219*1(@@ + yP) =

ijzeS”/p_22p4|x|p + %(G_SP/Q + (p — 2)eP/P=22P=2)|y|P | then

(p—1)
p
(p_ 1) —sp/2 sp/p—20p—2 P

e (6 +(p—2)e 2 )Iyl ,

1
(4@ Y) < (p— 2)eP/P=22p=2 4

then

1
“lz+yl” <
p
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Since 0 < € < 1,5 > 0 and p > 2, then eP/P~2 < 1,2P72 > 1,1 < ¢ %P/2
and €P/2 4 (p — 2)eP/P=22P=29P=2 < =5P/2 4 (p — 2)2P72 < 5P/22P72(p —
2)e=5P/22P=2 — (p — 1)eP/22P=2 From this we obtain 2.14. We notice that in
the special case p =2 we have |z +y|? = L + (z,y) + 1[y|> < 3|z> + (2,9) +

%e_s|y|2, therefore the inequality 2.14 is also true when p = 2. O

Lemma 9 Given v, € R,y > 0,1 € RY and Ty : Ky — R defined as
To(u) = ][ {71<Vu, Xk + %\Vuﬂ dz, then 1€nlg = Ty(u), where u =
ueK>
Y
—%(V(p, n) and ¢ is the Y —periodic solution of Ap = xp — 0 inY.

Proof Clearly Ty is a proper strictly convex function and G'— differentiable

on the reflexive Banach space Ko. By the used of the Poincaré inequality

we can prove that | 1‘1|m Th(u) = +oo, therefore there is an unique mini-
ul|—oo

mizer U € Ky which satisfies Vu € Ky : DTy(u,u) = 0. Since DTs(u,u) =

][ (V1 (Vu, m)xr + 72(Vu, V)| = ][ (Vu,vinxr + 12Vay, then f div (vinxk +

Y Y Y
Yo Vu)udx =0, hence v20u = —div (y1mxk) 'Y, from here we get the expected

result. O

Lemma 10 Given y; € R,y > 0,6 € RY and My : So — R defines as
M5 (o) 27[ [1(0,&)xk + Z|o|*] dz, then lélsf' Ms(o) = My(5), where o =
oE€Ss

Y
(HE — (xk — 0k)E) and H is the Hessian matriz of the Y —periodic solution of
&(pixkfek mY.

Proof Clearly M, is a proper strictly convex function which is G*-differentiable
and coercive (Poincare inequality) on the reflexive Banach space Sa, therefore
there is an unique minimizer ¢ which satisfies Vo € Sy : DMsy(c,0) = 0,
since DMy (5,0) = ][[71 (0,8)xk +2(0,0)] d = ][<U, Y1€xXk + 720) dz, then
Y Y
(71€xk + 7120) € SQL =V, & CV, then there is u € Ky and ¢ € RY such that
méxk + 720 = Vu+c. Since div(a) =0 in'Y we have Au = div(y1€xk), that is
u="1{V,&) where ¢ is the Y —periodic solution of Ap = xr — 0 in'Y. Since
Vu =y HE, then y1€xk + 720 = v1HE + ¢. From the fact ][3 = 0, we obtain

Y
Y180k = c and ¢ = 2L (HE — (xi — Ok)E)- =
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3 An Upper Bound on W when 2 <p< oo

Theorem 1 Given W and W as 1.1 and 1.2, thenif2<p < oo andp '+q ! =
1 we have

Vr > 0,t>0 :][(WO—W)*(U) < Filp,0,7,t) = ar?—br2t—cr*tP4-d(r* +rPT P,

S
(3.1)
where WO(¢) = S e, CO=aall+(p—1)(p—2)2""2  (3.2)
_ 8 e _ (p=1D)2P 20, _ (p=1)(p—2)2P 2010, NPTV /2 ()
and a = q9f_1’ b— Noz29f/p7 - Nqaf_locg_l’ d = 0{,_10(;—1 .
(3.3)

Proof We will use the variational principle 2.8 where h is given by 2.6. Given
n € RN and o(x) = x1(x)n we have

Ven € BRY s W(E) < 016 m+0uh” )+ jnf f [~(Vu o) + Wa(Vu +6)] da,

Y
(3.4)
Using lemma 8 with x = &,y = Vu and s =2 — 4/p we get

Wa(Vu+€) <22 [1+ (p— 1)(p - 2)2°72] +

p
+ s (€, VuleP2 + %(p — 1)2P 7227 )P

substituting this into 3.4 we obtain

v € RN i W(E) = W) < —01(6,m) +6uh"(n) + inf Tp(w),  (3.5)

whe']’-e Tp(u) = f[—(Vu777>X1 —+ %(p — 1)2p—262—P|Vu|1’] dx
q

Y
It is known that in}ﬁ To(u) = To(a) where 4 = a%(Vgo,n} being ¢ the
uc Kz

Y —periodic solution of Ay = x1 — 01, then Vt > 0:

inf T, (u) < T(t(6262)" /1) =

<][ |:_t(9162)1—2/p<va’n>xl + %(p _ 1)2p—262—ptp(9192)p—2‘Vmp dz .
Y
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If H is the Hessian matriz of o, then using the lemma 6 and replacing 2.10 into
the last inequality we obtain that vt > 0:

-1 0,6
inf T ( ) f [_(9 02)1 2/P|H ‘2 L " o9p-— 2 2 ptp(l#)u{ |P‘|
uc K, (67 q a2

Y
(3.6)
choosing € = 010y and replacing 3.6 into 3.5 we get ¥&,n € RN, Vt > 0:

0102

(W = WO) (&) < — 01(&m) + 01h*(n) — f|H77|2dx+

tP
+ 2= 2p 2 f|H17|pdx
q ab™

replacing n = n/01, adding (£,n) to both sides of the last result and taking sup
over £ € RN we obtain ¥n € RN, ¥Vt > 0:

— 16, /" ~1 %
OV 0) < 0 1))~ 2 f i dos P2 e
a2 Q@3 91Y
(3.7)
Given r > 0, integrating both sides of 3.7 over S, and using 2.11 of lemma 6
and 2.12 of lemma 7 we obtain 3.1, 3.2 and 3.3. O

Theorem 2 Under the same hypothesis of theorem 1, given F, and C° by 3.1
and 3.2, then:

Vr>0: ][W <1 [CO( ) — (qA; (p))l_p} P, where (3.8)
Sr P
Ai(p) = inf inf r9F1(p,7,1). (3.9)

Proof Since V¢ € RN Vr > 0: WO(r€&) = rPWO(p) and W(r@ :J:}’W(f), then

(WO — ﬁ)(rf) =rP(W° — Wlf) and (W0 — w* (rn) = rY(W° — W)*(n), hence
(WO —W)*(n) = r~4(W° —W)*(n) and by 3.1 we obtain

f (WO — )" (n) ds(n) = f (WO — )" (r) ds(n)
S S1
_ r—qf (WO — )" <=9, (p, 7 1),
Sy
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therefore ][(W0 — W)* < Ay(p), where Ay is given by 3.9.
S
In other hand, V&, m € RN - (WO —W*(n) > (&,n) — WO(&) + W (€). Let n #

0,7 >0 cmd€ = /|, we get (WO —W)*(n) > rlnl=WO(rln/|nl)+W (rn/In]) =

r|n| — rp + rpW(n/|n|) integrating over S; we obtain Ay(p) > r — C—Orp +
fW from this 7[W < C — 7P 4 7P A (p), then T/W < C— 1n%{ I
>
S1

r pAl( )} = 7 4l + A1 (p)T P where 7 = qA;1(p the substitution gives the
estimation 3.9 with r = 1, then ][W(ﬁ) ds(& fW )ds(€

S,
W aste) < 5[0 a7 o

S1

Corollary 1 Under the same hypothesis of theorem 1, zf,V[V/ 1s isotropic, then
e 1 _
Ve RN 1 TW() < [0~ (aAu(p))' 7] el (3.10)

where C° and A, are given by 3.2 and 3.9.

Observation-(1): In the limit case p = 2 we have F1(2,r,t) = 251 r? —

a2t ol = 807 4 (5 —t)ag 0T %N 172, where 8 = (ag — 1),
_ —2 _ 1
then 41(2) = inf inf =572, 1) = 757

b2}, therefore

1 0 _ 1 = 1 - - :
3 |C7 = (241(2)) ] P lO‘Q o (az - 042N> ] 7

which is the optimal upper bound of the linear composite.

4 An Upper Bound On W when 1 < p <2

Theorem 8 Given W and W as 1.1 and 1.2, thenifl<p<2andp '4+¢ ' =1
we have

Vr>0,Vt>0: 7[(W2 — W)* < Fo(p,r,t) = ar? — btr® + ctPr? (4.1)

0, B (g192)p/2N7p/2
g1~ aaNO;’ pah et

(4.2)
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Proof Given u € K, and £ € RY, since f(Vu,f) = 0, using the Jensen

Y
inequality and the inequality (la] + [b])P/? < |a|P/? + |b|P/? when 1 < p < 2, we
have
p/2 p/2 p/2

f|w+5|pg f\vwa? - |5\2+f\w2 < leP+ f|w|2
Y Y Y Y

substituting this result into 3.4 we obtain V&, n € RN :

(W = W2)(€) < =0u(&,m) + 01" (n) + inf My(u),

P/2 (4.3)
where M,(u) = 72 ][|VU|2 —][ Vu,n)x1 -
y

It is known that 1enI£ Ms(u) = Ms(W) where u = O%(Vap,m being ¢ the
u 2

Y —periodic solution of Vo = x1 — 01 in Y. Therefore ¥t > 0 : inlg My(u) <
ue Ky

M, (tu) and by the same arguments used in the proof of theorem 1 we obtain

inf <

t
f IH?7|2 - —f \Hnf?
ueEKp pa2 OéQY

substituting this into 4.3 we get
VEne RN, VE>0:

p/

(7 = W)(€) < ~a(eon) + 0 () + —s | f1rraP | - —f Hal?.
Y

y4es

=

(4.4)
Replacing n = n/61 in 4.4, adding (£,n) to both sides of that result and taking
sup over £ € RN we obtain

VEERY,VE>0:
p/2
17 * * P 2 t 2
(Wa = W) () < 000" (1/60) + —p (10 | = e 1P
pad,” 03 b
s ¥
(4.5)
p/2
Given v > 0 the Jensen inequality gives][ ][|Hn|2 ][][\HUP

r

Hence integrating 4.5 over S, and using 2.11 we get 4.1 and 4. 2.
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Theorem 4 Under the same hypothesis of theorem 3, given Fa by 4.1and 4.2,
then:

~ 1 _
FW < foa— (@aalo))' ] 0. (1.6)
S,
— i inf r—d
where As(p) = ir;% %Egr Fa(p,r,t). (4.7
Proof Similar to the proof of theorem 2. O

Corollary 2 Under the same hypothesis of theorem 3, sz is isotropic, then
~ 1 _
VEERN () < lox — (ada(p)) 7], (4.8)

where As is given by 4.6.

Observation-(2): In the limit case p = 2 the formula 4.8 gives the optimal
upper bound of the linear composite.

5 A Lower Bound On W when 2 <p< o

Theorem 5 Given W and W as 1.1 and 1.2, thenif2 <p < oo andp l+q ! =
1 we have
Yr>0,Vt>0: T/(Wl —W)* < Fs(p,r,t) = ar? — btr® + dtir9 (5.1)
S,

K 2,-q/2B1 °
where a = 5(9;—”, b=(1-N"10,0;'8", d=(1—N"1)/299/2g 9/ 17
(5.2)
and K, B1 are given by 2.7

Proof We choose the variational principal 2.9, given € € RN we take ¢ = x2€,
then VE,m € RV:

W*(n) < —(1,€)02 + 029" () + inf f [—<075>X2+6ql|0’+77|q} de.  (5.3)
y
q/2
Since 1 < q¢ < 2 and f(a,n} = 0, then f|a—|—n\q < ][|0—|—77|2 =

Y Y
q/ q/2

Y
2
o+ 1o ) <pule+ | flof? | hence
Y Y

6 € RN cWW(n) < Wi (n) = (1.)02 + 627 (€) + inf My(o),  (5.4)



66 G. TEPEDINO, J. QUINTERO, E. MARQUINA, J. SOTO.

where M( (T/U|2) 7[ (0,&)x2. We know that in£ My (o) = My (0),
TES?
where o = ——1 (HE — (x2 — 92)5), being H the Hessian matriz of the Y —periodic

solution of Ap = xo — 03, then

inf M,(o) < My (13) = o <f| ) f«r v (55)

We have (G, &) = —3-(HE, &) xa+3- (xa—02)[¢[* x2 and 7[ 7,€)x2 = f |HE[*+
Y
501021617, Also 617 = gz (|HEI* — 2(x2 — 02) (HE,€) + (x2 — 02)? If\ %) and

][|3‘2 = 5% (9192|52 —][H§|2) . Hence
Y Y

q/2
lq
t t
inf M. < 0,65 ¢|? ][H2 +—fH2——99 2,
Ulélsq 2(0)_ q < 2|§\ | f|) 51y| f\ B 12|§|

(5.6)

Substituting 5.5 5.6 into 5.4 we get

N 1 q q/2
W*(n) —Win) < —0,§)02+ 629" (&) + —— q (9102§|2 fIHEQ)

4 IHE — £ 010u0¢].
Y
(5.7)

Replacing € = £/05 in 5.7, adding (£,n) to both side of the last result and taking
sup over n € RN we get

. 1-p 1—q
(Wi — ) () < P2 jgp P11 (ologweffwa?)
Y

103 f HEP — £0,6,0¢]2

Y

q/2

(5.8)

integrating over S, we finally get 5.1 and 5.2. O
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Theorem 6 Under the same hypothesis of theorem 5 we have

1-p

][W* [~ A7) fw> =A™ 69)

where Az(p) = 11;% %I>lf r P Fp,r,t) being F3 given by 5.1.

Proof By the same homogeneity properties using in the proof of the theorem 4
we have

][(Wg* — ﬁ//*)* < r PF3(p,rt), then ][(W2* - W*)* < Asz(p). Since (W —
S S1
W) > (&m) = Wi(n) + W*(n), fiwing & # 0 and v > 0, let n = r¢/|€],
we obtain (Wi — W*)*(€) > rle| — rWy (&/I€]) + r9W™(/IE]). then As(p) >

f(Wl* - W*)* >r— rq% +7‘qu* and fW* <rT9Az(p) —r' T+ %; hence

S S
][W* < inf (r77A5(p) —7'77) + B that is
F < [ - a7 = Bato). (5.10)
S1

In other hand, since W*(n) > (&) — W, takingn # 0, r > 0 and £ = rn/|nl,
we get W*(n) > rn| —rPW(n/|nl), integrating over Sy and using 5.10 we obtain

B(p) >r— rp][fi and ][W > 7P — P B(p), then sup (rl_p —r7PB(p)) <
&, S r>0
T[W From here and 5.10 we obtain 5.9. a
S1
Corollary 3 Under the same hypothesis of theorem 5 we have
— 1 _ —~ 1 _ql-p
W0 fW <2 [ = (Aa(p) ] v, fW 2[5 - (paato) ]
ST ST
(5.11)

Corollary 4 Under the same hypothesis of theorem 5, zfﬁi is isotropic, then
Vé,m e RN :

W) < 2 61— (pAalo)' ™ Inlt, WO = - [B1~ (oa(p) 7] |(£E|)pl.2)
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6 Lower Bound on ﬁ;, when 1 < p <2

Theorem 7 Given W and W as 1.1 and 1.2, thenifl<p<2andp '+¢'=1
we have

Vr>0,t>0: f(WS‘ —W*)* < Falp,r,t) = ar® —brt + dr*td 4 ct?(r? +r9t1)

Sr

where W (n) = %6‘|n|q, Cy =5 (1+(g—1)(g—2)272) and (6.2)

1—p
05 "k

_ _ 2*2/119*2#1 _ ﬁ _ 11924291 l
a = P ’ b_( )61 2 , C= q (C] 1>2 92 <1+ )7 (6'3)

-1
N N

d = Pl (g~ 1)(q - 2)22720; 'NTD2Z(q) and Z(p) = Clg + 1)7+ s the
Stein-constants.

We choose the variational principle 4.3, then ¥Vn € RN :

W) < ~(.000+ 90+ nt  [~to.pa+ Do valt] ar. 6a)
Y

Since ¢ > 2 using 2.14 with x =1, y =0 and s =2 — 4/q we get

1 1 1
6|0+?7|q =3 [1+ (g = 1)(a—2)297?] [n] "+ (n, 0>|77|q72+6(q—1)2q72627q|0\q,

substituting this inequality into 6.4 we get

Ve e RN W (n) — Wo(n) < —(n,€)0s + g* ()02 + inf My(o),  (6.5)

oinSq

where My(0) :f [(a, Exa + é(q —1)(¢g— 2)2q262q|g|‘I] dx. Since
Y

1é1£ Ms(o) = Ms(0), where 0 = *ﬁ [HE — (x2 — 02)], being H the Hessian
oES>
matrixz of the Y —periodic solution of Ap = xo — 02, then ¥Vt > 0:

inéf My(0) < My (t(6162)'/5)
gES,
- —t(0102)1*2/q][<8,£>xg + %1 (q — 1)2@1*262*%‘1(0101)q*2][|a\q )

Y Y
(6.6)
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In other hand (3, &) = —4- [(HE, €) — (x2 — 02)[¢]] andf(&, E)xa = —ﬁ][u{gﬁ.
Y

Y
Therefore from here, 6.6, taking e = 0160, and using an standard inequality, we
get

inf M,(0) < —tﬂf1(0192)2_2/q|£|2+t(9162)1‘2/q5f1f|H§|2+
TESy
Y

—q —1
+t‘J%22q*3(9193 +07162)[€]7 + tq%(q - 1)22‘1’3][IH§|" :

Y

substituting this inequality into 6.4 we obtain that V&, n € RN :
W*(n) = W5 (n) < — (€, m)02 + g"(£)02 — 87 ' (6202)2/7|¢|?
e
+ t(9192)1_2/‘16f1f\H§|2 + %(q — 1)2%72 ¢+

tap7 4
L 1B

Y
_ 2q—3 q
g 1)2 Yfﬂa, (6.7)

replacing & = £/02, adding (€,7n) to both side of the result and taking sup over
n € RN, we finally get 6.1, 6.2 and 6.3. O

Theorem 8 Under the same hypothesis of theorem 7 we have

v > 0: 4T < 2[5 - )] v, 7> 2 (G- pa)' ],
3, 3
(6.8)

where Ay = 7}I>1£ tH>1£ Fa(p,r,t).

Corollary 5 Under the same hypothesis of theorem 7, when W is 1sotropic we
have Y¢,m € RV :

W) > ]1? [C = (pAs(p)' =) g7
W*(n) < é [Co — (pAa(p))' ] n]?.
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7 Summary and Conclusions

Givenl <p<oo,pl4+q¢ 1 =1,1<6,<1,0; +60; =1,0 =0, we obtain
C%(p) > 0 and Cy(p) > 0 such that

A

1 _ _q1= —~
=~ [en) - o1 Aoy ] e < AW
Sr

1 -~ _
< g[cwp)_eg@ Y (qB(p.0) 77| 1
[t (p-Dp-227 if p>2
Co(p)—{az if 1<p<2’
A(e,p) = inf ,’L‘_p]:(97p7l',y)
(z,y)€RY xR
o v | B if p>2
C (p){ 61[1+(q—1)(q—2)2q_1] if l<p<2’
B#,p)=  inf 279> (,p,7,y)

+ . Rt
(z,y)ER xRy

where the functions F,> are given in this work.

In the isotropic case we have

a0 aw0)' ] Tep < W

< = C%p) — 657 (¢B(p,6)) 7| [¢]P .

SRR

Here we have 8, =0 and 6 =1 — 0, where 1 < 0 < 1 is the volume fraction
of the first material.

In the limit case p = 2, the left and right hand sides of the last inequality
give the optimal lower and upper bound of the linear composite.
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