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Abstract

If (2,%, ) is a finite atomless measure space and X is a normed space,
we prove that the space Ly(p, X), 1 <p < oo is a barrelled space of class Ry,
regardless of the barrelledness of X. That enables us to obtain a localization
theorem of certain mappings defined in L,(u, X).

By “space” we mean a “real or complex Hausdorff locally convex space”. Given
a dual pair (E,F), as usual o(FE, F) denotes the weak topology on E. If B is a
subset of a linear space F, (B) will denote its linear hull.

Let s be a positive integer, then a family W = {Emlm%mp, m, EN,1<r<p<
s} of subspaces of F is said to be an s-net in E if {E,,,,m; € N} is an increasing
covering of £ and {Ey, my,..m;,m; € N} is an increasing covering of Ep, my,..m,_,, for
2<j<s.

A space FE is suprabarrelled, or barrelled space of class 1, [17], if given an increas-
ing covering of subspaces of F there is one of them which is dense and barrelled.
For a given natural number s > 2, E is said to be barrelled of class s, [11] and
[14], if given an increasing covering of subspaces of E there is one of them which is
barrelled of class s — 1. If E is barrelled of class s for each s € N it is said that F is
barrelled of class Xy. It is shown in [11] that each non-normable Fréchet space has a
dense subspace of class s — 1 which is not barrelled of class s for all s > 2. On the
other hand, if ¥ denotes any o-algebra of subsets of a set €2, the space £5°(£2, ¥) of
all scalar Y-simple functions defined on 2 with the supremum norm is a barrelled
space of class N, [9]. Since each barrelled space of class s is Baire-like, [15], it
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follows easily that a space E is barrelled of class s if and only if given an s-net
W = {Epnimo..m,,mr € N1 <1 < p < s}in E there is a subspace Ey,q,. 4, which
is barrelled and dense in E. This means that every o(E’, E,,4,. 4, )-bounded subset
of E’ is equicontinuous. When E is metrizable, the Amemiya-Komura theorem (see
for instance [13, 8.2.12]) enables us to avoid all preceding density conditions.

Barrelled spaces of class s, s € N, allow to extend the Nikodym boundedness
theorem and are useful domain classes for the closed graph theorem, a fact which
has some incidence in vector measure theory [10].

Throughout this paper (€2, %, ) will denote, unless another thing is explicitely
stated, an atomless finite measure space, X will be a normed space and L,(u, X)
will stand for the space of all (equivalence classes of) p-Bochner integrable X-valued
functions defined in Q if 1 < p < oo, or the space of all (equivalence classes of)
X-valued p-measurable functions on €2 which are essentially bounded if p = oo,
both provided with its usual norms. We refer the reader to the monographs [3], [13]
and [18].

This paper has been motivated by the three following barrelledness theorems
(see [5] for a proof of the first result in a more general context, as well as references
[7] and [8] for the measure free case).

Theorem A. (L. Drewnowski, M. Florencio and P.J. Paul, [4]). Let (2, %, i) be a
finite measure space and X be a normed space. If the measure yu is atomless, then
L,(p, X) with 1 < p < 0o is barrelled.

Theorem B. (J.C. Diaz, M. Florencio and P.J. Pail, [1]). Let (Q,%,u) be a
finite measure space and X be a normed space. If the measure u is atomless, then
Lo (1, X) is barrelled.

Theorem C. (J.C. Ferrando and L.M. Sénchez Ruiz, [12]). Suppose that (£, %, u)
is a finite measure space and X be a normed space. If X is barrelled of class n, then
the space Lo (i, X) is barrelled of class n, for each n € N.

The first two results exhibit that the space L,(u, X) may have better barrelled-
ness properties that X has. Indeed, the argument of the proof of Theorems A and
B may be easily adapted to show that each L,(u, X) is ultrabornological. This has
been noted in [2] and in [6]. In the last reference it has been shown that if p > 1
and X’ has the Radon-Nikodym property with respect to p, then L,(p, X) is the
locally convex hull of all its Banach subspaces with a basis.

Our purpose here is to prove that if y is atomless, each space L, (i, X), 1 <p <
00, is barrelled of class n for every n € N. In the following two theorems we use the
well-known fact that if p is atomless there is a set A € ¥ such that p(A) = pu(2)/2,
and in both cases the basis of the proof is the construction of a certain Banach disk.
In Theorem 1 we open up an induction process in order to show that L,(u, X) is
suprabarrelled (barrelled of class 1) and then, in Theorem 2, we give a proof of the
fact that L,(p, X) being barrelled of class s implies that it is also barrelled of class
s 4+ 1. Therefore, our main theorem is the following.



Strong Barrelledness Properties in Lebesgue-Bochner Spaces 75

Main theorem. Let (2,3, u) be an atomless finite measure space, X a normed
space and 1 < p < oco. Then L,(u, X) is barrelled of class N,.

This result enables us to obtain a localization theorem for certain mappings
defined on L, (¢, X) that have closed graphs.

Theorem 1. L,(u, X) is suprabarrelled.

Proof. Assume that L, (;, X) is not suprabarrelled. Then, can find an increasing
sequence of non-barrelled subspaces {E,,n € N} which covers L,(u, X).

For each n, there is a barrel T, in E,, such that it is not a neighborhood of the
origin in E,. Let B,, denote the closure of T,, in L,(u, X), and H,, = N{(B,,), m > n}.

In what follows a sequence (€, Xk, px) of atomless measure spaces is to be con-
structed satisfying the following properties:

(a) Q€ Zp1, () = p(Q-1)/2, Bt = Bi—1j0s Ml = Hio—1]5 -

(b) The closed unit ball Vj, of L,(u, X) is not contained in H,, for all £ and n
in N.

The only non-trivial step of the inductive process is the first one, which we
reproduce here.

Since p has no atoms, we split L,(p, X) in two halves, namely L,(), X) and
L,(N,X), corresponding to the atomless measure spaces (4, A, A) and (Q\A4, A", \'),
where A € ¥ and p(A) = p(Q)/2. If W and W’ denote the closed unit balls of
L,(\, X) and L,(X, X) respectively, we have that either W is not contained in H,
for all n, or W’ is not contained in H, for all n. Otherwise, L,(u, X) C H,,, for
some ng € N, and thus L,(u, X) C (B,,). Hence, making use of Theorems A and
B depending on if 1 < p < oo or if p = oo, respectively, it is clear that B, is a
neighborhood of the origin in L,(x, X) and T,,, = By, N E,, is a neighborhood of the
origin in £,,, a contradiction. Now, we know how (€21, %1, yt1) has to be choosen.

For each k € N select an element gy € Vi, gr € Hg. As the sequence (gi) is
contained in the unit ball of L,(u, X) and the support of g is a subset of €, for
each ¢ € (1 the function Xp&igx takes its values in X outside the zero measure
set ﬂQk Thus X&kgy is really an element of L,(u, X), and the continuity of the

k

mapping (&) — Xk&rgr turns the set D = {Xp&egr : (&) € By, }, where By, is the
closed unit ball of ¢y, into a Banach disk contained in L, (p, X).

Since the subspaces H,, cover L,(u, X), there is an index ng such that for each
n > ng the subspace H, N (D) is barrelled and dense in (D), this later provided
with the Banach disk norm. Hence, since H,, C (B,), we have that (B,) N (D) is
barrelled and dense in (D), for each n > ng. Since B, is closed in the L,-topology,
we have that D C (B,) for n > ng and D C H,,. This is a contradiction, since
Gny € D\H,,. O

Theorem 2. L,(u, X) is barrelled of class s, for each positive integer s.
Proof. We have just seen that L,(u, X) is barrelled of class 1 (suprabarrelled).

Given an integer s > 2, assume that L,(u, X) is barrelled of class s — 1. We are
going to show that it is barrelled of class s.
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If this were not the case, we would have an increasing sequence {E,,,n; > 1}
of dense subspaces, each one of them barrelled of class s — 2 but not of class s — 1,
covering L, (p, X).

For each positive integer ny, there is an increasing sequence { E,,n,,n2 > 1} of
dense subspaces, each one being barrelled of class s — 3 but not of class s — 2, which
cover F,,. Repeating this argument an appropriate number of times we have that for

each integer (s — 1)-tuple (ny, ng,...,ns_1) of positive integers there is an increasing
sequence {Ep, n,. n., s > 1} of dense subspaces, none of them barrelled, covering
Eriny...ne - Thus for each (ny,ng,...,ns) € N° we can find a barrel T, ,, . in

E,, ns...n, Which is not a neighborhood of the origin in E,, ,, . ... Let By, nyon.
denote the closure of T, n, n, i Ly(p, X) and Zy, sy e = (Bnyng,..ns). Going
backwards, we define the following subspaces

Hoyng,oneine = m{Zm,nz,---,nsfl,m?m > ns}
and, for j=s—1,s—2,...,1,
an,ng,...,nj = U{Hnl,ng,“.,nj,m7m > 1}

and
Hn1,n2,-~~7n]‘ = m{an,n%--wnjfl:m?m > 1}'

It is plain that for j = 1,2,...,8, Ey ny.m; C Hpyny,..n; and the increasing
sequence {Hy, n,,...n;,nj > 1} covers By, n;_, taking Ly(u, X) as .

As before, our main point is to achieve a sequence (£, X, ix) of atomless mea-
sure spaces with the same requirements as in the previous theorem, the last one
still being that V} is not contained in H,, for all k, n € N. Again, we only give
the first step of the induction process. With identical notation to the one used
in Theorem 1, we want to show that either W is not contained in H, for all
n € N, or W’ is not contained in H, for all n. Otherwise, there is n; such that
L,(1,X) C Hy,, C Z,, = U{H,, s, m > 1}. The induction hypothesis then guaran-
tees the existence of ny for which H,,,, is dense and barrelled of class s — 2, and
because Hy,n, C Znyn,, the same can be said of Z,,,, = U{H,, nym,m > 1}. By
continuing this selection argument we can assert there is an s-tuple (ny, ng, ..., ng)
of positive integers for which H,,, ,, ., is dense and barrelled, hence Z,, 5, n, is
also dense and barrelled, and B,,, ,...n, is a neighborhood of the origin in Z,, ,,, ... n.-
But then 70, ny....ne = Bnyng.oone NV Eny nsy...n, Would be a neighborhood of the origin
in Ep, n,... n,, Which is a contradiction.

For each k € N we choose an element g, € V;.\ Hy. Using again our old notation,
the set D = {X;&kgx : (&) € By, } is a Banach disk contained in L, (u, X).

There is a jo such that, for each n; > jo, H,, N (D) is barrelled of class s — 1
and dense in (D), with its associated norm. Since {H,, n,, 72 > 1} is an increasing
covering of H,,, there is j,, such that, for each ny > j,,, Hy, n, N (D) is barrelled
of class s — 2 and dense in (D). An appropriate number of repetitions tells us that,
whenever 11 > jo, 72 > Jnyy M3 = Jningy s Ms—1 = Jning..neo UHET€ IS Tnins  no one s
such that, for ns > jning. neane1s Hning..ne_one_ine (1 (D) is barrelled and dense in
(D). Then, Z, ny..n._sn._in. 0 (D) is also barrelled and dense in (D) for ny > jo,
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no 2 jnp ns Z jTL17’L27 ey Ng 2 jnlnz‘..ns_2n3_17 and D C <Bn1n2...ns_1ns> = annz...ns_ﬂls-
Hence we have that D is contained in the intersection

m{anng...ns ny Z j07 n2 Z jn17 ceey N Z jnlng...nsf1}
which is a subset of H;,. This contradicts the selection of gj,. O

In [16] Valdivia has given the following definition: A space E is said to be a
I',-space if every quasicomplete subspace of E*(o(E*, E)) intersecting E'(c(E', F))
in a dense subspace contains E'.

In the next theorem, if W = {E,, n,. nesnr € N1 <7 <k < s} is an s-net in £,
we will denote by W the family {FE,,;my. m.,mr € N, 1 <1 < s}

Theorem 3. Let f be a mapping with closed graph from L,(u, X) in a space E.
Let W be an s-net in E and suppose that every L € W, has a finer topology 7y,
“finer than the induced by E” such that L(31) is a I'.-space. Then there is some
L € Wy such that f is a continuous mapping from L,(u, X) in L(3z).

Proof. We have that f~'(W) is an s-net in L,(u, X) and therefore, by Theorem
2, there is some L € W, such that f~(L) is barrelled and dense in L,(u, X). Then
by [16], Theorems 1 and 14, we have that f/f~'(L) has a continuous extension h
from L,(p, X) into L(3;) and, since f has closed graph, we have that f = h. O
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