Mutations in finite groups

Antoni Gil and José R. Martinez

1 Introduction

One generally studies the different types of algebraic structures from the equiva-
lence relation “being isomorphic”, thus establishing a series of invariants and canon-
ical models for each equivalence class under the mentioned relation. The main goal
of this paper is to study how we can minimally quantify, by means of certain pa-
rameters, the degree of non-isomorphy between two given groups of the same order,
i.e., to study the degree of invariance between two distinct equivalence classes under
the relation “being isomorphic” in the category of finite groups.

The search of an efficient estimator of the qualification “non-isomorphic groups”,
which allow us to know if they are “hardly or nearly” isomorphic, has led us to define
the concept of mutation, which, formalized in the category of internal (2-algebras,
is widely studied in this paper in the category of finite groups.

We present the concept and the results relative to mutations, according with
the three stages their study has taken us chronologically. First of all, from the
comparative analysis of pairs of similar structures having underlying sets of the same
cardinality, i.e., groups of the same small order, 4,6,8, etc., it arises the concept of
mutation, as being a bijection maximally satisfying the homomorphy condition, in
order to minimize the number of times one has to mutate the group law to get an
isomorphism from the given map.

It is also worth noting that the concept of mutation furthermore lets us rapidly
check whether two given distinct presentation correspond to the same group.

Once introduced the concept of mutation between non-isomorphic groups and
dealt with its properties we obtain in a second stage the evolutive chains in the sets
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of non-isomorphic groups of order up to 16. The concept of evolutive chain aims
toward minimizing the number of germs and mutating zones for the length of links
in the chain, this length being related to the amount of mutating surface. We thus
aim towards the least abrupt way of evoluting from a given group to another group
of the same order.

Finally, in the third stage, we study the way mutations between groups of higher
order may be constructed, this constructions being related to certain parameters,
thus rapidly obtaining the set and table of germs.

2 Mutation (First stage)

2.1. Given two finite groups of the same order we study which minimum changes
(hereby the term mutation) we have to perform to the group’s law to obtain another
group’s structure.

To illustrate this concept, let us first consider an example: consider the bijection
h:Cs — Ds given by h(1) = 1, h(z) = z, h(2?) = y, h(z?) = y?, h(zt) = 3?2,
h(z%) = yz, where Cs = (z/2% = 1) and D3 = (y, z/y® = 22 = 1,9y = 3?) and the
following table

Co/Ds | 11 | w/z | a®fy | &)y |2'/y*z | 2°/yz
1/1 1/1 x/z | 22fy | )y | 2tyPz | 25 Jyz
x/z )z | 221 |23y | atfyz | 2Oy | 1/yP
2y || 2Py | @Pfyz | 2y 21| 1z | x/ye
Py | 2Py |2ty | /1| Ly | afyz | 2Pz
alfytz |ty | 2P YR | Lye | x/z | 2P/ | 2y
fyz || @fyz | Yy | z/z |2y )y | 2t)1

From this picture we may deduce that the homomorphy condition is verified by
only 15 pairs out of a total number of 36 (a pair (a,b) € Cs is said to verify the
homomorphy condition with respect to h provided h(ab) = h(a)h(b).) For instance
1 = h(z®)h(z?) # h(xz*z?) = yz thus (23, 2?) does not verify the homomorphy
condition. Therefore we make a local modification of the group structure, only for
the pair (23, 2?%) in order to get the homomorphy condition for (z*, z?) and the new
law % thus defined. In other words, * is defined as follows:

Cada?
23w = 23¢a?
2322¢

with ¢ to be determined. Thus, we aim to find a { € Cj verifying h(z3 * 2?) =
h(z3)h(x?*), where * denotes one of the three latter alternatives. In the present case
the three possibilities lead to the same, by choosing ¢ = x.
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In the following table we see the different elements ( which are necessary to
obtain the homomorphy condition for each pair of elements of Cf.

Our objective is to find the bijection between both groups which maximizes the
homomorphy condition. And to do so we make the following

Definition 2.2 Let G, M be semigroups such that |G| = |M]|. A bijection h: G —
M is a similarity from G to M when one of the sets

CH(h) ={te€ G:h(tg) =h(t)h(g)Vg € G}
CV(h) ={ce G:h(ge) =h(g)h(c)Vg € G}

is non-empty.

Notation 2.3 In the situation of the latter definition we shall call CH(h) ( resp.
CV(h)) the horizontal field (resp. the vertical field) of the given similarity. We de-
note by S(G, M) the set of all the similarities between both structures. We denote
by SH(G, M) (resp. SV (G, M), resp. S¢(G, M) ) the set of horizontal (resp. ver-
tical, resp. crossed) similarities from G to M given by the condition CH(h) # 0
(resp. CV(h) # 0, resp. CH(h) # 0 # CV(h).

Proposition 2.4 If h € S#(G, M) then CH(h) is a stable part with respect to the
product in G. Similarly, if h € SV (G, M) then CV (k) is a stable part with respect
to the product in G and thus if h € S¢(G, M) then CH(h) and CV (h) are stable
parts with respect to the product in G.

Proof. Let t1,ty € CH(h). It easily follows that

h(titag) = h(t1)h(tag) = h(t1)h(t2)h(g) = h(tit2)h(g)

hence t1ty € CH(h). The proof of the rest of the proposition is similar O

Proposition 2.5 (i) If h € S#(G, M) then h(CH(h)) is a stable part with respect
to the law in M.

(ii) If h € SV(G, M) then h(CV(h)) is a stable part with respect to the law in M.
(iii) If h € S¢(G, M) then h(CH(R)) and h(CV (h)) are stable parts with respect
to the law in M.

Proof. (i) If v1,vy € h(CH(h)) then there exists t1,t2 € CH(h) such that h(t;) = v;
(2 = 1, 2) Then V1V = h(tl)h(tQ) = h(tth) € h(CH(h)), by applying (24) g

Definition 2.6 Given h € S(G,M) we shall say that h is e-invariant if 1¢ €
CH(h)NCV(h).

We shall assume throughout that Gand M are finite groups with |G| = |M]|.
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Lemma 2.7 Given h € S(G, M) then

(i) h(lg) = 1m

(i) h is e-invariant.

(1ii) h(t™') = h(t)™', Vt € CH(h)

(iv) h(c™') = h(c™t, Ve e CV(h)

Proof. (i) We shall assume h € CH(h), the other alternative may be dealt with
symmetrically.

Let t € CH(h), h(t) = h(tlg) = h(t)h(1g), hence h(1g) = 1p. The rest of the
Lemma follows easily from (i). O

Theorem 2.8 Ifh € S(G, M) then

(i) CH(h)
(ii) CV (h)
(iii) h(CH(h)) < M
(iv) h(CV () < M

(v) CH(h) = h(CH(h))
(vi) CV(h) 2 h(CV(h))

<G
<G

Proof. (i) Let T = CH(h) and t € T. Tt follows from (2.7)(iii) that h(t~1)h(t) =
1y = h(t™'t) whence, given g € G and considering g = t?x, we get

h(t™tg) = h(t 't?x) = h(tx)h(t 1 )h(t)h(tz) = h(t")h(t?x) = h(t 1)h(g)

Therefore t=1 € CH(h). This, together with (2.4), yields the result.
(iii) and (v) Let V' = h(CH(h)). By definition of CH(h), hlcum): CH(h) — V is a
group homomorphism, hence an isomorphism, as it is a bijection.

The rest of the result may be proved symmetrically. O

After this result it makes sense the following

Definition 2.9 A group R is said to be a similarity kernel from G to M if there
exist T'<Gand V< M suchthat T R=V.

Notation 2.10 We denote by SK (G, M) the set of similarity kernels from G to M.
Clearly the trivial group is a member of SK (G, M).

Definition 2.11 Let R € SK(G, M). An element of the set {(f,(T,V)): R=T =
V'} is called a first factor of the R-similarity from G to M.

Definition 2.12 Let (f;, (7;,V;)) be first R;-similarity factors from G to M (i =
172) We denote (fh (Th ‘/1>) < (f27 (T27 ‘/2>) if

(i) Ry is isomorphic to a subgroup of Rj.
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(i) foln, = fu

It easily follows that this defines a partial order. Therefore, we may establish the
following

Definition 2.13 Anelement R € SK(G, M) is said to be maximal if it is a maximal
element in the set SK(G, M) provided with the latter partial order.

Definition 2.14 Given R € SK(G, M), a domain (resp. codomain) of a second
R-similarity factor from G to M is a right transversal of T'= R (resp. V= R) in G
(resp. M) containing 1 (resp. 1a).

Notation 2.15 Should no confusion arise we shall denote (T'|G) = {g1,...,0x}
with g1 = 1g (resp. (VM) = {mq,...,my} with m; = 1)) the domain (resp.
codomain of a second R-similarity factor from G to M.

Furthermore, we shall denote (T'|G)* = {g2, ..., gr} and (V|M)* = {ma,...,my}.

Proposition 2.16 Let R € SK(G, M) and h € S(G,M). If (T|G) = {g1,---,9x}
with g1 = 1g then {h(g1),...,h(gn)}, with h(g1) = 1as is a right transversal of V' in
M.

Proof. Straightforward. O

Definition 2.17 With the foregoing notation a second similarity factor from G to
M is a bijection ¢: (T'/G) — (V/M) such that ¢(g1) = m;.

Theorem 2.18 (Construction method for f?)

Let R be a mazximal element in SK(G, M), f:T — V a first R-similarity factor
and ¢: (T/G) — (V/M) a second R-similarity factor. Then there exists a unique
similarity h from G to M wverifying:

(i) CH(h) =T,
(ii) h(t) = f(t), Vt €T
(iii) h(g:) = ¢(gi), (L <i < k).

Proof. Define f*:G — M by f%(g) = f(t)é(g;) where g =tg;. If t' € T, g € G,
then
fo(t'g) = fo(t'tg) = F(t')p(g:) = F(E) F()p(gi) = fO (') f9(9)
Since g € G has been chosen arbitrarily, it follows that 7 C CH(f?). In particular
f? is a similarity.
Now (2.8) yields CH(f?) < G, f*(CH(f?)) < M and CH(f?) L fP(CH(f9)),
where ¢ is induced by f?, hence glr = f‘ﬂT = f. We deduce from these facts and the

maximality of the given element (f, (T, V)) that CH(f?) = T. The other assertions
may be easily proven from the definition of f¢ (since g; = 1!). O

Definition 2.19 In the conditions of the latter theorem, the map associated to the
first R-similarity factor (f, (7, V')) and the second R-similarity factor ¢ is called the
mutation from G to M associated to T" and V.
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Note 2.20 Given a mutation between two groups a comparative analysis of the
product tables of both groups leads us to consider the existence of zones where the
homomorphy condition is satisfied (horizontal field, vertical field and, eventually,
other non-mutating zones) and other zones where this condition does not hold. In
these ones we study which minimum changes in the multiplication table of G lead
to obtaining that of M, after the following

Proposition 2.21 Let h be a similarity from G to M with T'= CH(h), V = h(T),
(T/G) ={g1,--- 9k} (91 = 1g) and (V/M) = {mq,...,my} (m1 = 1p). Given
gi (1 <i<k)andz € G, there exists ( = (¥ € G verifying h(gCx) = h(g)h(zx)
Vg € Tg;

Proof. Let g,¢' € Tg; with g = tg;, ¢ = t'g; (t,t' € T'). Assume that ¢, verify
h(g¢x) = h(g)h(x) and h(g'¢'x) = h(g')h(z). Considering t” = t't7! € T it follows
that h(g'C"z) = h(g')h(x) = h(t'g)h(x) = h(t"tgi)h(x) = h(t")(h(tg:)h(x)) =
h(t")(h(g)h(z)) = h(t")h(gCx) = h(t"gx) = h(¢’Cx) Since h is one-to-one we get
g C'r=¢gCx,thus (=(. O

Definition 2.22 In the situation of the latter proposition we shall say that ¢ = (7
verifies the germ condition of the mutation from G to M at level 2 in the field
(T'g;, x), with respect to h and we shall write ¢ = Germ,(T'g;, ).

It thus makes sense to analyze under which hypothesis there exists coincidence of
germs. In this direction, we establish the following proposition, whose proof is
routine.

Proposition 2.23 Let h be a similarity from G to M with CH(h) =T, h(T) =V
If C = CV(h) then Germp(Tg;,x) = Germp(Tg;, xc), for each ¢ € C, v € G and
gi € (T/G)

Definition 2.24 In the situation of (2.23) we shall write
Germy(Tg;, xC) = Germp(T g, x)
and, denoting by (G/C) = {z1 = 1g,...,z,} aleft transversal of C' in G,

Germ(h) = {Germy(Tg;,z;C): g € (T/G),z; € (G/C)}
Germ™(h) = Germ(h) \ {1¢}

Remark 2.25 It is worth noting that, given a similarity h from G to M then we
have Germy (T, 2C) = Germy(Ty,C) = 1¢, for each z,y € G, where T'= CH(h)
and C = CV(h).

Remark 2.26 Likewise it is worth mentioning that, if g, ¢ € (T/G) (T = CH(f?))
are such that ¢(gg') = ¢(g)p(¢') then it appears an non-mutating zone in (T'g, ¢'C),
since Germp(Tg,g'C') = 1. Therefore, it is important to define the second similar-
ity factor ¢ respecting the homomorphy condition as far as possible.
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Definition 2.27 Once defined the concept of germs at level 2 of a similarity h, one
may analogously define the germs at level 1 and 3 as follows:

We say that ¢ is a germ at level 1 of the similarity A in the zone (g;,z;) and
denote ¢ = Germj}(gi, z;), if h(Cgix;) = h(gi)h(z;). Similarly, we say that ¢’ is a
germ at level 3 of the similarity A in the zone (g;, z;) and denote ¢ = Germ; (g;, x;)
if h(gix;¢') = h(gi)h(z;)

Remark 2.28 To study the similarities we shall mainly use germs at level 2 for
simplicity’s sake, since Germy(g;, z;) = Germ(Tg;, z;C), but, at level 1,
Germi (tgi, z;C) = Germ} (gi, 2,C)" ",
and at level 3,
Germ; (Tg;, v;¢) = Germ3 (Tg;, x;)°.

Proposition 2.29 Given a similarity h from G to M with T = CH(h), C =
CV(h), if ¢ = Germy(Tgi, 2;,C) then ¢ = g7 "h= (h(gi)h(z;))x;?

J
Proof. The proof is easily obtained from the definitions. O

Definition 2.30 Given the mutation f¢ from G to M associated to T" and V, we
shall say that it is a mutation of order s if |Germ*(f?)| = s. If s = 1 then we shall
say that it is a simple mutation.

Definition 2.31 Following Definition 2.24 we construct the table of germs of the
mutation f? as sketched in the following picture

0C | - | 20| - | 2,0
Tq: lg lg lg
Tgi | 1o || & || &
Tge | 1a |-+ | & || &

where ¢/ = Germs(Tg;,z;C). We associate to this table the following matrix
of germs of the mutation:

((NnEh € Mat(|G T x |G : C|,G)
and the mutation’s system, with indeterminates (CZJ ) given by
gi¢ley = (fO)7(f2(9:) £ (25))

2<i<k 2<j<r
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Definition 2.32 We call unit area, of height |T'| and base |C|, of the mutation f¢,
to each of the zones T'g; x x;C' of its table of germs.

We shall call mutating area of f¢ to each unit area such that the germ in this
area is not the identity of G.

Remark 2.33 The fact that the mutating zone of f?, with T = CH(f?) and
C = CV(f?) are product of right classes of G modulo T' by left classes of G modulo
C gives us an “economical” test for the construction of isomorphisms, since this may
eventually allow us to easily check whether two given groups are isomorphic or not
by the construction of the corresponding mutation. As an example, by just finding
three germs, we easily obtain that D3 x Cy = Dg.

Consider the groups G, generated by the matrices A = [_01 (1)} and B = [%},

with the group law being given by the product of matrices, and M = (i, 5, k/i* =
j2 = k? = —1) and the cork screw law. Both groups have order 8. Furthermore

G>T = (4) L Cy = (i) =V < M, where f: (A) — (i) is defined by mapping
A — i. We choose (T'/G) = {I,B} and (V/M) = {1,j}, ¢(I) =1, ¢(B) = j. We
thereby get a mutation f®:G — M. Since CH(f?) = (A), CV(f?) < G and the
germ is unique in each of the mutating zones, it is enough to check the homomorphy
condition in the following cases:

fA(BA) = f*(B)f*(A)
f?(BB) = f*(B)f*(B)

to conclude that f? is an isomorphism. Therefore G and M are distinct presentations
of the quaternion group Qg = {(a,b/a* = 1,a® = b*,a® = a™1).

Towards the minimization of the number of germs of a mutation we consider the
following

Definition 2.34 Given a mutation f¢ from G to M associated to T and V, we
shall say that f? is a principal mutation of first order if 7' and V have maximum
order verifying 7' = V.

Considering T', V' proper subgroups of maximum order of G and M, respectively,
and f:T — M a non-isomorphism, if there exists K < T and K’ < V such that
g: K — K’ is an isomorphism and there exists a second K-similarity factor ¢ such
that f = g%, then we shall say that f® = (¢¥)? is a principal mutation of second
order.

We may similarly define higher order principal mutations.

Definition 2.35 Given a mutation f® from G to M associated to 7" and V, if
neither 7" nor V have maximum order verifying the condition 7" = V nor its order is
a divisor of the order of the proper isomorphic subgroups of G and M of maximum
order as such, then we shall say that f¢ is a secondary mutation of first order.
According to (2.34) one may define higher order secondary mutations.
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Proposition 2.36 Given a mutation f from G to M (principal or secondary) of
first order, associated to T and V', if there exists K < G and K' < M such that
K| =|K'l, K>T, K' >V, we may consider f® as a mutation of second order
(f?)? where f*: K — K'.

In this situation, the germs of the mutation of first order and those of the one
of second order coincide.

Proof. Let {a;}i_y (vesp. {y;}5_y, resp. {2}y, resp. {w;};_,) be a right transversal
of K in G (resp. of T in K, resp. of K" in M, resp. V in K'). Then it may be easily
checked that {y;z;} (resp. {w;z;}) is a right transversal of T'in G (resp. of V' in M).
Furthermore, given g € G, g = kx; = ty;x;, and then one has: f?(g) = f®(ty;z;) =
F(&)(y;x:) and (£9)°(g) = (f%)°(tyje:) = f#(ty;)0(x:) = f(t)¢(y;)d(w:) hence, by
defining ¢(y;z;) = w;z and ¢(y;) = wj, then it follows that f¢ = (f¥)° thereby
obtaining the equality of their mutating zones and their germs. O

Remark 2.37 According to the latter proposition, to minimize the number of germs
of a mutation we have to construct the second similarity factor such that the mu-
tation be of maximum order. Normally, given two groups, a principal mutation of
order one will be constructed, for easiness’ sake, forcing the second similarity fac-
tor to respect the homomorphi condition at maximum, which is equivalent to the
principal mutation being of maximum order.

Remark 2.38 Regarding to the convenience of the mutation being principal or
secondary, in most of the cases the principal one will give less number of germs and
less mutating surface than the secondary one. But there are some instances wher
the secondary mutations has less number of germs and less mutating surface than
in the case of the principal one. For instance, given the groups of order 12 15 and
Ay, we may construct a maximal mutation from th cyclic subgroup of order 3 and
obtain a matrix of germs 4 x 6 with 7 germs and 84 mutating zones. Nevertheless, if
we construct the secondary mutation from a cyclic subgroup of order 2 and forcing it
to be of maximum order considering the subgroup of order 4 in C}5 and the product
of two cyclic subgroups of order 2 of A4, one obtains a matrix of germs 6 x 12 but
with only 3 germs and 80 mutating areas.

We now study the product of similarities and, consequently, the germs in this prod-
uct. The following proposition may be easily proven

Proposition 2.39 Given a R-similarity h from G to M and h' a R'-similarity from
G’ to M" then h x I is a (R x R')-similarity from G x G’ to M x M' which will be
called the similarity product of h and h'. Furthermore CH(hxh') = CH(h)xCH(h')
and CV(h x h') = CV(h) x CV(h').

Remark 2.40 The previous remark may be easily extended to arbitrary sets of
R;-similarities {h;}, thus yielding a [T R;-similarity [] h;.
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Proposition 2.41 Let h be a R-similarity from G to M and h' a R'-similarity
from G' to M', with T'= CH(h), T" = CH(K), C = CV(h) and C" = CV (R'). If
¢ = Germy(Tg,2C) and ' = Germyp (T'g', 2'C") then

(€, ¢") = Germpay (T X T')(g, 9'), (x, 2')(C x ).

Proof. Straightforward from (2.39) and the definitions. O

We now deal with semidirect products.

f
Proposition 2.42 Given groups G =T xo H and M =V xg K, with T =V and
H = K then there exists a mutation f® from G to M such that CH(f?) = T and
H C CV(f?).

Proof.  We consider f:T — V as first similarity factor, H (resp. K) as a right
transversal of T' (resp. V) in G (resp. M) and ¢: H — K as second similarity factor.
Obviously, CH(f?) = T; on the other hand, given h € H, g = th’, with t € T,
h' e H.

f2(gh) = f2(th'h) = f(t)e(W'D) = f(t)o(R)d(h) = fo(th) f*(h) = f*(g)f*(h)

thus h € CV(f?). O

3 Evolutive chains (Second stage)

3.1. Once obtained the germ matrices we have considered in the set &t(n) of the
non-isomorphic groups of a certain order n, what we have called an evolutive chain,
since this is related to the minimum condition on the lengths of the links of the chain,
these lengths being given by the number of germs in the corresponding mutation.
We search how to pass from one to another structure with minimum number of steps
in germs and mutating zones.

In the set Bt(16), in which there exist 14 non-isomorphic groups, we have split
the evolutive chain in four subchains. We have used the fact that, given a mutation
between two groups, if the image of the center of the first group is contained in the
center of the other, some more non-mutating zones eventually appear, to decompose
the study of &t(16) in 4 subchains, attending to the structure of the centers in the
non-abelian case. These 4 subchains are minimal, since each link has length one,
i.e., the mutations have a unique germ.

We finally cite a subchain which relates the different elements in this partition
and give the number of germs of each of its mutations.

The evolutive chains may be represented in the following picture, in which the
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numbers under the arrows stand for the number of germs, are the following:

n || Evolutive chain in Gt(n)

4 ‘C4‘T‘02 XCQ‘

6 | Cs 5[ Ds]

8 ‘Cs‘?‘@ XCQ‘T‘CQ x Cy xCQ‘T‘D4‘T

Q)

9 ‘CQ‘T‘C?) XCg‘

] [Col 03]

12 ‘Dﬁ ‘T‘ DCg ‘—2“ 012 ‘T‘ 06 X 02 ‘?‘ A4 ‘

ul[C- o]

G abelian
|Ci6|7|Cs x Co|5|Cu x Co |5 Cu x Co x Gy |2 Ca x Cy x Ca x O]
Z(G) = Cy | Migly|(Cy x Ca) xq Cs
Z(G) 2 Cy x Cy |(Cy x Ca) x5 Cal7| Dy x Caly

16

Qs x Cy ?‘04 Xa04‘

Z(G)=Cy Qe

+15Dis) 7 Ds|
o

‘08 x Cy ‘T‘Mw ‘?‘Qs x Cy

—
1

3.2 Evolutive chain in &t(6)

As an example and to contrast it with the one considered in Section 1 let us
consider the evolutive chain in &t(6).

Given the set &t(6) = {Cs, D3} we consider the chain of mutations from Cg to
Dg. Let

G = Co=(x/2°=1)={1,z,2* 2° 2* 2°}
M = Ds=(yz/y*=2"=1,y" =y ") ={L,y,9°, 2,y2,9°2)

In the set A = {(T,V)/T < C4,V < D3, T =2 V} the pair ((z*), (y)) has maximal
order.

We consider the isomorphism f: (z?) — (y) given by x? — y as first Cs-similarity
factor and extend it to a bijection f¢: Cs — D3 via a second Cs-similarity factor ¢ of
domain (resp. codomain) a right transversal of (z?) (resp. (y)) in Cg (resp. D3) given
by ¢:{lg, 2} — {lum, 2}, ¢(le) = Lur, (x) = 2. Hence f?(2*™*7) = f(2*)p(a?) =
y'z? (0<i<2 0<j<1). According to the definition, the mutation from Cg to
D3 is

lglxz* |2 |x|2° |

¢
fllMyyzyzyz
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Hence we have T'= CH(f?) = (22?) = Cs and C = CV(f?) = () = Oy and the
following table of germs

C zC 2°C

T [T 1e] 1o

Tx|1lg | 2| 2°

Germs={x? z*}

Number of germs=2

Number of mutating areas=2
Surface unit of mutating area=6
Surface of mutating zone=12
(out of a total amount of 36)

It is worth pointing out that there only exist two distinct germs of the iden-
tity and they are exactly the generators of the horizontal field. Furthermore, the
mutating zone has 12 units and the bijection constructed in (2) has 21.

With regards to the inverse mutation of this one, we point out that the number
of germs is also 2, a coincidence that occurs in all the mutations we have studied in
®r(n), n < 16.

4 Parametrized mutations (Third stage)

The analisys of the mutations studied for the groups of order < 16, suggested
us a generalized study, which we call parametrized mutations, since the germs are
determined by arithmetical conditions which obviously involve the parameters of
the order of the group.

4.1 The general case

Let
G:Cpn:<x/xpn:1>={xi:0§i§pn—1}

and
M = C,x;;xC,=< ag, -, ap_1/a? =1, 0,05 = aja;,0 <i,j <n—1>=
{alo - alr) 10 <ig,... inq <p—1}

The pair (< 2?"" >, < a,_; >) is maximal in the set A = {(T,V): T < Cpn,V <
Cp x 5 x Cp, T = V}. Consider the isomorphism f: < " >——< a,_ 1 > as first

Cp-similarity factor, given by f (xpn_l) = a,_1. This isomorphism can be extended
to a bijection

fO:Cpn — Cy x -

n) XCp
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via a second C)p-similarity factor ¢ between a right transversal A of 7" in G and a
right transversal B of V' in M, which is defined as follows: consider the sets

e ' '

A = {gineP Thetnpto () <y i, o < p)
7 -2 ) ) . . .

B = {a,)5 ---afay :0<ig,...,in—2 < p}

The map ¢ is defined to be the map A — B for which
Blatn ) — gl gl

Therefore
G ( pin—1p™ " . Firptio) _ ,in-1 i1,
f (xn 1 1 o) _ann_l "'allaoo

for every 0 < ig,...,i,_1 < p. Hence, one has T'= CH(f?) =< " > C, and,
since both are abelian, C' = CV(f¢) =T.
Given a,b € A, with

in—2p" " 2+...+i1p+ig

a X
h = xjn—zp"_g-l—--.-l—jlp-l—jo

then the area T'a x bC' is mutating if and only if there exists some k (0 < k < n—2),
such that i+ jr > p. If there exists a unique such £, then germ in the cited mutating
area is

Germys(Ta, bC) = 2"

Given a,b € A, considering the set K = {k : iy, + jr > p}, one has

n_ k+1
Germgo(Ta,bC) = U P P

Hence, since the former germs are distinct for distincts cardinalities of K and dis-
tincts k£ € K one has:

if |IC| = 1 then there exist n — 1 distinct germs

if || = 2 then there exist (”;1) distinct germs

if |IC| = n — 1 then there exists (n’:il) germ.

Whence the total number of germs in the mutation f?, different from the identity

of G, is
n—1 n—1
=9on-1 _ 1
() ()

Therefore one has that the set of germs, including the identity of G is:

Germ(f¢) _ {xp"—(51p+...+sn_1p”‘1) 10 < 51, Sy < 1)
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Regarding the inverse mutation (f®)~!, let V = f¢(T) =< a,_; > and D =
f?(C) =V. Given a mutating area V f¢(a) x f®(b)D, where

fa) = aigaal
Fo0) = ageafal

We consider the set

K' = {k:iir+js>pV(i+jk=p—1Nir1+jr1>p)V
(it + gk = th—1 + Je—1 =P — 1 Ndg—g + jr—2 > D) V
o NVlk+ k=l g1 = =1+ =p—1ANio+jo>p)}

In this situation, one has

Germpoy1(V f2(a), fO(b)D) = 1L, ax

kek’

thus the set of germs of the inverse mutation is
Germ((f(z))_l) = {asn—l e ail 0< S1yevySn-1 < 1}

n—1

from where one deduces that the number of distinct germs of (f?)~!, which are
distinct from the identity of Cj, X v x C) is 27~ — 1, which coincides with the

number of germs of f¢.

4.2 Mutation between Cjs and C5 x Cy x Cy x (9

We now study the particular case p = 2, n = 4, in order to get a clearer vision
of the germ tables of the mutation and its inverse.
Let G = Cig =< z/r'® =1 > and

M =Cy xCy xCy x Cy=

<a,bye,d/a> == =d*=1,a" =a,a°=a,a’ = a,b =b,b? = b,c? = c >
The element (< 2® >, < d >) is maximal in the set
A:{(T,V):T§016,V§02XCQXCQXCQ,TgV}

Consider the isomorphism f: < 2% >——< d > as first Co-similarity factor, which is
given by f(z®) = d. This isomorphism extends to a bijection

f?:Cg — Cy x Cy x Cy x Ch
via a second Cy-similarity factor ¢. As seen before, ¢ is given by
¢:{lg,z,...,x"y — {1, a,b, c,ab, ac, be, abc}
given by ¢(ztzt2atio) = ci2pirgio (0 < g, iy, < 2) thus
O (gbisHliat2intioy — f(y8in) g (pdizt2intio) — gis diapi gio

(0 <'ig, i1, 12,13 < 2) This is represented in the following picture
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f¢

f¢

| 1g (28 |z ] 2° |22 |20 | 23 | 21
1y 1 d |alad| b | bd | ab | abd
T 22 [ 20 | 258 [ 20 | 214 | 27 | 215
l ¢ | ed | ac | acd | be | bed | abe | abed
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Hence one has T = CH(f?) =< 2® >~ (Cy and, since both are abelian, C' =
CV(f?) =T and the germ table is as follows

C | 2C | 22C | 23C | 2*C | 2°C | 2°C | 27C
T 11l 1z | 1o | 1o | 1o | 1o | 1o | 1o
Tr |1 | 2™ | 1g | 2% | 1g | 2% | 1g | 2™
Tz? | 1g | 1g | 22 | 22 | 1¢ | 1g | 22 | 22
T2 [ 1g |27 ] 222 | 20 | 1g | 2@ | 22 | 210
Tz* | 1a | 1¢ | 1¢ | 1 | 28 | 28 | 28 | 28
Tz | 1 | 2% | 1g | 2™ | 28 | 28 | 28 | 2f
T2S | 1q | 1g | 22 | 22 | 28 | 28 | 2* | «*
T [ 1o |29 ] 222 | 20 | 28 | 28 | 28 | 22

(2 .4 6 .8 10 12 14
Germs={z*, x* z° x° x" x™ x**}

Frequencies=1,3,3,9,3,9,9
Number of germs="7
Number of mutating areas=37
Surface unit of mutating area=/
Surface of mutating zone=148
(out of a total amount of 256)

If V=D = foT) = Cy one has the following table of germs for the inverse

mutation:
D | aD | bD | abD | ¢D | acD | beD | abcD

V Ing | 1ag | I | e |1 | 1 | 1 15,
Va 1]V[ b 1]V[ be 1]V[ b 1]V[ bed

Vb 1 M 1 M C C 1 M 1 M cd cd
Vab | 1y | be c be | 1xy | bed | cd bed

Ve 1 M 1 M 1 M 1 M d d d d
Vac 1]V[ b 1]V[ bed d bd d bed

Vbe | 1y | 1pr | ed | ed d d cd cd
Vabe | 1y | bed | ed | bed | d | bed | cd bed

Germs={b,c,bc,d,bd,cd,bed}
Frequencies=3,3,3,9,1,9,9
Number of germs="7
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