Legendrian foliations on almost S-manifolds
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Abstract

In this paper we extend the concept of Legendrian foliation to almost S-
manifolds, generalizing the definition both of Legendrian foliations on contact
metric manifolds and of Lagrangian foliations on symplectic manifolds. A clas-
sification of this kind of foliations is given and a study of non-degenerate and
Riemannian Legendrian foliations on almost S-manifolds is carried out. More-
over we study bi-Legendrian structures and a canonical connection associated
to them.
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Key words: Almost S-structures, Legendrian foliations.

1 Introduction

Legendrian foliations have been studied for the first time by M. Y. Pang in [8]. He
studied these foliations in the context of contact manifolds. More precisely, given a
contact manifold (M, n) of dimension 2n+1, a Legendrian foliation on (M, n) is a folia-
tion of M by n-dimensional integral submanifolds of the contact 1-form 7. Pang found
many interesting properties of Legendrian foliations and, in particular, presented a
classification by means of a bilinear, symmetric form II on the tangent bundle of the
foliation. Later on, P. Liebermann (cf. [7]) carried out, with different methods, the
study of Legendrian foliations and N. Jayne in [5] extended the work of Pang to con-
tact metric manifolds. In this paper we give a natural generalization of the theory
of Legendrian foliations to the context of almost S-manifolds. Our definition gener-
alizes both that one of Legendrian foliations on contact metric manifolds and that
one of Lagrangian foliations on symplectic manifolds. Many of the most important
results of the standard theory of Legendrian foliations are recovered. For example we
generalize the definition of the form II getting an analogous classification of Legen-
drian foliations on almost S-manifolds. In particular we investigate those Legendrian
foliations such that II is non-degenerate and those which admit a bundle-like metric,
the so-called Riemannian Legendrian foliations. Finally, we introduce the notion of
bi-Legendrian structure and examine an important example, involving the so-called
”conjugate Legendrian foliation”. During the preparation of this paper the author was
a guest of the Institute of Mathematics of the Jagiellonian University of Cracow, so
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2 A generalization of the concept of Legendrian fo-
liation

An f-structure on a smooth manifold M is defined by a non-vanishing tensor field ¢
of type (1,1) of constant rank 2n which satisfies ¢+ ¢ = 0. It can be proved that T M
splits into two complementary subbundles I'm (¢) and ker (¢) and the restriction of ¢
to I'm (¢) determines an almost complex structure on such subbundle. When ker (¢)
is parallelizable we say that we have an f-structure with parallelizable kernel and we
call it ” f - pk-structure”. In this case there exist a global frame {1, ... , .} for ker (¢)
and 1-forms #1, ... ,n,, which satisfy n; (§;) = d;; and

¢ =-T+> 1®&,

i=1

from which it follows that

¢ (&) =0,n00=0

for all i € {1,...,r}. f - pk-structures are a generalization of almost complex and
almost contact structures, according as » = 0 and r = 1, respectively. Furthermore,
we say that an f - pk-structure is normal if the tensor field

(2.1) N=[¢,6]+2> dn®¢&

i=1

vanishes, where [¢, ¢] denotes the Nijenhuis torsion of ¢. It is known that, given an
f - pk-structure (¢, &;,n;), there exists a Riemannian metric g on M such that

(2.2) g(@V,oW) = g(V,W) — Z i (V) n; (W)

for all VW € I'T'M. Such a metric, in general, is not unique. If g is any metric
satisfying (2.2) we say that (¢,&;,ni,9) is a metric f - pk-structure. We denote by ®
the 2-form defined by ® (V,W) = g (V,¢W), for any V,W € T'TM. A metric f - pk-
manifold M?"*" with structure (¢, &;, 7;, g) is called almost S-manifold if dnyy = - - - =
dn, = ®. This definition reduces to that one of contact metric manifold for r = 1
and almost Hermitian manifold for » = 0. In an almost S-manifold one can define,
for each i € {1,...,r}, the operator h; = %L‘g,ﬁ. It can be proved that each h; is
self-adjoint, trace-free, anticommutes with ¢ and, finally, satisfies h; (§;) = 0 and

(2.3) ¢ (N (V,W))+ N (¢(V), W)= 2Zm (X) hi (W),
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(2.4) gN (o (V) W),&) =0

for all V,W € T M. It can be useful also to put £ = >_ & and h = %Eggzﬁ = > h;. For
j i=1

i=1 =
the proofs of these properties and more details on almost S-manifolds, good references
are [4] and [2].
We will denote by H the 2n-dimensional distribution on M given by H =
,
( ker (n;). This distribution in not integrable. Furthermore, it can be proved that

i=1
the maximal dimension of any integrable subbundle of H is n. So we can set the

following

Definition 2.1. Let (M2”+7',gz5,§i,m7g) be an almost S-manifold. A foliation F on
M is called Legendrian if its leaves are n-dimensional integral submanifolds of H and

(2.5) o (X, X') =0

for any vector fields X, X’ tangent to F. Two Legendrian foliations F and F', on the
almost S-manifolds (M, ¢, n;, &, 9) and (M, ¢',ni, &L, g"), i € {1,...,r}, are said to
be equivalent if there exists a diffeomorphism f : M — M’ which preserves both the
structures and the foliations.

Remark 2.2. Note that the condition (2.5) in the previous definition, except for the
case r = 0, is redundant. Indeed, if X,X' € T'L

O (X, X') = dn; (X, X') = %(X (ni (X")) = X" (n; (X)) = mi ([X, X])) =0

since L is involutive and n; (X) = n; (X') = 0. Nevertheless we have added (2.5) to
the definition of Legendrian foliation because in this way when r = 0 and d® = 0
our definition reduces to that one of Lagrangian foliation in a symplectic manifold. So
Definition 2.1 generalizes both the standard definition of Legendrian foliation on con-

tact metric manifold (when r = 1) and that one of Lagrangian foliation on symplectic
manifolds (when r =0 and d® =0).

We denote by L the tangent bundle of the Legendrian foliation F and by LT the
orthogonal bundle of L. Then, setting @ = H N L, we obtain another n-dimensional
distribution of M and we get the decomposition

TM=L®QORE & - DRE,.

In next pages we will often make use of the following

Lemma 2.3. Let (M2”+T,¢),m,§i,g) be an almost S-manifold and Z € T'H. Then,
forallie{l,...,r}, [Z,&] € TH.

Proof. Indeed, for any fixed i,j € {1,... ,r}, n; ([Z,&]) = —2dn; (Z,&)+Z (n; (&) —
& (nj (2)) = —29(Z,¢(&))+Z (6i5)—& (n; (Z2)) =0,a8 Z € I'H. S0 [Z,§;] e T'H. O

There are many properties similar to the ”contact” case described in [8] or [5]. For
example we have the following
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Proposition 2.4. Let F be a Legendrian foliation on an almost S-manifold
(M7 ¢7 gia 7]ia9)7 1€ {1’ s 7T}' Then

(i) ¢(L) =Q and (Q) = L;

(ii) for any VY’ € TQ, [Y,Y'] e TH.

Proof. For any X, X’ € L and for any ¢ € {1,...,r} we have g(X,¢(X')) =
s (X, X7) = 1 (X (s (X)) — X' (1 (X)) — s ([X, X)) = — b ([X, X)) = 0, since
L is integrable. Hence ¢ (X') € L*. But we know also that ¢ (X’) € H, so ¢ (X') € Q.
Since dim (¢ (L)) = dim (L) = n = dim (@), then ¢ (L) = Q. In a similar way one can

prove that ¢ (Q) = L. In order to prove (ii), take Y, Y’ € T'Q. Then, applying (i), we
have, for each ¢ € {1,...,r}, 0, (V. Y']) = =2dn; (Y, Y') = 29 (Y,¢(Y'))=0. O

The last proposition states that in general the distribution @ is not integrable.
Another consequence is the possibility of constructing very useful local frames for M.

Proposition 2.5. Let (M2"+7',¢, fi,ni,g) be an almost S-manifold and F a Leg-
endrian foliation on M. If {X1,...,X,} is a local g-orthonormal frame for L,
then {X1,..., X0, 0X1,... ,0X0,&1,...,&} is a local g-orthonormal frame for T M
and its corresponding local coframe {e1,... ,€n,01,... ,0n,m1,... 0} in T*M, where
Eq = %%(Xa)q), 0, = —%ixai), satisfies the following relations:

(i) eq €TL* and 0, € TQ*, a € {1,... ,n},

(i) =23 0a Aca,
a=1

n n
(iii) g‘L = Z €a ®E€a, g|Q = E 0o ® Oo GndghRgi =1 ®mn;, 1 € {17"' ,7“}-
a=1 a=1

Proof. For any W € I'T'M we have

1

Ea (W) = 5 (i¢(Xa)(I)) W= (¢ (Xa) »W) = (¢ (Xa) a¢(W))

=g (Xo, W) — Zm (Xa)m: (W) =g (W, Xq)

and

O (W) = —5 (i, ) W =~ (X, W) = g (W, 6 (X.)

from which we obtain that ¢, € I'L* and 6, € I'L*. Moreover, for any o, €

{17'“ ,TL}, 904 (¢(Xﬁ)) = g(¢(Xa)v¢(Xﬁ)) = g(Xa,Xﬁ) = 5(1[3 and Ea (Xﬁ) =
9 (Xo, X3) = dap, so that:

D 00®0a(0(X,),6(Xp) =D 0 (¢(X))ba (6 (Xp))
a=1 a=1

= b5 = 9(#(Xy), 0 (Xp))-
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In the same way one can completes the proof of (iii). It remains to verify (ii). Indeed,
for any v,5 € {1,... ,n},

r

2 baAea(9(X,), Xp) = D (Ba (9 (X)) €a (Xp) = ba (Xp) ea (¢ (X))
a=1

a=1
= Z 5a’v5aﬁ = 57/3 =9 (¢ (Xv) ,Xﬂ)
a=1

and the proposition is proved. O

3 The invariants Il and G

In this section we will give a classification of Legendrian foliations on almost S-
manifolds, which generalizes that one given in [8] in the contact case. First we need
the following

Definition 3.1. Let F be a Legendrian foliation on the almost S-manifold
(M?"F7 ¢, &,mi,9). We define, for any X, X' € TL,

T

O(X,X')=— Z (LxLxmi) (&) -

i=1

Proposition 3.2. II is a symmetric bilinear form on L. Furthermore, for any
X, X' eTlL,

(X, X) Zm (X, [X, &)
=1

or, equivalently,

(X, X')=2g (E,X] 7¢(X')) .
Proof. From the definition of IT we have, as [X, &;] and [X’, &;] belong to I'H,

r

(X, X') =~ (LxLxm) (&) = ZX (Lxm:) (&)

i=1

-I-Z ['X’nl X & = ZX 772 52 nl([lefl]))

i=1

+ 30X (s (X&) Z’h X&) Zm X&)

i=1

Furthermore, II(X,X’) = —erm([X'7[X,§i]]) = XT:ani(Xla[Xagi]) =
i=1 i=1

2g ([E, X] , b (X’)) and, using this formula, it is easy to check that II is a symmetric
bilinear form on L. O



16 Beniamino Cappelletti Montano

IT is an invariant of the Legendrian foliation F and it can be used for classifying
Legendrian foliations on almost S-manifolds in the following way:

Definition 3.3. A Legendrian foliation on the almost S-manifold M?"*" is called:
(i) flat if and only if I = O;

(i) degenerate if and only if II is degenerate;

(iii) non-degenerate if and only if 11 is non-degenerate;

(iv) positive definite if and only if 11 is positive definite.

Proposition 3.2 and Proposition 2.4 enable us to give a geometrical meaning of
the previous classification:

Proposition 3.4. Let F be a Legendrian foliation on the almost S-manifold
(M2n+r7¢’ gz»ﬂz;g) Then,

(i) F is flat if and only if & is a projectable (or foliate) vector field for the foliation
F, ie. E,X] € 'L for all X € T'L;

(i) F is degenerate if and only if there exists X € T'L, X # 0, such that pg (E, X]) =
0;

(iif) F is non-degenerate if and only if pg (E, X]) #£0 forall X €eTL;
(iv) F positive definite if and only if g ([£, X],¢ (X)) >0 for all X € TL, X # 0.

Proof. First of all note that, Lemma 2.3 implies [E Z] € I'H for all Z € T'H. So, in
order to prove (i), it is sufficient to prove that II = 0 if and only if E, X] e TQ*t for
all X € I'L, but this is a consequence of Proposition 3.2 and Proposition 2.4. Now we
prove (ii). Suppose that there exists X € 'L, X # 0, such that pg ([Z, X}) = 0. Then,
for such X € 'L, we have II (X, X) = 2¢g ([E, X} oy (X)) = 0, that is IT is degenerate.
Vice versa, suppose that F is degenerate. Then there exists 0 # X € I'L such that
ITI(X,X') =0 for all X’ € T'L. Hence, using again Proposition 3.2, we have that, for
all X" € T'L, g ([, X],¢ (X)) = 0 and so, applying Proposition 2.4, pg ([¢, X]) = 0.
Similarly one can prove (iii) and (iv). O

Corollary 3.5. If &,... & are foliate vector fields, then F is flat.
The previous corollary justifies the

Definition 3.6. A Legendrian foliation on an almost S-manifold (M, ¢,&,ni,g) is
called strongly flat if &1,... , & are foliate vector fields.

Now we introduce a second invariant trilinear form on L, which is very useful in
the study of Riemannian Legendrian foliations.

Definition 3.7. For all X, X', X" € T'L we define

G(X, X', X") = % (X (X", X")+ X' (I(X, X")+ X" (I1 (X, X))

1 I
3 (Z (Lx'LxLxmmi+ LxnLxLxm;) (&:)) :

i=1
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We prove some lemmas in order to find a more convenient expression for G.

Lemma 3.8. For any X, X', X" € 'L we have:

G (X, X', X") = =5 (X (I (X', X))+ X' (I (X, X")) + X" (I (X, X))
5 Do (X XX ) + X7 1 LX)

Proof. Indeed we have, for each i € {1,... ,r},

(Lx:LxLxnm) (&) = X' (LxLxmmi (&) — X (Lxnmi) ([X',&]))
+ (Lxomi) (X, X, &6]]) = X' (Lx L (&) + X (i ([X7, [X', &]]))
+X" (i ([X, [ X7, &]0)) —ma (X7, [X (X, 610D

so, taking the sum over all 7,

T

> (LxiLxLxom) (&) = =X (T(X, X")) = X ((X',X"))

i=1
=X IL(X, X)) = Y (X[ (XL &
i=1
Hence, applying the definition of G we get the result. O

Using Proposition 3.2 and the symmetry of II, an easy computation allows us to
state the following

Lemma 3.9. For any X, X', X" € 'L we have
G XXX ==X (g ([6X],0(X")) + 9 ([X, [, X"]], ¢(X))
+g ([X,[&, X]], 6 (X)) -

4 Non-degenerate Legendrian foliations on almost
S-manifolds

For a non-degenerate Legendrian foliation on a contact manifold Liebermann showed
in [7] the existence of a tensor field which is very useful in the study of this type of
the Legendrian foliations. Now we want to generalize this construction to the case of
almost S-manifolds.

Proposition 4.1. Let F be a non-degenerate Legendrian foliation on an almost S-
manifold (MQ”J””,QS, &,,m,g). Then there exists a tensor field A of type (1,1) such
that

IMA(W),X) =4rd (W, X)
forany X e UL, W € I'TM. Moreover \ satisfies the relation
(4.6) A& X)) =2rX
for all X € T'L.
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Proof. Consider the isomorphism v : H — H*, X +— 2rix® and let 7 denote the
projection of TM onto H. Since L is a subbundle of H, there exists a surjective
morphism p : H* — L*. Let II* : L* — L be the inverse of the morphism II” :
L — L* associated with the non-degenerate bilinear form II. Then we can put
X\ :=TI* opowom. Note that, for all W € TM,

LA (W), X) =IL(IF (p (v (7 (W), X) = I (I (p (v (7 (W))))) (X)
= (p (v (7 (W) (X) = 2r (ixw) @) (X) = 4r® (7 (W), X) = 4r® (W, X).

Moreover we have, for all X, X' € T'L,

1

(X, X') =29 ([6,X] .0 (X)) = -1 (A([6,X]), X')

and SO)\E,X] =2rX. O
Remark 4.2. By the definition of A\, L C ker (\) and \? = 0.

Corollary 4.3. Let F be a non-degenerate Legendrian foliation on the almost S-
manifold (MQ”J””7 &, &3 iy g). If{X1,...,X,} is a local frame for L in an open subset

U on M, then {X1,... ,X,, [E,Xl] ey E,Xn]} is a local frame for H in U.

Proof. The previous proposition shows that A maps, except for some multiplicative
constants, E, Xl] e E, Xn} onto the linearly independent vector fields X1, ... , X,
hence the vector fields [E, Xl] e E, Xn] are linearly independent in U. More-
over, by Proposition 3.4, for all i € {1,...,r}, [{,X;] does not belong to L, so
{Xl,... , Xn, E,Xﬂ,... ,[E,Xn]}generate’l-(in U. O

For a non-degenerate Legendrian foliation, the tensor field A enables us to extend
the invariant IT to a symmetric, bilinear form Il on T'M, as follows:

(W, W) =IL(A (W), A (W),
and to introduce a family of almost S-structures (¢, &;, 1;, g) as shown in the following

Lemma 4.4. Let F be a non-degenerate Legendrian foliation on the almost S-
manifold (M?*"*" $,&,ni,g). Then there exists an almost S-structure (¢, &, m;, g')
on M, where g' is a semi-Riemannian metric, such that

1
/
= II
gl 4r
Proof. Let {X3,...,X,} be alocal orthonormal frame for L with respect to ﬁl’[ and

{Y1,...,Y,} be alocal frame of HN L’ such that A (Y,) = X, for all a € {1,... ,n},
where L’ is the complement set of L in TM. Put Q' = span{Yy,...,Y,}, so that
Mg+ @ — L is an isomorphism, and define the tensor field ¢’ of type (1,1) as
follows:

&L =WMNo) " ¢lo =M, ¢lre, == ¢re, =0.

By definition ¢’ satisfies the following relations:
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¢/ (XOt) = You ¢/ (Ya) = _Xou ¢/ (€l> == ¢/ (67“) =0.
Finally we define a semi-Riemannian metric ¢’ on M by setting

1 1, .
gl =11 dlo = - Vg, g'lee, =m0 @i, g = 0 otherwise,

It is easy to verify that (¢,&;,7:,¢’) is a metric f - pk-structure for M, so we check
only that ® = dn; for all i € {1,...,r}. Indeed, for X € TL and Y € T'Q’, we
have @ (X,¥) — ¢/ (X.d/ (V) = 21X, (V) = ~ AT (A (¥), X) = dns (X, Y) =
® (X,Y). The other cases are obvious. O

It is clear that the almost S-structure on M considered in Lemma 4.4 is not unique.
In analogy to [5] we call the family of all almost S-structures such that g|;, = =11
the canonical family of almost S-structures for (M, L). Moreover the given structure
(¢,&i,mi,9) in Lemma 4.4 does not belong necessarily to the canonical family. In fact
we have

Lemma 4.5. Let F be a Legendrian foliation  on the almost S-manifold
(MQ"“’,(;S, §i,ni,g). Then the following statements are equivalent:

(ii) prs (E,X]) =pg (E,X]) =2r¢ (X) for all X € TL.
Proof. The proof follows directly by Proposition 3.2. O

Lemma 4.6. Let F be a Legendrian foliation on the almost S-manifold M?"+". If
(0.&,mi,9) and (¢, &, mi, g') are two almost S-structures on M such that g|;, = =11 =
d'|L, then there exist smooth functions caz such that

n
¢ (Xa) =6 (Xa) + > capXp,
B=1
where {X1,...,Xn} is a local orthonormal frame for L with respect to il‘[.

Proof. Since {X1,...,Xn, 0 (X1),...,0(X,)} is a local frame for H and, for all
aec{l,...,n}, ¢ X, € I'H, there exist smooth functions b,z and cp such that

n

¢ (Xa) =D (bapd (Xp) + capXp)
p=1

Thus, for all o, 8 € {1,... ,n} we have
(A (¢ (Xa)), Xp) = 4r® (¢ (Xa), Xp) = 4rg (Xo, Xp) =TT (Xa, Xp)
and, in the same way,
(A (¢ (Xa)), Xp) = 1 (Xa, Xp) ,

from which we obtain that A (¢’ (X4)) = Xo = A (¢ (Xa)) for all a € {1,... ,n}. So,
for all a, 8 € {1,... ,n}, since L C ker (}),
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Xo = A(¢/ = z bap® (Xp) + capXp)

= Z bapA (¢ (Xg)) = Z bapXs
B=1 B=1

and this implies that bag = das. O

In Section 2 we have considered the tensor field h = %lquﬁ. It is clear that, in
general, h does not transform vectors tangent to F into vectors tangent to F. However,
if F is non-degenerate, we can find an almost S-structure in the canonical family such
that h sends L into itself, as the following theorem shows.

Theorem 4.7. Let F be a non-degenerate Legendrian foliation on an almost S-
manifold M?"*" with structure (¢o, &, 1, go). Then there exists a unique almost S-
structure (¢,&;,1i,9) such that

(ii) h: L — L,
Proof. Following [7] we consider the tensor field S : H — H such that

S(X) =0,

S(E.X) = 5 (EX] - pAEEX]D).

for all X € I'L. The definition is well posed in view of Corollary 4.3. Moreover, for all
X eT'L, we get

1

ASEX]) = 5 (MEXD - 32 (& EX) ) = A (EX) = X,

Now let {X1,...,X,} be a local orthonormal frame for L with respect to - LT and,
with the notation of Lemma 4.4, choose a Q C HNL' such that @ = span{Y7,...,Y, },
where Y, = S ([, X4]). Since, foralla € {1,... ,n}, A (Ya) = A (S (([€, Xa])) = Xq,
following the proof of Lemma 4.4, we can define ¢ and g as follows:

dle=0go) ™", dlo=-Naq, dlre, = =¢lre, =0

and

1 1, .
gle = 1L glo = - (W) lq, glze, = mi ® i, g = 0 otherwise,

4r

i € {1,...,r}. Thus we obtain an almost S-structure (¢, &;, n;,g) such that the con-
dition (i) of the theorem is satisfied. Now we have to verify (ii). First of all note that
from (2.3) it follows that, for all X € T'L,
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for all i € {1,...,r}. So it is sufficient to show that ¢ (N (£, X)) € L. Lemma 4.5
implies

PO ([E, Xa]) =2r¢ (X,) = 2rY5,,
from which we have
AEYD (ENE a])]
1 , _
-3 (X)) - 1 EA (6 E X0
— A (X - ; g
‘”\quL(r X])]+[7PQ(r X])D %(PL(EVXJ)*ﬂkqa}%D)
so that

A& Ya]) = pe ([€ Xa]) -

Thus, for all @ € {1,...,n}, since L C ker (A) we have
¢ (N (6 Xa)) = =6 ([& Xa]) + [§ 6 (Xa)] = —¢ ([§, Xa]) + [€,Ya]
=) (A ([&.Ya]) = ¢ (g ([€ Xa])) + [€.Ya]

— (o)™ (A (pe ([6Ya])) = ¢ (A (pr ([€:Y]))) = @ (pe ([€ Xa]))
+pq ([&Ya]) +pe ([&Ya])

and we can conclude that

h(Xa) = 30 (N (€ Xa)) = 30 (p ([ X])) + 371 (€ Ya)) € L.

It remains to prove the uniqueness of such a structure. For this purpose, let (¢', &, 1i,9)
denote any almost S-structure satisfying (i) and (ii). By Lemma 4.6 there exist smooth
n

functions cag such that ¢' (X,) = ¢ (Xo) + Y. capXp. jFrom the relations
B=1

PQ (E’ Xa}) = 2T¢ (Xa) and yZel (E’ Xa}) = 2T¢/ (Xa)
we deduce that there exist functions a,p such that
E,X ZaagXB—i—qu’) ZaaﬁXg+2T¢( +2TZCQQX@ =
p=1 B=1 B=1

= (aap + 2rcap) Xg +2r¢ (Xa) .
B=1
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Moreover, the condition (ii) of the theorem implies that

0= pa (h(Xa)) = 5 (b ([€:6 (X)) ~ pa (6 ([E:X.])))

and so

n

pq ([€¢(Xa)]) =po (6 ([€.Xa])) =D (aas +2rcap) ¢ (Xp) -
B=1

Also b/ : L — L, then:

0

g (W (Xa),¢' (X)) = ' (W (Xa), Xp)
® (1 (Xa), Xp) = g (h' (Xa), ¢ (Xp))

which, together Lemma 4.6 and the previous formula, implies

0=pq (W (X)) = 5pq ([6:6' (Xa)] = &' ([€ Xa])

= gv0 [ [E0(X] + Y cas [6.Xa] - ¢/ (6 Xa]) | =
B=1

1 n n
5D (G +27¢as) & (Xs) + 2rcasd (Xs) — s (X)) =2 Y casd (Xs).
B=1 B=1

Hence, for all o, 8 € {1,... ,n}, cap =0 and ¢ = ¢'. Finally, from ® = @’ and ¢ = ¢’
we deduce that g = ¢'. O

5 Riemannian Legendrian foliations

A Legendrian foliation F on an almost S-manifold (M 2”+’”,¢,§i,m,g) is called a
Riemannian Legendrian foliation if the metric g is bundle-like with respect to F, that
is

EXg\LL =0
for all X e I'L.

Theorem 5.1. Let F be a Riemannian Legendrian foliation on the almost S-manifold
(M?"F7 ¢, &,mi, ). Then we have:

(i) F is a non-degenerate Legendrian foliation;
e 1
(ii) g|r = &1L

Proof. (i). Suppose by absurd that F is degenerate. Then there exists X € 'L, X # 0,
such that IT (X, X) = 0. Then:
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0= (‘CXg) (¢(X)>E) = ZX(Q((b(X),&)) _Zg([X7¢(X)]’§z)
—g ([X.€],6(X) Zm (X, ¢ (X)) + 5 (X, X)

= 2dn; (X, ¢ (X)) = —2rg (X, X)

i=1
and this leads to a contradiction.
(ii) For all X e 'L and Y € I'Q) we have:

0= (Lxg) (V.8) =~ S g (X.¥].€) + g ([E.X].Y)

i=1

= —Zm([x,Y]) (X, 6 (Y szm X,Y) - H(X,¢(Y>>

i=1

1
so g = 1L O
Corollary 5.2. Any Riemannian Legendrian foliation on an almost S-manifold M
1s positive definite.

Now we deal with the problem of finding an obstruction to the fact that a Legendrian
foliation is Riemannian. First we need the following

Lemma 5.3. Let F be a non-degenerate Legendrian foliation on an almost S-
manifold (M2”+T,¢, §i,m,g) with gl = ﬁl’[. Then, for all X, X', X" € T'L,

G (X, X', X") = 2rg (Voxnd (X) + Voxme (X'), X)
where V is the Levi Civita connection of (M, g).
Proof. By Lemma 3.9, for all X, X', X" € 'L,
G (X, X', X")=~X (g9 (pq [£X'],¢(X")))
+g (pq ([X, [€,X"]]) .6 (X)) + g (pq ([X, [€,X"]]) .6 (X")).

Now

Q ([X,[&X"]]) =pa ([X.po ([S X"])]) +po ([X,pr ([ X"])]) =
=pq ([X,2r¢ (X")])
and, in the same way, pg ([X, [£, X']]) = po ([X,2r¢ (X")]). So
G(X, X', X")=-2rX (9 (¢ (X'), 0 (X"))) +2rg ([X, ¢(X”)] 0 (X))
+2rg ([X, ¢ (X)], 0 (X)) = =2rX (9 (¢ (X'), 6 (X))
+2rg (Vx o (X"), ¢ (X)) —2rg (Vgxn X, ¢ (X)) + 2rg (qub( ), (X))
—2rg (Voxn X, 0 (X")) = 2rg (Vxnd (X") + Vyxmo (X'), X)

and the lemma is proved. O
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Theorem 5.4. If F is a Riemannian Legendrian foliation on the almost S-manifold
(M2n+r7 ¢a §i7 i, g) ’ then G = 0.

Proof. Indeed, we know that, for all X € T'L, Lxg|;+ = 0. In particular this condition
implies that

(Lxg) (YY) =0
for all X € 'L and Y, Y’ € I'Q. The previous formula is equivalent to
g (Vyyl + Vy'Y, X) =0,

where V denotes the Levi Civita connection on (M, g). Therefore, applying the pre-
vious lemma, we get G = 0. O

Remark 5.5. In general for v > 1 the converse in the statement of Theorem 5.4 is
not true. Indeed a simple computation shows that, for each i € {1,... ,r} and for all
XelL Y elqQ,

(CX!J) (Yafi) =g (Y,i [Xaa - [X,&‘]>

which is zero if and only if r = 1.

6 Bott connection on Legendrian foliations
Consider the Bott connection on Lt = Q ® R& @ ... @ RE,., given by
€
VEY =p. ([X,Y]),

for all X € 'L, Y € I'L*. Then VL™ determines a Bott partial connection VLN on
the dual bundle L+" by

(V5 o) Y = X (0(V) = v (pre (X, Y]) = (£xv) Y = 240 (X, Y)

for X e TL,Y € TLY, v € TLY". Now, if F is a Legendrian foliation, then Vit
induces a partial connection V& defined by

* 1*
V?( V= pg- (v)L( v) ,

for X € 'L, v € T'Q*. Note that, as the Bott connection VLT s flat, also the

curvature of VX vanishes. Let {X1,...,. Xn,0(X1),...,0(Xpn),&1,...,&} be a
local orthonormal frame for M as in Proposition 2.5 and evaluate the Bott partial
connection on the local orthonormal frame {X,...,X,} of L and the corresponding
coframe {61,...,0n,m1,... , 00}

(V5. ) (6 (Xs)) = 2 (Xar 6 (X)) = 260 (6 (X)),
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(VA m0) (&) = 2dmi (X&) = 0 = =204 (&),
and
(V%. 09) (6 (X,)) = Xa (85 (6 (X,)) = 0 ([Xa & (X,)])
= 05 ([Xa: 6 (X))

(V% 09) (€)= Xa (05 (€0)) — 0 ([Xar &]) = 65 ((Xar &)
JFrom these relations it follows that

(6.7) VE = —20,,

(6.8) VE 05 == 05 (Xar b (X)) 0y — > 05 ([Xas&5]) s,

Jj=1

for any o, 8 € {1,... ,n} and i € {1,...,r}. In particular, (6.8) implies
N L* n
VL0 =po- (VK. 05) = =D 05 ([Xa, 0 (X)) 0.
y=1

Then the partial connection 1-form of VX" corresponds to the (n+7r)x(n+r)
matrix form w = (wpy) determined by the relation

(0 w w ; 0
VLL ( a>:_( af an+j )®< B).
n; Wn+ipg 0 Ui

Hence (wap);<, 3<, is the relative partial connection form for V@', Comparing the
last equation with (6.7) and (6.8) we get:

(6.9) wgy (Xa) =05 ([Xa, ¢ (X5)]),
(6.10) won+j (Xa) = 05 ([Xa: &) = 9 (6 (Xp) , [Xa: &),
(6.11) Wty (Xo) = 204

As the Bott connection is flat along L, we have dw 4w Aw = 0, from which we deduce
the equations:

n n

(6.12) dwap + Y Way AWy + Y Wantt Awniig =0,
y=1 =1

(613) dwoerj + Z Wary A Wryn4j = 0,

7=1
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(6.14) dwpyip + Z Wntiy Awyg =0,
~y=1
(6.15) > Wnpiy Awynys = 0.
y=1

Now we are going to define a partial connection on L whose curvature is related, as
we will see, to the invariant II. First consider the isomorphism ¥ : L — Q* given by
U (X)= %in), for any X € I'L. We define, for all X, X' € 'L,

VEX = v (VR e (X))

VL is a partial connection along L. Note that in the local orthonormal frame
{X1,...,X,} of L one has ¥ (X,) = —0, and, using (6.8),

Vk, X =0 (VE (0 (Xa) = —v ! (VS 05)

(Zeg Xa: ¢ (X5)]) ) 295 X, 6 (X5)]) Xs.

Proposition 6.1. VL is torsion free and has curvature given by:

RM (X, X") X" = % (X, X") X' —T(X', X") X)

orall X, X', X" € T'L.
[ ;

Proof. Indeed, to compute the torsion and the curvature of VE it is sufficient to
evaluate them on a local orthonormal frame {X;,... ,X,} for L.

0 (7" (X0, X5)) = =505+ VE, 0 — ¥ (X0, X))

1 * 1*
=3 (VEVE m - VI VE n) — v (X0, X))

1 1* 1*

= 5Pqr (VL Vxﬁ ni—V%, V&, Ui) — ¥ ([Xa, X5])
1 1* 1* 1*

= 5PQ" (VL VXB mi— V%, V&, - V[Lxmxﬁ]no

1 1*
Lo (B (X)) =0,

since VL' is flat. As U is an isomorphism we get L (Xao,Xg) =0 for any o, €
{1,...,n}. Now we compute the curvature.

(R (Xo, Xg) X ) v w (vxﬁ )—vgg\y (%L ) VE T
=VE Ve U(X,) -V VE U (X,) - V&, 1, P (X))
:Vﬁ?(uvﬁiﬁew—vgﬁv?( 0, v?X x,0y = —RY (Xa, X5) 6,
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So we have obtained
(6.16) v (EL (X, X5) XW) = —RY (X,,X3)0,.

Using this formula and equation (6.12) we have:

o=1
n n
= Z (dww + wa A wpg> (Xa, Xg) Xo
o=1 p=1
= - Z Z (wwnJrl A Wn+lo') (Xou Xﬁ) X(r
o=11[=1
1 n T
= D) Z (W'yn+l (Xa) Wniio (XB) — Wyn+l (Xﬁ) Wniio (Xa)) Xo
o=11[=1

e SOS (O (X &) 85— O (X5 4]) Ga) X =

T

= Z(I) (X’Y’ [Xaagl])Xﬁ - ZCI) (X’Y’ [Xﬁvfl}) Xao =

=1 =1

(H (Xom X’Y) Xﬁ -1 (X57 X’Y) XOL)
and so we get the result. O

Corollary 6.2. If F is a flat Legendrian foliation on an almost S-manifold M2t
then R* = 0.

So the last corollary justifies the name ”flat” for a Legendrian foliation characterized
by the vanishing of II.

7 Bi-Legendrian structures

By a bi-Legendrian structure on the almost S-manifold (M2”+’", &My &y g) we mean
a couple (F,G) of two complementary Legendrian foliations of M. In this section we
examine an important class of examples of bi-Legendrian structures. More precisely,
we know that, as ¢|y is an isomorphism, @ = ¢ (L) is a n-dimensional subbundle of
H, so if it is involutive it defines a Legendrian foliation which, in analogy with [5], we
will call the conjugate Legendrian foliation of F. In this section we deal with this very
particular situation and give conditions which ensure the integrability of @, involving
the tensor field N defined in (2.1).

Theorem 7.1. Let F be a non-degenerate Legendrian foliation on an almost S-
manifold (MQ”“‘T,(;S7 &,m,g) with gl = 4—17“1'1, Then the bundle @ is integrable if
and only if pr, (N (X, X)) =0 for all X, X’ € T'L. Moreover, if £ is a Killing vector
field and Q is integrable, then g|lq = £1|g = 1= (¢*11)|@ and N (X,X’) =0 for all
X, X' eTL.
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Proof. Firstly observe that, for any X, X’ € T'L, N(X,X") = [¢(X),¢(X")] —
(X, X'l — o ([p(X),X']) — ¢([X,0(X")]). Let {X1,...,X,} be a local orthonor-
mal frame for L. Then from (6.13) and (6.9), (6.10), (6.11) we have, for any

avﬂe{la'“7”}7j€{1a"'7r}7

n
0=2 (d‘*’pn-&-j + Zwm A an+j> (Xa, Xp)
r=1

= Xa (an—i—J (X3)) = X5 (Wpn+j (Xa)) = wpntj ([Xa, Xg])
+ Z Wory (Xa) Wyn+j (X) — wpy (Xp) wyntj (Xa))

=Xa ( 14 ([Xﬁ,gg])) Xs (99 ([Xo“gj])) - ep ([[XavXﬁ} ,fj])

n

) (O ([Xas & (X)) 0 (X5, 65) — 6, (X5, 6 (X)) 6, ([Xa, 1))

~y=1
Now, taking the sum over all j we have,

T n
0= Z 2 (dwtm-i-j + Zwm A wwn-i-j) (Xa, Xp)

j=1 y=1

= Xa (05 ([X5,€])) = X (6, ([Xa:€]) = 0 ([[Xa, Xs] . €])
+ D (0 (Ko & (XN 6, ([X5,€]) = 0, (X5, (X:)]) 65 ([Xa E])) -

y=1

Note that, using Lemma 4.5, we see that 63 ([Xa,a) = g((é(Xg),[Xa,g]) =
2rg (¢ (Xg), ¢ (Xa)) = 2rg (Xo, X5) = 2rdap. So the last equation becomes:

0= —2rg ([Xa, Xp], X,)
+2rz [Xa, ¢ (X5)]5 0 (X)) 645 — 9 ([X, ¢ (X)), (X)) 6ya)

=—2r(y ([XaaXB]vXp)_g(¢([Xa7¢(Xﬁ)])aX6)+9(¢([X67¢(Xa)])vxp))
that is
9 ([Xa, Xp] + ¢ ([Xa, ¢ (Xp)]) + ¢ ([0 (Xa) , Xp]) , X,) = 0
for all a, 3,6 € {1,... ,n}. In particular it follows that, for all X, X' € T'L,
pr (X, X'+ (X, 0 (X)) + 6 ([¢(X),X])) =0,

and so pr (N (X, X")) = pr, ([¢(X), ¢ (X’)]). Therefore Q is integrable if and only if
pr (N (X, X)) =0 _

Now we pass to the second part of the theorem. First of all note that, since ¢ is Killing
we have h = 0, hence, for all X € I'L, [§ o (X ] (r X]) and then

(7.17) pr([&0(0]) =pr (6 ([€X])) = ¢ (po ([&: X]))-
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Now suppose that @ is integrable and take Y € I'Q. There exists a unique X €
I'L such that ¥ = ¢(X). Thus, by Lemma 4.5, p;, ([£,Y]) = pL([§ P (X)]) =

¢ (2r¢ (X)) = —2rX = 2r¢ (Y) and so, using again Lemma 4.5, g|g = £I19, where
II? is the invariant of the Legendrian foliation @ defined in Section 3. But in this
case we can prove that, for all X, X’ € I'L, TI? (¢ (X), ¢ (X')) = IT1 (X, X'). Indeed,
since € is Killing,

9 (¢ (X), ¢ (X)) = 29 ([6, 6 (X)] ,¢* (X)) = =29 ([§, ¢ (X)] , X)
= 29 (¢ ([€,X]).X") = 2¢ ([€. X],¢ (X)) =TL(X,X).

Moreover 19 coincides also with II|q, because, using equation (4.6)

(¢ (X),¢(X") =TL(A(¢(X)), A (¢(X)))

)
:H(er/\(EvX] ) 21 ([ ] >>:H<217“)\(E’X])’2174>‘(EaX1])>
=11 (X,
It remains to prove that N (X,

& X
X') =T (X), ¢ (X").
X') = 0 for all X,X’ € T'L. The first part of
the theorem implies that pr, (N (X X'
But, N (¢ (X), ¢ (X)) = [¢? (X),¢* (X'
)5

) = 0 and pQ (N (6(X),9 (X)) =

)] =l (X), 0 (X)) - ¢ ([¢° (X )¢(X’])
¢ ([0 (X),¢* (X')]) = [X,X"] - [ ( ¢(X)]+¢([X ¢ (X)) + ¢ ([0 (X), X']) =
—N (X, X"), from which we conclude that N (X, X') = 0 because for alli € {1,... ,r},

g (N (X, X"),&) =0.

Remark 7.2. Let F be a Legendrian foliation such that its conjugate exists. Then,
applying twice the last theorem, we conclude that N (X, X') =0 for all X, X' € TL
and N (Y,Y') =0 for all Y,Y' € TQ. In particular we can prove the following

Theorem 7.3. Let F be a non-degenerate Legendrian foliation on the almost S-
manifold (M,n;,&;, ¢, g) with g|, = 4%,1_[. Then (M, n;, &, ¢, 9) is an S-manifold, i.e.
N =0, if and only if each &; is a Killing vector field and Q) is integrable.

Proof. Suppose that @ is integrable and, for all i € {1,...,r}, & is a Killing vector
field. In particular ¢ is a Killing vector field and we can apply Theorem 7.1, obtain-
ing N(X,X') = 0and N(Y,Y') =0 for all X, X’ € TL, Y,Y’' € I'Q. Moreover,
since each ¢; is Killing we have h; = 0 for all ¢ € {1,... ,r}. So, applying (2.3), we
get ¢ (N (X, X))+ N (¢(X),X’) = 0 for all X,X" € T'L, from which we deduce
N(X,Y)=0forall X e 'L and Y € I'Q and we can conclude that N (Z,Z') =0
for all Z,Z' € I'H. Finally, from (2.4) we deduce that g (N (Z,¢;),&) = 0 and, from
(2.3), ¢ (N (Z,&)) =0for all Z € T'H. Thus N (Z,&;) € HNspan{&1, ..., &} and so
vanishes. Since, obviously, N (&;,&;) = 0 we conclude that N = 0 and (M, n;,&;, ¢, g)
is an S-manifold. On the contrary, if the tensor field N vanishes identically, then each
&; is Killing and, applying Theorem 7.1, we deduce that @ is integrable. O

Directly by (7.17) and by Proposition 3.4 we deduce the following theorem, which
elucidates relations between a Legendrian foliation and its conjugate.

Theorem 7.4. Let (M2”+T,¢7§i,m,g) be an almost S-manifold such that & is a
Killing vector field and F a Legendrian foliation on M such that the conjugate Leg-
endrian foliation exists. Then the conjugate belongs to the same class of F as in
Proposition 3.4.
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Remark 7.5. Assuming that each & is a Killing vector field, the statement of The-
orem 7.4 applies also to strongly flat Legendrian foliations.

The last theorem enables us to define a connection adapted to a bi-Legendrian
structure (F,G) on an almost S- manifold M. Let L and @ denote the tangent bundles

of F and G, respectively, and F = @ R¢;. Consider the connection VL introduced in

=

Section 6 and let V' be the partial connectlon along L defined by:

VLV, ifVerlL
ViV = X0
X { VLV, itverLt

for all X € I'L. The same construction can be repeated for @, so we have a partial
connection V" along @, given by

" VeV, ifVerQ
Vyz = QL . n
VeV, iV erQ

for all Y € T'Q. Finally we define a partial connection V""" along F setting

v ((Z,V]), ifVeTL
vo ([Z,V]), if VeTQ

VIV = "
20 (W)g, VT

for all Z € TE. So we can define a global connection V on M putting, for all V, W €
I'rM,

(7.18) VwV = Vi,V + Vi V+ ViV,

where we have decomposed W as W = Wy + Wy + Wg, using the decomposition
TM =L & Q¢ E. This construction can be done without any hypothesis on the bi-
Legendrian structure (F,G). In particular, it is very interesting the case of strongly
flat bi-Legendrian structures. Indeed we have

Theorem 7.6. Let (F,G) be a bi-Legendrian structure on an almost S-manifold M
such that both F and G are strongly flat. Then for the connection V adapted to (F,G)
we have

() R(X,X") =0 forall X,X' eTL, R(Y,Y') =0 for dllY,Y' € TQ;
(i) T(V,W) = =20 (V,W)¢E.

Proof. The flatness of F and of G implies RL =0 and RQ = 0. Then, since also the
Bott connection is flat, it follows that V/ and V" are flat connections along L and Q,
respectively, so the curvature of V vanishes along the leaves of the foliations F and
G and (i) is proved. Now we prove (ii). Take X € I'L and Y € I'Q. Then, with the
above notations,
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T(X,Y)=VyY —VIX —[X,Y] =V Y - VY X - [X,V]
=pr+ (X, Y]) = por (Y, X]) - [X, Y]
= [X Y] + X, Y]p - [V, X], - [V, X]p — [X,Y]

_Zm (1X,Y]) Z2dnz X, V)& =—20(X,Y)E.
=1

The same formula holds in the other cases. Indeed first of all note that, for all V' €
I'TM, Vv& = pre ([Vo, &) +por ([Vg,&]) =0, as L and Q are strongly flat. Hence

T(V.&)=Vv& = Ve,V = [V.§] = =VV = [V.&] = = [&, Vel — [6, Valg
_Zfi (n; (V)& — VL, &l = [V, &l — Z [ (V)&,&] =0
Jj=1 j=1
and also —2® (V,&;) € = 0. Finally, if X, X’ € 'L then T (X, X') = 6§(X’ 6§(,X —
[X,X'] = T (X, X’) =0, because VL is torsion free. Note that also ® (X, X') = 0, so
T(X,X')=—2® (X, X) €. Similarly, forany Y, Y’ € T'Q, T (Y,Y') = —2® (Y, V') € =
0. O

Corollary 7.7. Let F a strongly flat Legendrian foliation on an almost S-manifold
(M, n;, &, b, 9) such that each &; is a Killing vector field, and suppose that Q = ¢ (L)
is integrable. Then the connection ¥ adapted to the bi-Legendrian structure (L, Q)
satisfies properties (i) and (i) of Theorem 7.6.

Remark 7.8. From the proof of Theorem 7.6 it follows that for any bi-Legendrian
structure, — without the  hypothesis of strongly flatness, the relations
T(X,Y) = 20(X,Y),, T(X,X') =0 and T(Y,Y') =0, for all X,X' € TL,
Y,Y' e T'Q, are still true.

Example 7.9. Consider R2"*7 with coordinates &1, ... , Ty, Y1s- -+ s Yn, 21, - - - 5 Zr and
its standard almost S-structure (¢, n;,&;, g) where

n 8
mi=dzi — Y ydej, & = 7

=1 ’

—_

g:in@m gzn:(d% dyj)2>
=1 j=1

and ¢ is represented by the matrix

0 I, O
I, 0 O
0 Y O

where Y is the (r x n)-matrix given by
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Yyi o Yn
yl DY yn
It is not difficult to check that ® = dn; = -+ = dn, = > dx; A dy;. Set, for each
i=1

T
kef{l....n}, Xy =52 and Vi = 52+ 3 52
a=1

r . Note that ¢ (X;) = Yi. Now
define L := span{Xi,... , X}, Q := span{Yi,...,Y,}, obtaining in this way two
strongly flat Legendrian foliations on R*"*" such that ¢ (L) = Q. Let V denote the
connection associated to (L, Q) as in (7.18). Then the curvature tensor of V vanishes

identically. Indeed by a straightforward computation one has V S % = %La % =0,
J By

Y4

N 9 _n v 2 _n o a _ [ o o _ N2 o _
vaiiaTi = 0, VaziaTj =0, Vaga By = [aza, 8yi]L = 0 and Vafa 5., = 0, from
which R=0
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