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Abstract

In this paper we describe several basic properties of strongly S-decomposable
operators, namely their behaviour regarding: the direct sums, restrictions, quo-
tients, the Riesz-Dunfort functional calculus and the quasinilpotent equivalence.
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Introduction

Let X be a Banach space, B(X) the algebra of all linear bounded operators on
X, and C the field of complex numbers. An operator 7' € B(X) is said to have the
single-valued extension property, if for any analytic function f : Dy — X, Dy C C
open, with (Al —T) f(A\) = 0 implies f(\) =0, ([3], [5]).

For an operator T' € B(X) having the single-valued extension property and for
x € X we can consider the set pr(z) of elements \g € C such that there exists an
analytic function A — x(\) defined in a neighborhood of Ay with values in X which
verifies (Al — T)x(A) = x; x(\) is unique, pr(z) is open and p(T) C pr(x). Take
or(z) = Cpr(z) = C\ px) and Xp(F) = {z € X|op(x) C F} where FF C C is
closed. pr(x) is named the local resolvent set of x with respect to T" and orp(z) the
spectrum of z with respect to T

If T € B(X) and Y is an invariant (closed) subspace of T', let us denote by T'|Y" the
restriction of T" to Y. In what follows by subspace of X, we mean a closed linear man-
ifold of X. Recall that Y is a spectral mazimal space of T if it is an invariant subspace
of T such that for any other invariant subspace Z of T, the inclusion o(T'|Z) C o(T|Y)
implies Z C Y, ([3]).

An open set Q C C is of analytic uniquenessof T € B(X) if for any open set w C
and any analytic function fp : w — X satisfying the equation (AI —T)f(X) = 0, there
follows fo(A) = 0 in w. For T € B(X) there exists a unique mazimal open Qr of
analytic uniqueness ([8], 2.1). We shall denote St = CQr = C\ Qr and call this the
analytic residuum of T. For x € X, a point A € dp(z), if in a neighbourhood V) of A
there exists at least an analytic function f, (called T-associated with x) such that
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(Wl =71)fo(p) =2

for p1 € V), We shall put vr(z) = Cér(x), pr(z) = érNQr, or(z) = Cpr(z) = yrUST
and
Xp(F) ={z;z € X, or(x) C F}

where Sp C F C C, ([8]). T € B(X) has the single-valued extension property if and
only if Sy(x) = dr(z) a unique analytic function z(\), T-associated with z, for any
x € X. We recall that if T € B(X), St # 0 and X¢(F) is closed for F' C C closed
(F > Sp| then Xp(F) is a spectral maximal space of T ([8], Proposition 2.4 and 3.4).

DEFINITION 1. A family of open sets {Gg} U {G;}! is an S-covering of the closed

set o C C if
GsU(

(t=1,2,...,n), ([8).

DEFINITION 2. Let T' € B(X) and S C o(T) be a compact set. T is called S-
decomposable (see also [2]) if for any finite, open S-covering {Gs} U {G;}} of o(T),
there exists a system {Ys} U {Y;}7 of spectral maximal spaces of T such that

(i) 0’(T|Ys) C GS7 O'(TD/Z) c G; (1 <1< n),

iC-

GZ> DoUS and GlﬂS:@

n
(i) X =Ys+ ) Vi
i=1
T is strongly S-decomposable operator if (ii) is replaced by

(i) Z=ZNYs+ > ZNY;
i=1
If S = () we have decomposable (strongly) operators where Z is any spectral maximal
space of T'.

LEMMA 3. Let T € B(X) be a strongly S-decomposable operator and Y a spectral
mazximal space of T with o(T|Y) D S. If Z is spectral mazimal space of T (T being
the operator induced by T in X = X/Y), then Z = @‘1(2) 18 a spectral mazimal
space of T, where ¢ : X — X is the canonical map.

Proof. We have S;. =0 (see 1.1.9, [2]). If Z DY and Z is an invariant to T linear
(closed) subspace of X,Y is also a spectral maximal space of T (see [2], 1.2]) hence
S Co(T|Y)oo(T|Z), that is Xp(o(T'|Z)) DY is a spectral maximal space of T. By
Lemma 2.6.6 of [2], there follows

oTXr(0(T12))) = o (T|Xu(o(T]12))) \ o (V]Y).

But oT| X7 (0(T|Z))) and o(T|Y) = oTiZ Uo(T|Y), since Y is a spectral maximal
space of T'|Z; consequently we have

oTX1(Gs(T12)) = (0((T12)) Vo (TV)) \ o(TIY) C (T12).

From the equalities T|X1(0(112)) = T|T1 X7 (@ (T12))), (T|Z) = T|Z we obtain
o(Xr(T|Z)) C (Z), hence Xr(o(T|Z)) C Z; then Z = Xp(o(T'|Z)), and hence Z is
a spectral maximal space of T
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THEOREM 4. Let T € B(X) be a strongly S-decomposable operator and Y a spectral
mazximal space of T' with U(T\Z) 5 S. ThenT is a strongly S1- decomposable operator,
where Sy = SN o(T), and T is the operator induced by T in X =X/Y.

Proof. Let {G,} U{G;}? be an open S;-covering of o(T) and Gs = Gs, U p(T);
we can suppose that G;ND =0 (i =1,2,...,n). Then {Gg, } U{G;}} is a S-covering
of o(T). Let {Ys} U{Y;}7T be the corresponding system of spectral maximal spaces of
T, such that

U(T|Ys) C Gg, O'(T|Y;) c G, (’L: 1,2,...,n)

and .
X=Ys+) Y
i=1
We shall set og = G(T\YS) Uo(T|Y), 0: =c(T|Y;))Uo(T|Y), (i=1,2,...,n); Zs =
Xr(og), i=1,2,...,n),Z; = Xr(0;), (i =1,2,...,n) are spectral max1mal spaces of

T (we have og D S O'Z D S, see Theorem 2.1. 3 [ ]) and Y C Zg, YoY;. Consequently
Zs, Z; are spectral maximal spaces of T' ([4], 3.2) and by Lemma 2.6.6 from [2], we
obtain

o(T1Zs) = o(T|Zs) = o(T1Zs) \ o (T]Y),

and analogously
o(TZ) =o(T|Z:;) Co(T|Y;) CGi (i=1,2,...,n).

If Z is an arbitrary spectral maximal space of T, then Z = ¢~ '(Z) is a spectral
maximal space of T' (where ¢ is the canonical map; see the preceeding lemma). Hence

YsNZ+YiNZ+...+Y,NZ=2.

But from the inclusions Y5 C Zg, Y; C Z;, w(YsnZ)C Ys N Z, eYinZz) c Y;NZ,
(t=1,2,...,n) we get

Z=o(YsNZ)+oMiNZ)+...+o(YoNZ)C ZsNZ+Z1NZ+...+Z,NZC Z,

and hence T is strongly S;-decomposable.

COROLLARY 5. Let T € B(X) be a strongly S-decomposable operator and Y a
spectral mazimal space of T such that o(T)NS = (); then T is a strongly decomposable
operator.

Proof. Tt follows by the preceding Theorem, since S; = 0.

PROPOSITION 6. Let T, € B, (X) two strongly S, -decomposable operators (o =
1,2); then T =T, & Ts is a strongly S-decomposable operator, where S = Sy U Ss.

Proof. By Proposition 2.6.2 and [Theorem 2.2.3, [2]] it follows that it will suffice
to show that T satisfies strongly the condition g (see Definition, [2]). Let Y be a
spectral maximal space of T and G = {Gs } U {G;}} an open S’-covering of o(T|Y),
where S” = SNo(T|Y). Then, in accordance with Proposition 2.1.7 from [2], we have
Y =Y @ Y3, where Y, is a spectral maximal space of T, (a« = 1,2). If y € Y, then
y =yt ®y?, with y® € Y, (o = 1,2); since T,, (o = 1,2) are strongly S-decomposable
it follows that T, |Y, verifies the condition 3s, where S/, = Sy No(Ta|Ya), (@ =1,2).
Consequently

Yy =ys tur+...+yn (a=12)
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and
Yr(ys:) = V1. v. (Ws) C Gs (= 1,2),

1, (Y) = 1y (47) C G (=123 i=1,2,...,n).
This yields

y=y' Oy = (ys +yi +- Hun) W YT+ ) =

(Ys; @y8) T W @YD)+ + (U ©YR) = ys + Y1+ Yn

and
v1r(ys') = oy (Us) = 11y (Ys;) Uam)v, (3,) C G,

(i) = vry W) = vy, W) Urny, (47) € Gi, (1 <i<n)

hence T satisfies strongly the condition Gg.

DEFINITION 7. A S-decomposable operator T' € B(X) is said to be almost strongly
S-decomposable if for any spectral maximal space Y of T such that o(T|Y) NS =
( or o(T)Y) D S, we have that restriction T|Y is a decomposable respectively S-
decomposable operator.

REMARK 8. The need to state the definition is justified by the following: be-
ing given a S-decomposable (strongly S-decomposable) operator, we know about
the existence of the spectral maximal spaces Y of T, that have the property that
o(TIY)YNS = 0 or o(T|Y) D S; these are the spaces which result form the re-
lations YV @ X7(S) = Xr(o(T|Y)US) or Y = Xp(o(T|Y)). However, we know
nothing about the existence of the spectral maximal spaces Y of T that have the
property that o(T|Y) NS = S’ is a separated part of S (open and closed in S). Ob-
viously strongly S-decomposable operators are almost strongly S-decomposable. It
seems that strong S-decomposability (unlike the strong decomposability) has no such
favourable demeanour as the one of the S-decomposability (considering the properties
from Definition 2.2.1 and Proposition 2.2.17, [2]).

PROPOSITION 9. Let T = Ty @ Ty € B(X1 @ X2) be a strongly S-decomposable
operator; then T,, (a = 1,2) are almost strongly S,-decomposable, where S, = S N
0(Ty), (e =1,2).

Proof. Tt will suffice to prove that if F C o(T}) and FNS; =0 or F D Sy, then
we also have F'N S = () or, respectively, (FUS)No(Ty) D S1. If FN.S; =0, we also
have

FNS=(FnS)no(Th)=FNn(SNo(Ty)=Fno(Ty) =0,

hence when o(T1|Y) N S; = () we also have o(T1]Y) NS = @ (where Y is a spectral
maximal space of T7). But it also follows that

Xror, (0(T1Y1) U S) = X1, (o(T1]Y1) U S) & X1, (0(T1]Y1) U S) =

=Y+ X1, (9)] @ [Y2 + X1, ()] = X1yor, (S) +Y

and we can easily verify that Y =Y, @ Y5. T € T|Y; @ Y> being decomposable, by
Proposition 2.2.6 from [2], there follows that T3|Y7 is decomposable. Let now Y7 be a
maximal space of T such that o(71]Y1) D Si. Then we have

Xrem, (0(T1|Y1) US) = X7, (0(T1]Y1) U S) ® X1, (0(T1]Y1) U S) =
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= X, ([o(T1[Y1) U S)|No(T1)) & X1, (o(T1[Y1) U S) = Y1 @ X7, (0(T1[Y1) U S)

whence it results T1|Y7 is Si-decomposable. Analogously, we verify that T is almost
strongly Ss-decomposable.

THEOREM 10. Let T =Ty, ®T5 € B(X1® X3) be a strongly decomposable operator.
Then Ty and Ty are strongly decomposable.

Proof. This follows by Propositions 4 and 7.

PROPOSITION 11. Let T € B(X) be a strong S-decomposable operator and P €
B(X) a projection commuting with T. Then T|PX is almost strong S-decomposable,
where S; = o(T|PX)NS.

PT’OOf. We have X = X1 EBXQ, T = T1 @TQ, where X1 = PX, X2 = (I* P)X,
T, = T|X;, To = T| X2 and by Proposition 7 we have that T|PX is almost strong
S1-decomposable.

COROLLARY 12. Let T' € B(X) be a strong decomposable operator and P € B(X)
a projection. Then T|PX is strong decomposable.

Proof. This follows from the preceding proposition.

PROPOSITION 13. Let T € B(X) be a strong S-decomposable operator and let
o be a separated part of o(T). Then T|E(0o,T)X is strong Si-decomposable, where
S1=5No (for E(o,T) see Corollary 2.2.8 from [2]).

Proof. X1 = E(0,T)X is a spectral maximal space of T. Let Y7 be a spectral
maximal space of T|X;. Then by [2, Proposition 1.2] this is also a spectral maximal
space of T', hence T'|; is S{-decomposable, where S7 = o(T|Y1)NS. But o(T|Y1)NS; =
oY1) N(oenS8) = (o(T|Y1) No)NS = 51, hence (T]X1)|Y;7 is S;-decomposable,
that is T|E(o,T)X is strong Si-decomposable.

PROPOSITION 14. Let T € B(X) be a strong S-decomposable operator and let
f:G — C (G D o(T) open and connected) be an analytic function, injective on
o(T). Then f(T) is almost strong S1-decomposable.

Proof. From the equalities X ¢(1)(F) = X7(f~*(F)) (where F O Sy = f(S5)) and

Xf(T)(F Us;) = XT(fil(F) US)=Yr®Xr(S)=Yra® Xf(T)(Sl)

(where F'NS; = () and by Proposition 2.2.9 from [2], it follows that the spectral
maximal spaces Y of f(T') that have the property o(f(T)|Y) D S1 or o(f(T)|Y) N
S1 = 0 are also spectral maximal spaces of T'. One further performs the proof as for
Proposition 2.2.9 from [2], since a S-covering of o (f(T')) is easily transformed trough
f~!into a S-covering of o(T).
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