A structure by conformal transformations of Finsler
functions on the projectivised tangent bundle of
Finsler spaces with the Chern connection

Shigeo Fueki and Hiroshi Endo

Abstract. It is shown that the projectivised tangent bundle of Finsler
spaces with the Chern connection has a contact metric structure under
a conformal transformation with certain condition of the Finsler function
and moreover it is locally isometric to E™ x S™~1(4) for m > 2 and flat
for m = 2 if and only if the Cartan tensor vanishes, i.e., the Finsler space
is a Riemannian manifold.
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1 Preliminaries

Let M be an m-dimensional C* manifold and * (1 <4 < m) local coordinates on M.
It is said to be a Finsler manifold if the length s of any curve t — (z1(t),...,2™(t))
(a <t <) is given by an integral

b 1 m
dxr dx
= Flz! RN — ..., —— | dt
S \/(; (:Z: (t)7 71: (t)’ dt ) ) dt >d b)

where F' has the first-degree homogeneity with respect to dd—f.
Our convention for indices is as follows: Latin indices run from 1 to m (except m).
Greek indices run from 1 to m. Greek indices with bar run from 1 to m — 1.

A Finsler manifold M has a tangent bundle 7 : TM — M. From T M we obtain
the projectivised tangent bundle of M, PTM, by identifying the non-zero vectors
differing from each other by a real factor. Geometrically PT'M is the space of line
elements on M. Then a non-zero tangent vector can be expressed as

X =4'0,  (y" not all zero),
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0 o
- and dy: := ——. The 2*,y" are local coordinates on T'M.

Oxt oyt

They are also local coordinates on PTM with y® being homogeneous coordinates
(determined up to a real factor). We can consider PT'M as the base manifold of the
vector bundle p*T' M, pulled back with the canonical projection map p : PTM — M
defined by p(z¢,y") = (x%). The fibers of p*T'M are the vector spaces of dimension m
and the base manifold PT'M is of dimension 2m — 1.

From now on fyi, fyiyi, ..., etc. denote the partial derivative(s) of a smooth
function f with respect to the coordinates y*. Adopt a similar notation for the partial
derivatives with respect to the coordinates z*. From the first-degree homogeneity of
F', we have

where we set 0, :=

yiFyi =F and yiFyiy]‘ =0.

A differential form on PT'M can be represented as one on T'M provided the latter
is invariant under rescaling in the 7* and yields zero when contracted with ylﬁyi.
Our differential forms on PT M will be so represented, and exterior differentiation on
PTM will be obtained by formal differentiation on 7M. Then the Hilbert form

w=Fjdx"

is intrinsically define on PTM.
Let

eo = U’ O
be an orthonormal frame field on the bundle p*T M, and
w® = % dz®

its dual coframe field, so that

(1.1) (6CH 65) = ualglkUQk = 5(15
and
(1.2) (ea,w®) =08,

(1.1) is the orthonormality condition with respect to the Finsler metric (positive
definite)

G = g;jdz’ ® da?
1 . ;
= <2F2> da' @ da?
yiy? _
= (FFyiy + FyiFy;) do’ @ dad
defined intrinsically on PT'M, and (1.2) is the duality condition, which is equivalent

uakvﬁk =58
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We now distinguish the global sections
em = f@xi = L'0yi and W™ = Fdr' = w.
Then, taking the exterior derivative of the Hilbert form w™ on PTM, we have ([4])
(1.3) dw™ = w* Awg™,
where wg™ is

%

. . U= .
wag™ = —U/@le'iyjdyJ =+ % (in — ijinj) w™

tug ug! Fyiy wh + )\dgwﬁ (see [4] for A\;3).
Define N*; and dy’ as follows:

; 1 . dyj .
Nj = FGy] and Sy‘j = ? +Njkd1'k,

) ) 1 1
Gt = gzl {ys <2F2) o (2F2> } )
ylas 2l

Then the orthonormal vectors in T(T'M\0) and the dual orthonormal vectors in
T*(TM\0) are given by

where G* denotes

Co = Uy 0y = W = v da’

and
Cmta = Ua’Oy == win® = v*,0y’
where
Opi i= Opi — FNjiayj
and

dyi = FOy.

The set {590]',51/1‘} is naturally dual to the set {dxi,éyi}, and these form local
bases for T(T M\ {0}) and T*(T'M\ {0}), respectively.

Generally a (2n+1)-dimensional manifold M is said to have a contact structure
and is called a contact manifold if it carries a global 1-form 7 such that

(1.4) nA(dn)" #0
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everywhere on Mw,where the exponent denotes the n-th exterior power. We call 1 a
contact form of M. A structure tensor (¢,&,7,g) on (2n + 1)-dimensional manifold

M said to be an almost contact metric structure if a tensor field of type (1,1) ¢, a
vector field &, a 1-form 7 and a Riemannian metric g satisfy

(1.5) n€) =1, ¢ =-I+&2n, ¢=0, n(¢X)=0,

9(@X,0Y) = g(X,Y) =n(X)n(Y), n(X)=g(X,§), rank ¢ =2n

for any X,Y € y(M), where x(M) is the Lie algebra of vector fields on M.
Let M be a (2n + 1)-dimensional manifold with a contact form 7. If M has an
almost contact metric structure (¢, &, n, g) such that

(1.6) 9(X,Y) = dn(X,Y),

then M is said to have a contact metric structure and is called a contact metric
manifold, that is

(1.7) n€) =1, ¢ =-I+&@n, ¢£=0, n¢X)=0,
9(@X,0Y) = g(X,Y) —n(X)n(Y), n(X)=g(X,$),

rank ¢ =2n, g(¢X,Y) = dn(X,Y)

for any X,Y € x(M).

Let M be a (2m — 1)-dimensional contact metric manifold with a contact metric
structure (¢, &, 7, g) and R the curvature tensor field on M. It is well known that the
condition R(X,Y)¢ = 0 for all X,Y has a strong and interesting implication for a
contact metric manifold, namely that M is locally the product of Euclidean space E™
and a sphere of constant curvature +4. D. E. Blair proved the following theorem.

Theorem 1.1. [2, 3] A contact metric manifold M2t satisfying R(X,Y)E =0 is
locally isometric to E™ x S™~1(4) for m > 2 and flat for m = 2.

The following proposition is well known (cf. [2], [3], [6]).

Proposition 1.2. Let M be a contact metric manifold with a contact metric structure
(0,€,m,9). Then M is a K-contact manifold if and only if

Vx§=¢X
for any X € X(M)
The following lemma is well known (cf. [4]).
Lemma 1.3. The Hilbert form on PI'M given by

W= Fudr' =w

satisfies the condition w A (dw)™™ ! # 0, that is PTM has a contact structure with
respect to Hilbert form w.
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Then S. S. Chern proved the following theorem.

Theorem 1.4. [4] There exists a torsion-free and an almost metric-compatible linear
connection p*TM — PTM, that is the Chern connection

D: T@ETM)—-T@p'TM® PTM)

given by
De, = waﬁeg, W' =0,

that is dw® = WP A ws® and
(1.8) Wag + wa = —2Aasywnm .
In particular
(1.9) wa™ +wn® =0,
where wag = Wa 65 and the Cartan tensor A = Aypw® @ w® @ W is given by

F 1

2 i) G Kk
Anpy = §(§F )yiyiyhUa U Uy

Next we define the Chern connection in natural coordinates as follows:
D: T(p'TM)—T(pTM e T (TM\0))
given by
Do, = wﬁaﬂ,

where w,” are the components of the connection matrix in natural coordinates. Since

the Chern connection is torsion-free, we can see that (see [1] and [4])
(1.10) dz' Nw;? =0,

which is equivalent to the torsion-free condition of the Chern connection in natural
coordinates. Wedge product of w,” and da’ is zero in (1.10), so they are linearly
dependent. We can write w;” in terms of dx’ as

wij = Fjilda:l,
where the quantities

i gis
M= 5 (0gkgsj — Ozs Gk + O Ghs)
are called the Christoffel symbols of the first. Then we obtain

(1.11) I = N
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By using the Cartan formula, we obtain the following Lie bracket (cf. [1] ):
. /i ,
(1.12) [6zk75yl] = {Azkl—‘rF(FFyk)mz —szkl}(Syi,
where the quantities A &l are
Aty = (5wSAikl + AR T — AT TR — Aikhrhls) e.
On the other hand, by straightforward calculations we obtain
1 ii i
(1.13) (B, 8] = 5Gyrypye = {A . ,d} 5y

On PTM, there are the quantities which are homogeneous of degree zero in the y°.
Let f be a smooth function on PT'M. Using the Euler’s theorem, we have

(1.14) Eléylf = yifyi =0.
From (1.11), (1.12), (1.13) and (1.14), it follows that
(1.15) NSy f =0T ;6,: f = 0.

Then, by (1.15), we can see that the orthonormal vectors in T(PTM) and the dual
orthonormal vectors in T*(PT M) are given by

(1.16) Co = U 0y = W = vo‘jdzj
and
(1.17) €mta = uajéyj = wpt = v&jéyj.

2 Theorem

Now, let us consider the conformal transformation:
(2.1) F=e@F,

of the fundamental function F', where o(z) is a local differentiable function on the
base manifold M (cf. [5]).
With respect to (2.1) we have the conformal transformation:

= 1 =2 o(x 1 o(z
(2.2) G;j = <2F ) = 2@ (2F2> =: %l )gz'j,
yiyd yiyd

of the fundamental tensor field.
On the manifold TM\ {0} we locally define the tensor field :

Syt Syl
y' 0y

(2.3) gijda’ ® da? + Gy — © —
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For {€,(resp. w®), €mta(resp. wy,®)} in T(PTM) (resp. T*(PTM)), we can rewrite
it as
(2.4) Sapw® ® WP + eQU(w)éera magwm® ® Wi
We now distinguish the global sections
em = e 7@ and @ = @M = @)y, (= w).

Putting @® := w®, we locally define the tensor field:
(2.5) 7 = 0apm® @@’ + ¥ @5 mafWe ® Wl

We consider the following tensor field ¢ of (1,1) type:

(26) ¢g@ = —e_o(w)Eer@, QS?m =0 and ¢gm+5¢ = ea(w)’é@.

For the conformal transformation, we get the following theorem.

Theorem 2.1. A structure tensor (o, Cm, W, g°) is an almost contact metric structure
on PTM. Moreover @ is a contact form on PTM and (¢, €m,w,7°) is a contact metric
structure if and only if o(x) is a function satisfying do = w™.

Proof. Tt is evident that @(€,,) = 1. From (1.16), (1.17) and (2.5) we have
7 (Ems €m) = Gap@® @ W° (Ems €m) = mm = 1,

from which

(2.7) 7 (Em,em) = w(€n) = 1.

Using the argument similar to (2.7), we get

(2.8) g’ (€a,em) =w(ez) =0
and
(2.9) 7°(€m+ar €m) = W(Enta) = 0.

By (2.7), (2.8) and (2.9), we get
(2.10) 7°(X,em) = (X)

for any X € x(PTM).
From (2.6) we see that

P*es = —¢€_a(z)gm+a = —¢a, ¢°€m =0

and

¢2gm+d = ¢€U(z)g@ = *gm—kd-
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Then it follows that
(2.11) ¢*X = - X +@(X)en

for any X € x(PTM). Moreover, we get

) o0 0 e@ ... 0 T
0 0 0 0 e ()
p+—— | 0 0 0 0 0 ,
—e— (@) 0 0 0 0
L0 oo —e @ 0 0 e 0 ]
from which we have
(2.12) rank ¢ = 2(m —1).

It is clear that W(¢e,,) = 0. Moreover we have
w(¢ea) = —¢ 7" (Enta) =0
and
T(Pemya) = D™ (es) = 27@m = 0.
It follows that
(2.13) H(6X) =0

for any X € x(PTM).
From (2.5), (2.6) and (2.8) we see that

)
® wmﬂ(em+% €m+71)
_ _sa B _
mta m+f 0750 5 = Omisy mip-
Since we have
° (€5, 8) = Gapw® @ 0 (&5, €5) = dyz,
we get
(2.14) 9°(9e5, dep) = 7° (€5, €p) — w(es)w(en).
Similarly we obtain
(2.15) 9 (95, demip) = G° (€5, €msp) — W(€5)0(€mip)

and
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(216) gs (¢gm+7ya ¢€m+ﬂ) = gs (g77l+’77 gm—&-,a) - w(€77z+ﬁ)w(gm+ﬁ)-
By means of (2.14)~(2.16) it follows that
(2.17) 97 (90X, 9Y) =7°(X,Y) = 0(X)w(Y)

for any X,Y € x(PT'M), so that we find that ¢ is skew-symmetric. Hence we see that
a structure tensor (¢, €,,,w,g") is an almost contact metric structure on PTM.

From the exterior derivative of the form @w on PT M, we see that
(2.18) dw =d (e"(z)wm) =de”@ A W™ 4”@ Awg™,
from which

DA (d@)" " = M@y A (dw)™ T £ 0.
Hence w is a contact form of PTM.
Using (1.9), (2.6) and (2.18) we have
7°(¢¢5, ) = —¢ "G (Emys,€a) = 0
and
dw(e5,¢5) = (de”® A w™ — @& A w,,®)(85,8,) = 0.

Thus we find that

(2.19) 7°(¢pey, ep) = dw(es, eg).
Using the similar techniques, we obtain

(2.20) G (9€m+y,€n) = dw(€my5, ),
(2.21) G°(9€5, €m+tn) = dw(€5, Emyp)
and

(2.22) 9 (0€mi5, €m+a) = do(Emiy, €mp)-

Using (2.5) we get
7°(¢X,em) =0.
On the other hand, by (2.18), we obtain
do(X,em) = Xe? @ — w™(X)e,,e” @,
By (2.19)~(2.22), we get

(2.23) 7°(¢X.Y) = dw(X,Y)
for any X,Y € x(PTM) if and only if
dw(X,ey) =0,

or equivalently,
Xeo@ = u™(X)Ene’ @ = de”® =™,

This proves the theorem.



60 Shigeo Fueki and Hiroshi Endo

|
We assume that o(z) is a function satisfying do = w™. We calculate the Levi-
Civita connection V on PT M with respect to g° , which is given by

29°(VxY, 2)= X(g°(Y, 2)) + Y(g°(X, 2)) = Z(3°(X,Y))

(2.24) +7°([X, Y], 2) +3°(1Z, X, Y) = g°([Y, Z], X)

for any X,Y, Z € x(PTM).

Let f be a smooth function on PT M. By the definition of Lie bracket and

wo? =07 (du,’ + uJw;') = o (du,! + uajf‘ijkda:k),
we get
emeﬁ [u ial.i,uﬁaxj} f)

gt g [Dgi, 0a] (f) + g (Opiug’ )i () = uz (Dsug') Oy (f)
(e Ouruz’) = (D)) Do (f)
= (uﬂ/w €a) — u,'wy (eﬁ)> v0.es(f)
(w €a) — Wg (gﬁ))gv(f),

J

Ug

from which
(2.25) [Far ) = (w0 (Fa) — wa’ (5)) &

Similarly, by straightforward calculations, using (1.16) and (1.17), we have the
followings:

(2.26) (€0 Emea) = w5 (€a)emss — wa' (€1p)Ey

and

(2.:27) [EntasCmis) = (w5 @mta) = W& @Cmip) ) Emtas
B

in particular
[€as €m] = _Wa:/ (€m) €5,
[€ms emtal = Wa' (€m)emty — €a-
Moreover, by the definition of Lie bracket, we get
|:go73 g’m.:| (f)

= ) [a, ] () + (Eae™" ) )
= —e TG () — e (de ) () ),
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from which

(2.28) {Ea,?m} = e @ T ()85
Similarly, by straightforward calculations we have

(2.29) [?m,gmm] = e @0 (&) Emiy — €7@,
Using (2.24)~(2.29) and (1.8), we obtain

2§S (VEm,+&gm+B? g’_Y) = Eer@ (gs (gm+ﬁ7 ,éi“_/)) + EerB (?S (Eer@? ,éi“_/))
—e5(7° (€m+a: €mip))
+§s([gm+5m ’evm+BL g”y) - gs([gm+,§7 g’?] ’ gm+d)

+9°([€5: €m+als €mt)

= ¢2o(@) (wéa(gﬁ) + Waj (&) = _2620(1)‘4@55“’7”6 (€5)

=0.
Moreover we get

—S

g (V€m+&gm+57§m) = _eg(r)édﬁ

and

gs(v€m+a€m+5’ Em+7) = ) {Wﬁﬁ (Emta) + A&ny} :
Thus we find that

(2.30) Vemiabmss = =€ D0558m + w3 (Emta)emis + AT semiq-

Using the similar techniques, we have

(231) vém+agﬂ = wﬁ7(€m+@)g’7 + A’y&ﬁg’%
(2.32) Vewlmas = A7 58 + w5 (€a)em+sy
and

(2.33) Ve, €3 = wy (€a)ey — A7, sem iy

From (2.24)~(2.29) and (1.8), it follows that
7 (Veslm: &) = 7 (Ven bm: Emss) = 0.
Thus we find that
(2.34) Vi, em = 0.

Using the similar techniques, we have

61
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(2.35) Vs &m=0 and Vg, &n=e ""e;.

From (2.35) it follows that
(2.36) Vxem =e 7N "5 (X, Enta)ea

for any X € x(PTM).

From Proposition 1.2 and (2.36), we obtain the following theorem.

Theorem 2.2. PTM has a non-K-contact, contact metric structure (¢, Em, W, 7°)
with respect to §° satisfying do = w™

Remark 2.3. PTM gives us a example of non-K-contact, contact metric manifold

with respect to §° satisfying do = w™

The curvature tensor filed R on PTM is given by
(2.37) R(X,Y)Z :=VxVyZ —-VyVxZ —Vxy|Z
for any X,Y,Z € x(PTM). From (2.36) and (2.37) it follows that
R(X,Y)em
8N W X (i)~ (VT (X))
(2:38) 4o o) Z (Y, VxCmia) — 7°(X, Vyemia)) ea

+e 2@ Z {7°(Y,em15)Vxes —9° (X, €mya)Vyea}

for any X,Y € x(PTM).
Setting X =€, and Y = €g in (2.38), by (2.32), we get

R(ea, 66 = e o) Z eﬁ, Va. €m+a) - gs(gaa véﬂgm+d)) €a
+em87(®) Z {? (€5, €m+a)Ve a —g° (goungra)VEBEa}

e Z (Aaadys = Ayabra) 2 = 0.

Similarly, replacing X by €, and Y by €,,+a and using (2.30) and (2.32), we obtain
R(Cos mra)em = —e 7@ AT &\

Also, setting X = €,,14 and Y =¢,,, 5 in (2.38), by (2.30) and (2.31), we have

R(gm_l,_a” Em+5)§m == 0
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Hence we obtain
RX,Y)em= =273 5 {7(X,€a)g" (Vi)
a g

758 (K goz)gs (Xv gm+3)} A;Yaﬁ’g:y

(2.39)

for all X,Y € x(PTM).

From Theorem 1.1 and (2.39), we obtain

Theorem 2.4. A (2m — 1)-dimensional contact metric manifold PT M with respect
to g° satisfying do = w™ is locally isometric to E™ x S™~1(4) for m > 2 and flat for
m = 2 if and only if the Cartan tensor A =0, i.e., M is a Riemannian manifold.
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