L?-preserving Schrodinger heat flow
under the Ricci flow

Linfeng Wang

Abstract. In the present paper, we study the LZ—preserved Schrédinger
heat flow under the Ricci flow on closed manifolds. First, we establish
the global existence and the uniqueness of the solution to the heat flow
under the Ricci flow. Next, we prove an elliptic type gradient estimate of
smooth positive solutions to the heat flow and get a Harnack inequality.
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1 Introduction

Non-local heat flow was studied by many people, which arises in geometry such that
the flow preserves some LP norm in the sense that some geometrical quantity is
preserved in the geometric heat flow, we can refer to [1, 15, 2, 8] and the references
therein.

Recently, the L? preserving heat flow which have positive solutions on closed
manifolds was considered in [2] and [8], where they studied the global existence, the
uniqueness and the gradient estimates of L? norm preserving heat flow such as

0w = DNu+ A(t)u

with ul? d
ul® dx
)\(t) — f]u | |
Sy w? dx
On the other hand, in [11], Perelman showed that the first eigenvalue of the
operator —/A\ + %R is monotone along the Ricci flow

(1.1) Oig = —2Ric, (z,t) €[0,7)

coupled with the conjugate heat equation and then ruled out nontrivial steady or
expanding breathers on closed manifolds. In fact, from then on, many studies on this
topics appeared in [12, 3, 4, 7, 5, 14] and the reference therein.
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In this paper, we shall consider the following L?—preserving Schrédinger heat flow
which have positive solutions on closed manifolds with the metric evolving under Ricci
flow (1.1):

Oyu = Au+ N(t)u + cRu, in M x [0,T),
u(z,0) = h(z), in M,
where ¢ > 0 is a constant, h € C'(M), and A(¢) is chosen such that the flow preserves

the L2—norm of the solution. By the fact that 9;dz = —Rdx [6], a direct computation
shows

1 1
Ld u? dm:—/ |Vu|? da:+)\/ u? dac—(f—c)/ u?R dz,

Sy IVul? dz 4+ (5 —¢) [, v’R dx
B Sy h? dx
can preserve the L2 —norm. Without loss of generality, we may assume that / M |h|? do =

1 and h(z) > 0. Thus we will consider the following L?—preserving Schrédinger heat
flow on a closed manifold M with the metric evolving under Ricci flow (1.1):

hence

A(t)

(1.2) Ou = Au+ At)u + cRu, in M x [0,T),

(1.3) u(z,0) = h(z), in M,

where

(1.4) A(t) :/ |Vu|? do + (1 - c)/ u?R d,
M 2 M

h(z) >0, [,,h*dx =1, h e C'(M) and T may be +oo. We establish a global
existence result about L?—preserving Schrodinger heat flow.

Theorem 1.1. We assume that the Ricci flow (1.1) has a smooth solution on [0,T) (T
may be +00) and the scalar curvature of g(0) is nonnegative. Then the equation (1.2)
with initial value h(z) >0, [,, h*(z) dz =1 and h € C*(M) has a global solution

u € L=([0,T), H; (M) N Li, ([0, T), Hf (M)),

where H}Y (M), H}(M) denote H*(M), H*(M) about the metric g(t) respectively.

Theorem 1.2. We assume that the Ricci flow (1.1) has a smooth solution on [0,T) (T
may be +00) and the scalar curvature of g(0) is nonnegative. Then the solution to
equation (1.2) with initial value h(z) > 0, [,, h*(x) de =1 and h € C* (M) is unique.

The Schrodinger heat equation

ur = Au + qu

was discussed in [12], in this paper, by some parabolic type gradient estimates, the
authors got Harnack inequalities as the following type:

ar?(zy,22)  naK(ty —ty)

4(t2 — tl) + \/5(04 - 1)

(15)  ulent) < u(x2,t2)(%)%exp{

2
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where o > 1 is a given constant, r(z1, z2) is the geodesic distance between 1, o and
0<ty <ty < —+oo.
The parabolic type gradient estimate for the positive solutions to the non-local
heat flow (1.2) when ¢ = 0 was studied in [8], the Harnack inequality has the same type
s (1.5). But we can only compare the solutions at different times from the Harnack
inequalities with the type similar to (1.5). In order to overcome this blemish, we can
consider the elliptic type gradient estimate, the Harnack inequality deduced from this
estimate can be used to compare the solutions at the same time. Hamilton firstly
got this gradient estimate on a closed manifold in [9]; then in [13], this elliptic type
gradient estimate was proved on a complete noncompact Riemannian manifold, the
Harnack inequality with the following type was deduced by using this estimate:

u(ml’ t) < u(g327 t)n(tﬂ“(wl7332))61—71(7577"(9617962))7

where n(t, r(x1,22)) depends on ¢, r(z1, z2).
In this paper, we also prove an elliptic type gradient estimate for solutions to
equation (1.2), as an application, we get a Harnack inequality.

Theorem 1.3. We assume that the Ricci flow (1.1) has a smooth solution on [0, Tp]
and the scalar curvature of g(0) is nonnegative, for a constant G > 0, |VVR| <
G,t € [0,Ty], u(z,t) is a positive smooth solution to (1.2) with u(z,t) < e~1 for all
(z,t) € M x (0,T). Then

(1.6) |i?hg¢1+2Mo+¢%Gu—byg

Theorem 1.4. We assume that the Ricci flow (1.1) has a smooth solution on [0, Tp]
and the scalar curvature of g(0) is nonnegative, for a constant G > 0, |VVR| <
G,t € [0,Ty], u(z,t) is a positive smooth solution to (1.2) with u(z,t) < e~ for all
(x,t) € M x (0,T). Then for z1,22 € M,t € (0,T),

(1.7) u(za,t) < el—n(tm(xl,xz))u(xl,t)n(t,r(xl,xz))
where

(1.8) 0ty r(r, w2)) = e~V T H2AO+VEGr (@1,22)
and r(x1,x2) denotes the geodesic distance between x1, 2.

Remark We always need some conditions about the Ricci curvature when we
consider the elliptic or parabolic type gradient estimate(see [8, 12, 9, 13]). But in
Theorem 1.3 and Theorem 1.4, we give the elliptic type gradient estimate and the
Harnack inequality without any assumption about the Ricci curvature.

2 Some estimates

We assume that the Ricci flow (1.1) has a smooth solution on [0,7") with R(z,0) > 0.
In [10], Hamilton get the evolution of the scalar curvature

8R = AR + 2|Ric|?.
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By the maximum principle, we deduce that

R(x,t) >0, (z,t) € M x [0,T).

We define a series uF) as
1
u® = B (1) = / (Va2 + (5 = ) ™)) da,

BruF D) = AgUH+D f AB) (1) (B 4 Ry (+1)

(2.1) u* ) (2,0) = h(z).
For k>0
li/ (uF+1))2 der/ (Vuk+D 2 gy
2 dt Y
(2.2) = w)(t)/ (ulk+1))2 dx+(c—1)/ (w2 R da.
M 2 M

By 09" = 2¢g** ¢! Ry, for a smooth function f(z,t),

%/ IV f|? da::/ (2Vf -V fi +2Ric(Vf,Vf) — |VfI*R) dx
M M

0
th/ IVulF D2 d + (= / [Vu** V2R dx
= AW VU da 4 / Ric(Vu* ) vu*+) dg
M M
(2.3) +C/ uFDYR - Vu D dy —/ (AulFTD)? dg.
M M
From (2.1),
/M( (k+1)y2 2dt/ VU2 g
AE) g A(R)
- - (k+1)2 A (k+1)y2
2 dt/Mlu Pt /M(“ V'R dz

1
_7/ |Vu(k+1)|2R d.’IJ+/ RiC(VU(k+1),VU(k+1)> da

2 dt/ R(utk+1))2 dx—i—/ R2(uF+1)2 gz

(2.4) -3 /M Ay R(uk1)2

By the Ricci identity

(2.5) Viij = Viji — Rijui,
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we have
/M (Af)? da / fiijfj dz
= / (vijivj; — Rijvv5) dx
(2.6) = / v? dm—i—/ Rijviv; dx.
Note that

/fVR-Vfdz:—l/ f2AR dx,
M 2 M

hence (2.3) becomes

117

2dt/ (Vu* D2 dg + ( f—c/ \Vu(k+1)|2Rdx+/ (V2uHD)2 g

2.7)= AR [ |vukt)? /AR (B2 g,
M

which means that

d
dt

(2.8) < 22 / |Vau kD)2 dx+20/ |Vu* V2R d.
M M

/ |Vulk+1)|2 d:c+c/ AR(u*+D)2 gz

(2.2) tells us that

(2.9) 2

By (2.6) and the fact that
1
V22 (A
we get

(2.10) /M Ric(Vf,Vf) dr < (n—1) /M IV2f|? d.

By (2.4) and (2.10),

1 d

/ (D)2 da:+f—/ Va2 dp

)\(k) k+1)\2 2 (k+1)2

7/ (D) Rdm—i—(n—l)/ V22 g
2 M M

g[% / R(u* )2 dz + / R2(uF+1)2 dz)
M

c
2.11 - (k+1) / (k+1)2
(2.11) 5[ ot R

IN

+

/ (w2 dz < 220 (1) / (u Y2 dz + 2¢ / R(uF+1)2 dg.
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Lemma 2.1. We can choose a positive number § < %, such that for some con-
stant C > 0 depending on M = max{R(z,t) + |AR(z,t)||(z,t) € M x [0, 2]} and
Jar IVR? da(g(0)),
(2.12) /M lu V2 da(t) < C,t € [0, 4],
(2.13) / [VuFD 2 da(t) < C,t € [0,4],
(2.14) / (V2D 2 de dt < C,t € [0, 4],
M
(2.15) / / WY da(t) dt < Ct € [0, ).

Proof. We firstly show that (2.14) and (2.15) can be deduced by (2.12) and (2.13).
Integrate (2.7) with ¢ on [0, 4],

5
2/ / V2D 2 d dt
0o Jm

5
/ |Vh|? dx(0)+2/ /\(k>(t)/ |Vuk 0|2 da(t) dt
M 0 M
5 4
(2.16) +cM/ / (uF )2 dg dt+2cM/ / (V0|2 da(t) dt
0 M 0 M

Note the evolution of R, integrate (2.11) with ¢ on [0, 4],

2 /O ' /M (W02 dat) dt
[ 1vn a0y + / A0 [P an) a

5
(k) uF+Y) T (n— (k €
+M/0)\ (t)/M( TIN2Z da(t) dt + ( 1//|V2 12 da(t) dt

(2.17)  +c /M R(z,0)(u* )2 dz(5) + eM(M 4 1) /O /M (uF 2 dz dt.

By (2.12) and (2.13), after a suitable adjustment of C', we know
(2.18) AR () < telo,d).

By (2.12), (2.13), (2.16), (2.17) and (2.18), after a suitable adjustment of C, we get
(2.14) and (2.15).

Now we prove (2.12) and (2.13) by induction, we assume that for suitable § > 0
and C picked later, (2.12) and (2.13) are right for k. Integrate (2.9) with ¢, we get

t
/ kD12 dz < |h|2 dz(0) exp ( / 225 (1) + 2¢M) dt)
M M 0
(2.19) < / |h|? da(0)e2CHEMF2eM 4 ¢ [0, §).
M
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By (2.8) and (2.19), for t € [0, 4],

i |vu(/€+1)|2 dx

< M/ |h|2 d$(0)€(20+CM+2CM)t+(2C+CM+2CM) |vu(k+1)|2 dr,
M M

or

d .
7[/ |vu(k+1)‘2 d.’L‘e_(QC+CM+26M)t _M/ |h‘2 d.’L‘(O)f] <0,
dt M M
which means that for ¢ € [0, d],
(2.20) / VU2 g < / (h2 + MO|VA[2) da(0)e2C+OM+2eM)5.
M M
We choose § > 0 small so that for suitable constant C > 0,
/ (h2 + MS|Vh|?) da(0)e2CHCM+2eM)0 < ¢
M

By (2.19) and (2.20), we can see (2.12) and (2.13) are right for k£ + 1. O

3 Global existence
Let I" be the maximal subset of [0, 7)) such that (1.2) has a global solution

u € Loo(Fv Htl(M)) n LZZOC(F’ HtQ(M))
In this section, we shall prove that I' = [0,7"). The proof consists of three steps,
the main idea comes from [2, 8].

Step1 We will show that there exists a positive number § depending on [,, |[Vh|? dz(0)
and M, such that [0,6] C T.

We use H} (M), H?(M),L?(M) to denote H'(M), H*(M),L*(M) of g(t). By
Lemma 2.1, there is a subsequence of {u(®)} (still denoted by {u(*)}) and a function

u(w,t) € L>([0, 4], H; (M)) N L*([0, 0], H (M))

with dyu(z,t) € L*([0,6], L2(M)), such that u*) — « weak* in L>°([0, 6], H} (M)) and
weakly in L?([0,6], H?(M)). Then we have u*) — u strongly in L?([0, 0], H}(M))
and u(z,t) € C([0,6], LZ(M)). Hence A¥)(t) — A(t) strongly in L?([0,6]). Thus, we
get a local strong solution to equation (1.2) under the Ricci flow (1.1). So I' is not
empty.

Step2 Let u(x,t) be a solution to (1.2) on [0, ), where ty € (0,7, we assume
that
Ric(z,t) < N(to)g(z,t), (z,t) € M x[0,t0],

and
R(x,t) < M(tg), (xz,t) € M x[0,t0],
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for some constants N (tg), M (to) depending on t.
We can compute as

d
7/ e dx+2/ (Au)? dx—QA(t)/ Vul? do
dt Jur M M

(31) = 2/ Ric(Vu,Vu) dr + (2¢ — 1)/ R|Vul? dx—c/ ARu? dz.
M M M
Note that
(3.2) (/ Vuf? dz)? = (—/ wAu dz)? g/ (Auw)? da.
M M M
For t € [0,10),

d
%/ |Vul|? de < D/ |Vu|? do + cM(to),
M M

where
D = (14 2¢)M(to) + 2N (to),

or

7ch§t0) ye~ Pt <o.

d 2

V d
G vup do+ <
So for t € [0, tg),

(3.3) /M |Vu|? de < [/M IVh|? da(g(0)) + %ﬁto)]e&e . %.

D
Similar to (2.7) and (2.11), we have
875/ |Vu|? dx—l—Q/ |V2u|? dx
M M
(3.4) < 2)\(t)/ |Vul? dm—l—ZC/ R|Vul? dx—c/ ARu? dz,
M M M

/( )2 dr + Bt |Vu|2 dm+2 Oy Ru? dx

/R dx + ( n—1/|V2u|2da:
a 2,2
(3.5) +2[dt/ Ru? d:v—f—/MR u® dx].

By (3.3), (3.4) and (3.5), we conclude that there exists a constant C' depending on
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Jas IVR|? dz(g(0)) and to, such that for ¢ € [0, ),

(3.6) / Vul? dz < C,
M

(3.7) at/ |Vul? de < C,

M

(3.8) / |V2u|? de < C,
M

(3.9) / (up)? dx < C.
M

So for ty € (O,T), if [O,to) c I, then [O,to] cr.

Step3 Assume that [0,t] C T, from Step 2, we know that [, [Vu|? dz(g(to))
is bounded. Now follow the procedure in Step 1, we will get a local strong solution
to (1.2) under the Ricci flow (1.1) on [tg,to + d) for 6 > 0 small enough depending
on [, |Vul|? dz(g(to)) and max {R(z,t)|(z,t) € M x [to, L]}, Which means that
[to,to + 5) crT.

As a subset of [0,T), I' is not empty, moreover, it is both open and closed, so we
conclude that I' = [0,7") and Theorem 1.1 follows.

4 Uniqueness

We assume that u, v are two solutions to (1.2) with initial value h,,, h, under the Ricci
flow (1.1). Then,

%%/M (u—v)? do = /M [(uw—v)(us —vy) — %(u —)%R] dx

< - /M |V (u—v)|* do+ /M (u—v)( Ay (t)u — Ay (t)v) dz
(4.1) +c /M R(u —v)? dz,
where )
Au(t) = /M |Vu|? do + (5 —c) /M uw?R dz,
and
2 1 c v?R dx
Av(t):/va\ dr+ (5 )/M R da.
Note that
/ (1= 0) O (B — Ao (£)0) d
M
= (Au(t) = Au(t)) /M (u—v)u dx + Ay (t) /M (u—v)? dx
42 < O =A@ o )] [ -2 e
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and
MO=AOF = | [ (VP =9y det (5-0) [ (=R o
< [ V@=u)l(vul +|ve) da:+|%—c| /M (? — v?)R dz
uw—v)|? dz)'/? U v])? dz)'/?
< </M|V( )2 d) (/Muvmv )? de)
(4.3) +% _ c\(/M (1 — v)? dx)1/2(/M (u+v)R)? da)V/2.

From Section 2, we knovv that for every to € (0,T'), there exists a constant C' depend-
ing on [, [Vhy|* dz(g(0)), [5, [Vho|* dz(g(0)) and to such that

IR(z,t)] + |AR(z, t)| < C, (z,t) € M x [0, to],

/ |Vu|? do < 07/ |Vo|? dz < C,t € [0,tq],
M M

and
[Au(®)] < C, A (t)] < C,t € [0,%0].
Together with (4.1), (4.2) and (4.3), we get that on [0, to],

1d

1a 2 oy < )2
5 7 /M (u—wv) dr < (3c+3)C | (u—v)°dz,

M

and we conclude that
(4.4) / (u—v)? dx < / (hu — hy)? dz(g(0))e O e [0, t0].
M M

Further more,

2
2dt/|Vu v)|* dx

< —/M|V2(u—v)|2 dx+/M V(u—v) - V(B — Mo(t)0) da
(4.5) +c/M RIV(u—) dz — g/M AR(u— v)? da,
and
/ V(u =) - VOu(t)u — Ao (t)0) d
— () — /Vu—v) Vu dz + Ao / V(u - 0)|? dz
< alt) = AN /M Val? da)! ([ V(=) do)'/?

(4.6) H)\U(t)|/M\V(u—v)|2 dz.
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By (4.3) and (4.4), we know that for ¢ € [0, to],
A (t) = A(t)] < Q\FC(/ IV (u—0)|? dz)*/? + (1 4 2¢)CV D330t
M

where

D= [ (= n)? de(g(0)).
M
Hence we get the following differential inequality on [0, ¢o],

1d

D
X = BHo0X(E)+(1+ 2¢)CVC DB+t /X (1) + %B(Gcw)m
(4.7) < (A+)CX(t) + [1 2200 + 2]0D6(6c+6>0t,
where
X(t) = |V (u—v)|? dx,t € [0,10].

M
Now we begin to prove Theorem 1.2.

Proof. when h, = h,, by (4.4),

/M(u—v)2 dx = 0.

X(t) < X(0)eB+2C — 0, te0,4].
Sou=w, t€]0,tp], Theorem 1.2 follows for the arbitrariness of to € [0,T). O

By (4.7),

5 Elliptic type gradient estimate

Maximum principle is an important tool in geometric analysis, we can refer to [12,
13, 16] and the references therein. In this section, by using maximum principle, we
will prove elliptic type gradient estimate for positive solutions to (1.2).

Let u be a positive smooth solution to (1.2), f = logwu, then f satisfies

(5.1) fi=Af+|VF2+ X+ cR.
Let
(5.2) w=|VfP1-f)2

By the Ricci identity (2.5), we can compute as follows,

Ow = [2Vf-VAf+2Vf -VIVF?+2cVf-VR+2Ric(Vf, V(1 - )2
(5.3) R2AVIP(Af+ VP +A+cR) (1 - f)72,

(54) V= VIV - ) +2VfP0 - )7V,
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and

Aw = AVf-VIVPA - +6|VA A - f) 200V PA- )7
(5.5) +2|V2f2 +2Vf - VAS +2Ric(Vf, V)1 - )72

By (5.2), (5.3), (5.4) and (5.5),

Oy —Nw = 2fw?+(2—4(1— f)"HVf -Vw+2cVf-VR(1 — f)2
F2A(1 = )T = 2[V2 (1~ )7 + 2cRw(1 — )7,

or

(0r — ) (tw)
= 2fw? +(2—4(1— f)y ")tV -Vw +2Vf-VR(1 - f)~2
(5.6) +2tA(1 — )" tw — 2t|V2f2(1 — f)72 +w + 2ctRw(1 — )7L

For Tp,0 < Ty < T, let (xo,to) be the maximal point of wt on M x [0,Tp],
we assume the maximum value is positive and so ¢y > 0, then at (z,to), we have
(O — A)(tw) > 0, and V(tw) = 0. Since f < —1, by (5.6), we get that at (xq, %),

t(1 — Hlw? < —2ftw?
< w201 — ) tw + 2et(1 — f) "2V VR + 2ctRw(l — )71

Note that
(1= f)?Vf-VR+(1—f)"wR< (1-f)"VVR],

so at (xo,to),
(tw)? < (1 4 2XTp)tw + 2¢GTE,
in particular, for all x € M,
Tow(z, Ty) < tow(zo,to) < 1+ 2XTh + V2¢GT,

S0
1

(5.7) w(z, Tp) < T + 2\ + V2cG.
0

For the reason that Ty € (0,T") is arbitrary, we get (1.6).
In order to show the Harnack inequality, let’s consider the minimal geodesic y(s) :
[0,1] — M, so that v(0) = x2,v(1) = z1, by using (1.6), we have
L= f@nt) (A= fO(s)) [ =7 VS
In————= = ds = ————ds
1_f($2at) ds 0 1_f(7(8)7t)

0
1
, [Vul /1
— —  ds< 42X 2¢G.
; h‘u(l—lnu) s < r(xy,x2) ; + 2\ + V2cG

This inequality means (1.7) is right.
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