Connections on 2-osculator bundles of
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Abstract. The geometry of the second order osculating bundle Osc?M,
is in many cases determined by its spray and the associated nonlinear
connection. For a Banach manifold M, we firstly endow Osc?M with a
fiber bundle structure over M. Three different concepts which are used in
many finite dimensional literatures, that is the horizontal distributions,
nonlinear connections and sprays are studied in detail and their close
interaction is revealed. Moreover we propose a special lift for a connection
on the base manifold to Osc?M.
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1 Introduction

The second-order osculator bundle of a smooth Banach manifold M, denoted by
Osc? M, consists of the space of all equivalence classes of curves on M which agree up
to their accelerations. This natural extension of the tangent bundle T'M was studied
by numerous authors in finite and infinite dimensional cases ([1], [6], [3], [7], etc.).

There are two different approaches in higher order geometry literatures. The first
one considers Osc2M as a fibre bundle over M, and the research mainly focuses on
the study of Lagrangians, Finsler structure, second order differential equations, sprays
and prolongations on Osc?M. This approach includes many references which consider
finite dimensional manifolds ([1], [2], [6] and their references). The second approach
includes those works which introduce the second order tangent bundle as a vector
bundle over M and is the subject of study for both finite and infinite dimensional
cases (3], [4], [7]).

As a part of a continuous research in higher order geometry, we shall extend the
first framework to the infinite dimensional case of Banach manifolds. Moreover our
results are susceptible to be extended to the non-Banach case. However a connec-
tion between the two approaches appeared in [8] and reveals the necessity of further
research on this subject.
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In the present paper, we first endow Osc?M with a Banach manifold structure
which simultaneously offers a fibre bundle structure for 7 : Osc?M — M. Then
we deal with different geometric tools, mainly related to connections, on this bundle.
We first introduce the notion of horizontal distribution on Osc?M, and further the
connection maps as well as their correspondence with horizontal distributions and
nonlinear connections.

The next part deals with sprays on Osc?M. For a Banach manifold we define
the concept of the 2-spray as a vector field on Osc>M that obeys a special condition
determined by the Liouville vector field and a 2-tangent structure. The local behav-
ior of a 2-spray and its relation with connection maps (and consequently nonlinear
connections) are subsequently studied in detail. We finally introduce a special way
to lift connections from the base manifold M to Osc?M. All the maps and mani-
folds are assumed to be C'*°. However, if necessary, we may suppose less degrees of
differentiability. Moreover, whether a partition of unity is needed, we consider our
manifolds to be partitionable (see also [7]).

2 Preliminaries

Let M be a manifold modeled on a Banach space E. For x € M define

Cy:={f| f:(—€,e) — M ; f is smooth and f(0) = z}.
As a natural extension of the tangent bundle define the following equivalence relation.
The curves f,g € C, are said to be 2-equivalent iff f/(0) = ¢’(0) and f”(0) = ¢’’(0)
and we write f ~, g. Define Osc2M := C,/ ~, and the second osculating bundle of

M to be Osc?M := |, ¢, Osc2 M. Denote the representative of the equivalence class
containing f with [f], and the canonical projection 7 : Osc?M — M which sends

[f]z to z.
Let A = {(Uy,¥a)tacs be a C* atlas for M. For any « € I define

Ve 7 (Ua) — Un X E X By — (Y0 07)(0), (e 07)(0), 5 (e 02)"(0)).

Theorem 2.1. The family B = {(771(U,), Vo) }aer defines a manifold structure for
Osc®* M, which models it on E x E x E.

Proof. Clearly ¥, is well defined and | J, o, 7~ YU, = Osc?M. W, is surjective, since
for any (x,£1, &) € ¥a(Uy) x E X E, the curve v := ¢! o with §(t) = z + & +t2&
is mapped to (z,&1,&) via ¥,. It is easily seen that U, is also injective. For any «
and € I with Uyp = Ua N Ua %+ & the overlap map

v, L 5(Uap) X EXE — 0o (Uap) X Ex E
is given by

Voo Ul (2,61,82) = VYal[Va) = (Ve ©7)(0), (Ya ©7)(0), 3 (tha ©7)"(0))
= ((tha © 7% 09)(0), (ha 015" ©7)(0), 5(tha 095" ©5)"(0))
= (Yap (@), dpap(x)€1, dipas()E2 + 5d*Vap(2)(61,£1))

where Yg(z0) = @, Yap = Yo © 1/)5_1, d* = d(d) means the second order differential,
and y(t) = x + t& + t2&. O
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Due to the transition functions of the bundle (7, Osc>M, M), we can see that
generally 7 is a smooth fibre bundle.

Remark 2.1. Osc?M can be considered as a subbundle of the fibre bundle o :
TTM — M with o(x,€,y,m) = x. In fact Osc?M is locally made of those elements
(x,&,y,n) with the property £ =y ([7]). Moreover, (o, TTM, M), and consequently
(m,0sc*M, M), admits a vector bundle structure if and only if M it is endowed with
a linear connection [3, 7, 8].

By using the transition functions for the bundle 7 : Osc?M — M, we can
compute the transformation rule of natural charts for TOsc?M as follows

T, 0 W5t (x, &1, 62,9, m,72)

= (Yas(@) , dbas(@)81 , dap(2)E + EPas(@)(E,61)

dYap(@)y  dbap(x)m + d*Pap(r)(E1,y)

Ao (@02 + o (2)(E2,9) + oo () (€1, m) + Fd s (@) (61, 61.9) ).

(2.1)

3 Distributions, connection maps and sprays

In this section we discuss in detail the relationship between various definitions of a
nonlinear connections on 7 : Osc?M — M. We shall hereinafter denote Osc?M by
E.

3.1 Distributions

The vertical subbundle of 7 : E — M, denoted by Vr, is Vo = U,cps Vaur
where V,m = kerd,r for u € E. Locally, on a bundle chart (¥, 7~(U)), dr maps
(x,&1,&,9,m,12) onto (z,y) where z,y,&,n; € Efor 1 <i < 2. It is easily seen that
the elements of V,,7 locally have the form (x,&1,&2,m1,72) and V7 is a subbundle of
T7p : TE — E with fibres of type E x E.

Definition 3.1. A nonlinear connection on 7 is a smooth subbunlde H7w of TE such
that at every point w e E, Vyn & Hyw =T, F.

Let v: TE — Vm and h : TE — H7 be the natural vector bundle projections.
Smoothness of a nonlinear connection means that for any vector field X on F, ho X
is a smooth map. Let (77!(U,), ¥4) be a chart of E. Since v, := v|y, is continuous

and linear on fibres, there exist the local maps J{IQ, J%Za: U, (Uy) — L(E,E) given by
Vo : Uy x B> — U, x E*
(0,60, G0 ) — (0,60,63 0,1+ No (261,601, m+ N (2,61,€2)0)
for any (z,&1,&;y,m,1m2) € T, E. ]ifa and ]%[a are the local components of the con-

nection for the given local chart (U, ¥,,) and the sign ”+” is conventional. Moreover,
since v @ h = id, we have

ha(%fl;f%%ﬁlﬂh) = (xa€17£2;y7 - J%/va (xa€17£2)ya_ ﬁfoc (xvfla€2)y)'
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12 12
The compatibility condition for { N o, No} and {Ng, No} on different charts (7 (Us)
,\I/a) and (7T_1(U,g)7 \Ilg) with U, N U, # &, is a consequence of the equality

VaoT(WooWgl) =T(Ws0W5!)ovg.

A short computation shows that

(3.1) pas () [N5 (w)y] =N (0 )dibas (1) + () (E1, )

and

Aap (@) N5 @] + Plas@) (€ Ns (9) = Na () + 30 as(@)(€1,61,9)
(3.2) a1 () (2, )

where u = (2,¢1,6) and 0’ i= (Yas (@), dap(0)61, das (0)€2 + $d*0as(@)(61,61))-

3.2 Connection maps

Another known and useful definition for connections due to different literatures is
the concept of connection map [1]. We associate to a nonlinear connection on the 2-
osculator bundle its connection map. It will be proved that the kernel of a connection
map is a nonlinear connection.

As a first step we introduce on E the ”2-tangent structure”, introduced for the
finite dimensional case by Miron [6].

Definition 3.2. A 2-tangent structure on E is a C*°(E)-linear map J : X(E) —
X(E) s.t. locally on a chart (¥, 7~ 1(U,)),it is given by

Ja(x7£17§2;y77]1a772) = (33’51752;07%771)-
Proposition 3.1. The map J is globally defined.

Proof. 1t suffices to show that on the overlaps J, 0o TV,3 = TW¥,5 0 Jz. Using the
above definition and equation (2.1) we get

Joro TWap(@, &1, &0:9,m,m) = (Vas(@) , dbas(@)és . dibap(@)ée
45 PUap(@) (€0, 60)5 0 dbas(@y , dias(@m + Piiap(@)E,y)
=TVap0 Jg(@,&1,€25 9, M, n2),
which means that J can be considered as a global map. O
Now we state the following

Definition 3.3. A connection map on 7 : E — M is a vector bundle morphism
K= (Kl,’CQ) : (TE,TE,E) — (TMEBTM,T]VI @TM,M@M)

such that Ky 0 J = K1 and Ky 0 J? = 7.
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The property Ky o J = 7, is directly follolows from the above definition, since
Te =KyoJ?=(KyoJ)oJ =Ko

We now introduce the local representation of the connection map K. On a chart
(U, ¢), since K is a vector bundle morphism, we have

K:|U(x7§1a€27y7070) = ($7K1|U($751752,y,070)) @ (%’C2|U($,§17§27?Ja0»0))
= (@M (56,6)9)© (5, (2,6,6)y)

where .
M:UxXExE— LEE) i=1,2

Using the properties of connection maps, we get

K|U(x7£17£2707n170) = ($7’C1|UOJ(xvglvf%nlvO?O))
& (x, K|y o J(2,£1,€2,m,0,0))
= (xaﬂ-*(m7£17§277717030)) 2] (m7lcl(xa€17£27n17070))

= (307771)69(x,]\14(m7§1,§2)771)

and

Klo(z,£1,62,0,0,m2) = (2,Kilu o J(x,&1,€2,0,12,0))
& (z, Ka|v o J2 (2, €1,2,m.,0,0))
= (z,m(2,£,8,0,m2,0)) ® (2, 7 (x, &1, €2,m2,0,0))
= (2,0) @ (z,n2).

As a consequence of the above computations, we have the following

Theorem 3.2. The local expression of K = (K1,Ks2) is given by

Kl(x7§13§2;y77717772) = (377771"‘ ]\14 (x7€1u§2)y>
ICQ(xaglaEQ;yﬂ?l?nQ) = (man2+ ]\24 (xa§1552)y+ ]\14 (33,51752)771)

for any (2,81, 825y, m,m2) € T E.

Proof. The result is a direct consequence of the above computations. More precisely,
we have

K|U(x7§1752§y7771»n2) = K|U{(u;y,0,0) (u 0 n, ) (u 0,0, 772)}
— (2, M (w)y) & (w, M (w)y) + (=, OR M (u)m) + (2,0) & (2,7)

= (@, m+ M (z,61,8)y) @ (z,m2+ M (2,61, &)y+ M (z,&,8)m).
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12
To obtain the compatibility conditions for M, M we verify the equality T¢as ©
Kig = Kio 0 TUqg, for 1 < i < 2. A key step in obtaining these conditions is the
equality (2.1). In fact

(33)  dvas(@)(€0,9)+ Ma (0)dbas(@)y = diap(z) M ()y
and

Wpas() M (3,60,6,)y = Ma () dbap(@)y+ Ma (0)(dYas(@)(E1,9))
(3.4) +d2ap(@) (€, ) + %d%ﬁ(m(sha, )

holds true.

Proposition 3.3. Let K be a connection map on w: E — M. Then K determines

1 1
a nonlinear connection for which No=M, and

(35) N (260, &)y =Ma (2,61, 62)y— Mo (2,1,6)[Ma (2,61,6)y).

Proof. These local components defined by the above equations produce a nonlinear
connection if and only if they satisfy the equations (3.1) and (3.2). The compatibility

1 1
condition for N, and Ng immediately follows from equation (3.3). The rest of the
proof is a verification of (3.2) as follows.

Do () [N 5 ()y] = dibop () Mo (w)y — dibas (2){ Mo (u)[Ma (u)y]}
Mo (W) dtbas (2)y+ M () (A2 as(@)(€1, ) + d2Pas(2) (€, )
458 aa () €, €,9) — Pihas (@) (€1, M5 (05)— Ma () Pbas(@)(€1,1)

b Ma (0)[Ma ()dibas(z)y]
=N () ()9 + P () (€2,) + 58 () 61, 0,0)

2o (2) (1, Mp (w)y).
O

The next two propositions reveal the mutual relation between connection maps
and connections as distributions.

Proposition 3.4. The kernel of KC is Hm where Hmw is the horizontal distribution
determined by the components obtained form proposition (3.3).

Proof. Let X,, := (x,&1,&259,m,m2) € Ty E. Then K(X,) = 0 if and only if n; =
1
— M (u)y and

N2 = —]\24(u)y—
= 7( Jif (u)y+

Ze S
=
=
Il
|
e
=
Neg
+
zb—‘
=
=
=
=,



Connections on 2-osculator bundles of infinite dimensional manifolds 113

which means that X, € H,m. Conversely, we suppose that X, € H,7 or

1 2
Xu = (37,51752;97 - N (’U/)y7 N (u)y)
Then it is easily seen that K(X,) = 0. O
Computation similar to that in theorem 3.5 shows that:

Proposition 3.5. Let N be a nonlinear connection on w. Then one can associate a

1 1
connection map with the local components Mo=N. and
2 2 1 1
(36) Ma (xa 51) 52)y :Na (.’IJ, 517 52)y+ Noz (l’, 617 g?)[NOé (I, 617 52)y]

3.3 2-Sprays and Nonlinear connections on Osc?M

Another geometric tool ([5], [6]) is the concept of spray. Consider the Lioville vector
field I'y : B — T'E mapping (,&1,&2) to (z,81,82;0,&1,282). It is not hard to show
that if M admits a partition of unity then I'y is a global vector field.

Definition 3.4. A 2-spray on 7 : F — M is a vector field S on E with the property
JS =Ts.

Note that the notion of spray defined by Lang [5] contains the requirement of ho-
mogeneity for local components. More precisely Lang considered those homogeneous
sprays, on T'M, which associate to linear connections on M.

Theorem 3.6. A 2-spray S on a chart (1=1(Uy), ¥,) is locally given by

Sa(x,61,&) = (2,61, 861,262, —3Ga (2,1, &2))
for some smooth mapping G,, : Uy, X EXE — E.

Proof. Consider the chart (771(U,), ¥,) for E and restriction of the vector field S,
say Sy, to this chart. There exist the smooth functions f; : U, x E x E — E,
1 <4 < 3, such that

Sa(w,&1,8&) = (%51,527fl(u)afz(“)vfs(u)> ;ou=(r,6,8) €Uy xEXE.

Since J o S = Iy then fi(7,&1,6§2) = &1, fo(2,61,82) = 26 and f3(,61,82) =
—3Ga(x,&1,&) for some smooth function

Go:Uy xEXE — E.

The technical coefficient 3 is necessary to avoid extra heavy coeflicients in the com-
patibility conditions (which holds in higher order geometry as well). To compute the
compatibility condition for S, and Ss on overlaps we first note that

A

Sa O\I}aﬂ(xvfla€2> = (wozﬂ(z) ) d"/’aﬁ(x)gl 3 dwaﬂ(x)§2 + %dzwaﬁ(x)(flafl) ;
dap(@)é1 , 24, 3Ga (Vs (@), dtas(2)E1, A) ).
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After some computations we obtain the following compatibility condition

3G (Yas (@), dap ()61, A) = Bhap(2) (€0,60) + 5 Wapl®) €1, 61,9)
3o (2)[ G, 0,62)] + s (2) 1, 262)
(37) = 8 () (€2,60) + 58 Yas(@)(E1, 61, 60)
—3dvap(2)[Gp(7, &1, 62)]-
U

For a given 2-spray S on M, one can associate a connection map, and consequently
a nonlinear connection on T2M, in the following way.

Proposition 3.7. Let S be a 2-spray with the local components {Sq}acr. Then

]\1404 (x7§1a§2)y = 83Ga<x7§1,§2)y and Z\Za(x7§1a§2)y = 62Ga($,§1,§2)y RS 1

are the local components of a connection map on T?>M.

1 2
Proof. Tt is enough to show that A and M satisfy the equations (3.3) and (3.4)
respectively. If o, 3 € I and U, NUg # @ then for every (x,&1,&2,y) € Uap X E? we
have

o () M (2, 60,62)y = dipas ()G, 61, £2)y

= dipas(@)limi—o(Go(w, 61,62 + ty) = Golw,€1,€2)) /1

= limyo (Atbap(@)Ga(w, €1, €2 + ty) — dibap(2)Galw,61,62)) /1
2 0Ga (W )dtbas @)y + Ptap(@) 1, v)

=Ma (&)y + PYas(@)(E,0).

where in (*) we used the equation (3.7). In a similar way the compatibility conditions

2
for M can be proved. O

3.4 Lifting of connections

The aim of this section is to provide a way to lift a linear connection from the base
manifold M to a connection map (and consequently to lead to a connection by propo-
sition (3.3)) on the bundle 7 : E — M.

Theorem 3.8. Let V be a linear connection on M with the local components {T' }acr-
Then there exists a nonlinear connection on E which only depends on V.

Proof. Suppose that V is a linear connection on M. For a € I define

Ma (2,60)y = Tu(2)[1,9]
Ma (2,61,6)y = {01 Ma (2,61, E0)+ Ma (2,6)[Ma (2,6)5]}+ Ma (2,6)y
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where {T'y}aer are the local components associated to the linear connection V.
1 2
Clearly the introduced local maps M and M depend only on the connection V. To

prove that the pairs { 1\14 s ]\24 o tacr are the local components of a connection map, it
suffices to show that they satisfy the compatibility conditions (3.3) and (3.4). The
relation (3.3) is a direct consequence of the compatibility condition for the local forms
of the connection V ([7])

dap(2)Ts(2)[€ Y] = P Yap()(y, ) + Ta(tas (@) [das(x)E, dipas(z)y).

For more details we refer the reader to [7], [9] or [10]. The second equality holds due
to the fact that

Aas(@)01 My (2,60)(1,61) = dVap(@) (€1, €1,9) — dPape) (€1, M (2,60)y)
+ Mo (Vas(@), das ()61 ) Pbas(2) €1,9)
+ Mo (ap(o), das(@)(E, ) ) dbap(e)y
01 Ma (Yas(@), dtas(@)61 ) [d0as (@), diras(@)61]
and
Ao (2) Mo (2) (&1, Ma (2.61,9)) =M (Vo @), dinp(2)61) oo (2)(E1.1)
4 Mo (Vas(0), das(@)61) Mo (a5 (2), das(@)6: )dbas(@)y
s (o) (6,05 (2,60)y).

As a consequence, we get

dwaﬁ(x) ]\245 (x7£1>§2)y = %{dwaﬁ(x)al ]\145 (xagl)(lﬁgl)

+dpas(2) ]\ifﬁ (55751)[&[;3 (@,&)yl} + dbap () J\lﬂi (2, &2)y
= s () (€, 60,9) + (@) (€2, 9) Mo (s (z), dbiap(@)6 ) Poas(2)

(60,0 + Mo (Yap(0), dhas (@), dbas (@) + Pibap() (€1, 60) ) dbas @)y

which completes the proof. O
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