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1 Introduction

Duggal and Bejancu [4] introduced the geometry of lightlike hypersurfaces and sub-
manifolds of semi-Riemannian manifolds and further studied by many authors. The
theory of lightlike geometry have significant applications in general relativity, particu-
larly in black hole theory. On the other hand significant uses of the contact geometry
in differential equations, optics, and phase spaces of a dynamical system [1, 8, 9] and
very limited specific information available on its lightlike case motivated the authors
to do work on the geometry of lightlike submanifolds of indefinite Sasakian manifolds.

Let M be a Sasakian manifold with almost contact structure (¢,7,V) and M be a
Riemannian manifold isometrically immersed in M such that the characteristic vector
field V is tangent to M. Then M is called an invariant submanifold if ¢(T, M) = T, M,
for every p € M, where T, M denotes the tangent space to M at the point p. M is
called an anti-invariant submanifold if ¢(7,M) C (T,M)* for every p € M, where
(T,M ) denotes the normal space to M at the point p. As a generalization of invari-
ant and totally real (anti-invariant) submanifolds of almost contact metric manifolds,
slant submanifolds of Sasakian manifolds were introduced by Lotta [7] and further
studied by Cabrerizo et al. [3]. Recently Sahin and Yildirim [13] introduced slant
lightlike submanifolds of indefinite Sasakian manifolds and we in [11] studied the non
existence of totally umbilical proper slant lightlike submanifold of indefinite Sasakian
manifolds. In this paper, we derive some characterization theorems on minimal hemi-
slant lightlike submanifolds. Finally, we obtain some characterization theorems for
the nonexistence of warped product slant lightlike submanifolds of indefinite Sasakian
manifolds.
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2 Lightlike submanifolds

Let (M, g) be a real (m-+n)-dimensional semi-Riemannian manifold of constant index
gsuch that m,n>1,1<¢g<m+n—1and (M,g) be an m-dimensional submanifold
of M and g the induced metric of § on M. If § is degenerate on the tangent bundle
TM of M then M is called a lightlike submanifold of M. For a degenerate metric ¢
on M, TM* is a degenerate n-dimensional subspace of T, M. Thus, both T, M and
T,M* are degenerate orthogonal subspaces but no longer complementary. In this
case, there exists a subspace RadT,M = T,M N T,M~+ which is known as radical
(null) subspace. If the mapping RadTM : x € M — RadT,M, defines a smooth
distribution on M of rank r > 0 then the submanifold M of M is called an r-lightlike
submanifold and RadT M is called the radical distribution on M, (for detail see [4]).

Let S(TM) be a screen distribution which is a semi-Riemannian complementary
distribution of Rad(TM) in TM, that is,

(2.1) TM = RadTM LS(TM),

and S(TM+) is a complementary vector subbundle to RadT M in TM*. Let tr(TM)
and ltr (T M) be complementary (but not orthogonal) vector bundles to TM in TM |y
and to RadTM in S(TM*)* respectively. Then we have

(2.2) tr(TM) = ltr(TM) LS(TM™).

(2.3) TM |yy=TM @ tr(TM) = (RadTM @ ltr(TM))LS(TM)LS(TM?1).
For quasi-orthonormal fields of frames, we have

Theorem 2.1. ([4]). Let (M, g,S(TM),S(TM™*)) be an r-lightlike submanifold of a
semi-Riemannian manifold (M ,g). Then there exists a complementary vector bundle
ltr(TM) of RadTM in S(TM*)* and a basis of T'(ltr(TM) |,)) consisting of smooth
section {N;} of S(TM*L)1 |, where u is a coordinate neighborhood of M, such that

(24) g(ng]):&l]a g(NlaNJ):O? fOT' any i7j€{172a"7r}7
where {&1, ...,& } is a lightlike basis of T'(Rad(TM)).

Let V be the Levi-Civita connection on M. Then, according to the decomposition
(2.3), the Gauss and Weingarten formulas are given by

(2.5) VxY =VxY +h(X,Y), VxU=-ApX +VxU,

for any X, Y € I'(TM) and U € T'(¢tr(T'M)), where {VxY, Ay X} and {h(X,Y),
V% U} belongs to I'(TM) and T'(tr(TM)), respectively. Here V is a torsion-free
linear connection on M, h is a symmetric bilinear form on I'(T'M) which is called the
second fundamental form, Ay is linear a operator on M, known as the shape operator.
According to (2.2), considering the projection morphisms L and S of tr(TM) on
ltr(TM) and S(T M), respectively then (2.5) becomes

(2.6) VxY =VxY +h(X,Y)+ h*(X,Y),
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(2.7) VxN = —-AyX + VN + D*(X,N),

(2.8) VxW = —Aw X + V5 W + DX, W),

where we put h(X,Y) = L(h(X,Y)), B*(X,Y) = S(h(X,Y)), VA& N = L(VLN),
W = S(VxW), D¥(X,N) = S(VxN) and D{(X,W) = L(V{W), for any
X € I(TM), N € T(itr(TM)) and W € T(S(TM*1)).
As k! and h*® are T'(Itr(TM))-valued and T'(S(TM1))-valued respectively, there-
fore they are called as the lightlike second fundamental form and the screen second
fundamental form on M. Using (2.2)-(2.3) and (2.6)-(2.8), we obtain

(2.9) g(h*(X,Y), W) +g(Y, D' (X, W)) = g(Aw X Y),

for any X, Y e I(TM), W € L(S(TM*1)) and N € T(ltr(TM)).
Let P is a projection of TM on S(TM). Now, we consider the decomposition
(2.1), we can write

(2.10) VxPY = VXPY +h*(X,PY), Vx&=—-A{X+ V¥,

for any X,V € T(TM) and ¢ € T(RadT M), where {V% PY, A{X} and {h*(X, PY),
V3E} belongs to I'(S(TM)) and I'(RadTM), respectively. Here V* and V¥ are
linear connections on S(T'M) and RadT M, respectively. By using (2.7), (2.8) and
(2.10), we obtain

g(hl(X’ PY))&) = g(AZX, py)v g(h*<X7PY)’N) = g<ANXa pY)

Definition 2.1. An odd-dimensional semi-Riemannian manifold M is said to be an
indefinite almost contact metric manifold if there exist structure tensors {¢, V.7, g},
where ¢ is a (1, 1) tensor field, V' a vector field, called characteristic vector field, n a
1-form and g is the semi-Riemannian metric on M satisfying (see [2])

(2.11) P*X =X +n(X)V, nop=0, ¢V =0, nV)=1.

(2.12) g(0X,9Y) = g(X,Y) = n(X)n(Y), g(X,V)=n(X).

for X,Y € I'(TM), where TM denotes the Lie algebra of vector fields on M.
An indefinite almost contact metric manifold M is called an indefinite Sasakian
manifold if (see [6]),

(2.13) (Vxo)Y = —g(X, )V +n(Y)X, and VxV = ¢X,
for any X,Y € I'(T'M), where V denote the Levi-Civita connection on M.

3 Slant lightlike submanifolds

A lightlike submanifold has two distributions, namely the radical distribution and the
screen distribution. The radical distribution is totally lightlike and it is not possible to
define angle between two vector fields of the radical distribution where the screen dis-
tribution is non-degenerate. There are some definitions for angle between two vector
fields in Lorentzian setup [10], but not appropriate for our goal. Therefore to intro-
duce the notion of slant lightlike submanifolds one needs a Riemannian distribution.
For such distribution Sahin and Yildirim [13] proved the following lemmas.
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Lemma 3.1. Let M be an r-lightlike submanifold of an indefinite Sasakian manifold
M of index 2q. Suppose that ¢RadT M is a distribution on M such that RadTM N
¢RadTM = {0}. Then ¢ltr(TM) is a subbundle of the screen distribution S(TM)
and ¢ltr(TM)NpRadT M = {0}.

Lemma 3.2. Let M be an r-lightlike submanifold of an indefinite Sasakian manifold
M of index 2r. Suppose that dRadTM is a distribution on M such that RadTM N
¢RadT M = {0}. Then any complementary distribution to ¢pltr(TM)® ¢(RadT M) in
screen distribution S(TM) is Riemannian.

Definition 3.1. ([13]) Let M be an r-lightlike submanifold of an indefinite Sasakian
manifold M of index 2r. Then we say that M is a slant lightlike submanifold of M if
the following conditions are satisfied:

(A) RadTM is a distribution on M such that ¢RadTM N RadT M = {0}.

(B) For each non zero vector field X tangent to D =D L {V}at2z €U C M, if X
and V are linearly independent, then the angle 6(X) between ¢X and the vector
space D, is constant, that is, it is independent of the choice of x € U C M and
X € D,, where D is complementary distribution to ¢itr(TM) ® ¢RadT M in
screen distribution S(TM).

The constant angle 6(X) is called the slant angle of the distribution D. A slant
lightlike submanifold M is said to be proper if D # {0}, and § # 0, .

Then the tangent bundle TM of M is decomposed as
(3.1) TM = RadTM LS(TM) = RadTM L(¢RadTM & ¢ltr(TM))LD,
where D = DL{V'}. Therefore for any X € I'(T M), we write
(3.2) pX =TX + FX,

where T'X is the tangential component of ¢X and FX is the transversal component
of X . Similarly for any U € I'(¢tr(TM)), we write

(3.3) ¢U = BU + CU,

where BU is the tangential component of ¢U and CU is the transversal component
of ¢U. Using the decomposition in (3.1), we denote by Pi, Py, Q1, Q> and Q- be the
projections on the distributions RadT M, ¢RadT M, ¢ltr(TM), D and D = DLV,
respectively. Then for any X € I'(T'M), we can write

(3.4) X =P X +PX +Q:1 X +QaX,

where Q2 X = Q2X + n(X)V. Applying ¢ to (3.4), we obtain

(3.5) 60X = OPLX + 6PoX + FQ1 X + TQsX + FQo X.

Then using (3.2) and (3.3), we get
¢P\X = TP X € [(¢RadTM), ¢PsX = TP, X € I'(RadTM),
FPX = FP,X =0, TQ.X € T(D), FQ,X € D(itr(TM)).
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Lemma 3.3. Let M be a slant lightlike submanifold of an indefinite Sasakian manifold
M then FQ2X € T(S(TM™Y)), for any X € T(TM).

Proof. Using (2.2) and (2.4), it is clear that FQ,X € T'(S(TM*1)), if and only if,
§(FQ2X, &) = 0, for any £ € I'(RadT'M). Using (2.11), (2.12) and (3.5), we have
G(FQ2X,8) = (X —pPIX P X —FQ1 X -TQ2X,§) == —g(PA X+ X, ¢§) =0,
hence the result follows. ]

Thus from the Lemma (3.3) it follows that F(D,) is a subspace of S(TM*).
Therefore there exists an invariant subspace p, of T, M such that

S(T,M"Y) = F(D,) Ly,
therefore
T,M = S(T,M)1{Rad(T,M) & ltr(T,M)} L{F(Dy,)Lp,}.
n [13], Sahin and Yildirim proved the following theorem.

Theorem 3.4. Let M be a q lightlike submanifold of an indefinite Sasakian manifold
M. Then M is a slant lightlike submanifold, if and only if,

(i) ¢(RadT M) is a distribution on M such that ¢RadT M N Rad(TM) = {0}.

(ii) For any tangent vector field X tangent to D, there exists a constant X € [—1,0]
such that

(3.6) T?’X = —\(X —n(X)V),

where D is a complementary distribution such to ¢ltr(TM) @ ¢RadT M in T M
and \ = —cos?6.

Lemma 3.5. Let M be a slant lightlike submanifold of an indefinite Sasakian manifold
M. Then we have

(3.7) 9(TQ2X,TQ2Y) = cos’0g(Q2X, Q2Y) — n(Q2X)n(Q2Y)]
and
(3.8) 9(FQ2X,FQ2Y) = sin*0[g(Q2X, Q2Y) — n(Q2X)n(Q2Y))]

for any XY e T(TM).
Proof. From (2.1) and (3.2), we obtain
9(TQ2X,TQ2Y) = —g(Q2X,T°Q2Y), V X,Y e T(TM).
Then from Theorem (3.4), we obtain (3.7) and (3.8). This completes the proof. O

Similar to the proof of the Theorem (3.4), we have the following theorem.

Theorem 3.6. Let M be a q lightlike submanifold of an indefinite Sasakian manifold

M. Then M is a slant lightlike submanifold, if and only if,
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(i) ¢(RadT M) is a distribution on M such that ¢RadT M N Rad(TM) = {0}.

(ii) For any tangent vector field X tangent to D, there exists a constant yu € [—1,0]
such that

(3.9) BFX = p(X —n(X)V),

where D is a complementary distribution such to ¢ltr(TM) & ¢RadT M in T M
and p = —sin’6.

Definition 3.2. ([5]) Let (M, g,S(TM),S(TM1)) be a lightlike submanifold, tan-
gent to characteristic vector field V, of an indefinite Sasakian manifold (M, g). Then
M is said to be a contact Screen Cauchy Riemann (SCR) lightlike submanifold of M
if the following conditions are satisfied:

(i) There exist real non-null distributions D C S(T'M) and D such that
S(TM)=D@a&D*1{V}, ¢D*+c (S(TM*)), DnD*=/{0},
where D+ is orthogonal complementary to D L{V'} in S(TM).
(ii) The distributions D and Rad(TM) are invariant with respect to ¢.

Theorem 3.7. A contact SCR-lightlike submanifold M, of an indefinite Sasakian
manifold M, is a holomorphic or complex (resp. screen real) lightlike submanifold, if
and only if, D+ = {0} (resp. D = {0}).

Definition 3.3. ([12]) Let M be a lightlike submanifold of an indefinite Kaechler
manifold M. Then M is said to be a transversal lightlike submanifold if the following
conditions are satisfied:

(i) Rad(TM) is transversal with respect to .J, that is, J(Rad(TM)) = ltr(TM).
(ii) S(TM) is transversal with respect to .J, that is, J(S(TM)) C S(TM™1).

4 Non-existence of warped product slant lightlike
submanifolds

Let B and F be two Riemannian manifolds with Riemannian metrics gp and gg
respectively and f > 0 a differentiable function on B. Assume the product manifold
B x F with its projection 7 : B x F' — B and n: B x F' — F. The warped product
M = B xy F is the manifold B x F' equipped with the Riemannian metric g where

9=95+ [*9r.
If X is tangent to M = B x; F at (p, q) then we have
IX 17 = [l X | + £2(x (X)X %

The function f is called the warping function of the warped product. For differentiable
function f on M, the gradient Vf is defined by ¢g(Vf, X) = X f, for all X € T(M).
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Lemma 4.1. ([10]) Let M = B x ¢ F be a warped product manifold. If X,Y € T(B)
and U, Z € T(F) then
VxY € T(B).

(4.1) VxU =VpX = XTfU = X(In f)U.

9(U, Z)
f
Corollary 4.2. On a warped product manifold M = B x ¢ F' we have

VyZ = — Vf.

(i) B is totally geodesic in M.
(ii) F is totally umbilical in M.

Theorem 4.3. Let M be an indefinite Sasakian manifold. Then there does not exist
warped product submanifold M = Mg x5 Mr of M such that My is a proper slant
lightlike submanifold of M and My is a holomorphic Screen Cauchy-Riemann (SCR)
lightlike submanifold of M.

Proof. Let X, linearly independent of V', be tangent to D C S(T'M) of a holomorphic
SCR-lightlike submanifold M7 and Z € T'(D?) of a slant lightlike submanifold M.
Then using (4.1), we have

9(Vox 2, X) = Z(In f)g(¢X, X) = 0.
Therefore using (2.6), (2.11) to (2.13) and (3.2

),
9(Vox 2, X) = —5(¢Z,Vyx ¢X)
=3(VexTZ,¢X) — §g(FZ,Vex$X)
=9(VyxTZ,0X) — g(FZ,h* (X, pX)).

we get

0

Further by virtue of (4.1), we obtain

TZ(In flg(X, X) = g(h*(¢X, 6 X), F Z).
Thus, using polarization identity we get
(4.2) TZ(In f)g(X,Y) = g(h*(¢X,0Y), FZ),

for any X,Y, linearly independent of V, tangent to D C S(T'M) of a holomorphic
SC R-lightlike submanifold My and Z € I'(D?) of a slant lightlike submanifold Mj.
On the other hand, using (2.8) and (4.1), we have

9(Apz0X,0Y) =—g(VexFZ,¢Y) =g(Z,VexY) — g(TZ,Vyx oY)
=—Z(In flg(oX,Y)+TZ(In f)g(X,Y).

Now using (2.9), we have g(h®*(¢pX,dY), FZ) = g(Arz¢X, ¢Y), therefore we obtain

(4.3) g(h*(¢X,9Y), FZ) =—Z(In f)g(¢X,Y)+TZ(In f)g(X,Y).



Warped product slant lightlike submanifolds 105

Thus (4.2) and (4.3) imply that Z(In f)g(¢X,Y) =0 for any X, Y, linearly indepen-
dent of V, tangent to D C S(T'M) of a holomorphic SC R-lightlike submanifold Mr
and Z € T'(D?) of a slant lightlike submanifold M. Since Mz # {0} is a Riemannian
and invariant therefore we obtain

Ziln f =0,
this shows that f is constant. Hence the proof is complete. (Il

Theorem 4.4. Let M be an indefinite Sasakian manifold. Then there does not exist
warped product submanifold M = Mg x ¢ My in M such that Mr is a holomorphic
SCR-lightlike submanifold and My is a proper slant lightlike submanifold of M.

Proof. Let X, linearly independent of V', be tangent to D C S(T'M) of a holomorphic
SC R-lightlike submanifold M7 and Z € T'(D?) of a slant lightlike submanifold M.
Then using (4.1) we have ¢(VrzX,Z) = X(In f)g(TZ,Z) = 0. This further using
with (2.8), (2.9) and (3.7) implies that
0 = g(szX, Z) = —§(¢X, szTZ) — §(¢X, szFZ)

=9(Vrz0X,TZ) + g(¢X, ApzTZ)

=g(VrzoX,TZ)+ g(h*(¢X,TZ),FZ)

=¢X(In f)g(TZ,TZ) + g(h*(¢X,TZ), FZ)

= ¢X(In f).cos’09(Z,Z) + g(h* (X, TZ),FZ).

Replace X by ¢ X, we get

(4.4) X(In f).cos?09(Z,Z) + g(h*(X,TZ),FZ) = 0.

After replacing Z by T'Z and then using (3.6), (3.7), we obtain
G(h*(X,Z),FTZ) = X(In f).cos’09(Z, 7).

Next, on the other hand using (2.6), (3.2), (3.6), (3.7) and (4.1), for any X, linearly in-
dependent of V', tangent to D C S(T'M) of a holomorphic SC R-lightlike submanifold
My and Y, Z € T(D?) of a slant lightlike submanifold Mp, we have

g(h*(TZ,X),FY) =-g(TZ,Vx¢Y)+g(TZ,VxTY)
=g(T?°Z,VxY)+g(FTZ,VxY)+ g(TZ,VxTY)
= —cos*0X(In f)g(Z,Y)+ g(FTZ,h*(X,Y))
+X(In f)g(TZ,TY)

= G(FTZ,h*(X,Y)).

Put Y = Z, we get

(4.5) g (T2, X),FZ) =g(FTZ,h*(X, Z)).

Thus from (4.4) to (4.5), we have

X(In f)cos*0g(Z,Z) = 0.

Since DY is a proper slant and Z is non-null, we obtain X (In f) = 0. This proves our
assertion. 0
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Theorem 4.5. Let M be an indefinite Sasakian manifold. Then there does not exist
warped product submanifold M = M, x¢ Mg of M such that M, is a transversal
lightlike submanifold and My is a proper slant lightlike submanifold of M.

Proof. Let Z € I'(D?) of a slant lightlike submanifold My and X independent of V/
and tangent to S(TM) of a transversal lightlike submanifold M then using (2.8),
(2.11) to (2.13), (3.2), (3.7), and (4.1), we have

W AxTZ,2) = g(VrzX,07) = g(Vrz X, TZ) + §(h*(TZ,X), FZ)
In ))g(TZ.TZ) +g(h*(TZ.X), FZ)

X(
X(In f)cos*09(Z,Z) + g(h*(TZ,X),FZ).

Using (2.9) in the left hand side of above equation, we obtain
4.6)  G(h*(TZ,2),6X) = X(In f)cos*09(Z, Z) + g(h*(TZ, X), FZ).
Replace Z by T'Z in (4.6) and then using (3.6) and (3.7), we get
3(h*(2.T2),6X) = —X(In [)cos*09(Z, Z) + g(h* (2. X), FTZ).
On the other hand, using (2.8), (2.11) to (2.13), (3.2), (3.6) and (4.1), we have
9(ApzX,TZ) =-g(VxFZ,TZ)=g(VxZ,¢TZ)+g(VxTZ,TZ)
=g(VxZ,T*Z) + g(VxZ,FTZ) + g(VNxTZ,TZ)
= —c0s%09(VxZ,2) + g(h*(X,2),FTZ) + X(In f)g(TZ,TZ)
= —cos?0X(In f)g(Z,2)+ g(h*(X,2),FTZ)
+X(In f)cos*0g(Z, Z)
=g(h(X,2),FTZ).
Hence using (2.9), we obtain
(4.7) 3(h*(TZ,X),FZ) = g(h*(X, Z), FTZ).
Thus using (4.6) to (4.7), we get
2X (In f)cos*09(Z, Z) = 0.

Since My is proper slant lightlike submanifold and D? is Riemannian therefore we
obtain X (In f) =0. Hence f is constant, which proves our assertion. O

Thus using the Theorem (4.3), Theorem (4.4) and Theorem (4.5), now onwards,
we call M = My xs M, as a warped product slant lightlike submanifold, where Mjy
is a proper slant lightlike submanifold and M is a transversal lightlike submanifold
of an indefinite Sasakian manifold M.

Theorem 4.6. Let M = Mg x ¢ M, be a warped product slant lightlike submanifold of
an indefinite Sasakian manifold M such that M, is a transversal lightlike submanifold
and My is a proper slant lightlike submanifold of M. Then

g(h*(X,Y),JZ) = =TX(In f)g(Y, Z),

for any X € T(D?) of a slant lightlike submanifold My and Y, Z, independent of V
and tangent to S(TM) of transversal lightlike submanifold M .
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Proof. For any X € I'(D?) of a slant lightlike submanifold M, and Y, Z independent
of V' and tangent to S(T'M) of transversal lightlike submanifold M, using (2.8),
(2.11) to (2.13) and (3.2), we have

g(R*(TX,Y),0Z) = g(VyTX,0Z) = g(Vy X, Z) + g(Vy¢F X, Z).

Since F(DY) ¢ S(TM~) and p is invariant therefore using (3.3), we have ¢F X =
BFX and CFX = 0. Hence using (3.9) and (4.1), we obtain

g(h*(TX,Y),¢Z) = X(In f)g(Y,Z) — sin*0g(Vy X, Z).
Again using (4.1), we have
g (TX,Y),6Z) = (1 —sin’0) X (In fg(Y,Z) = cos*0X (In f)g(Y, Z).

Replacing X by TX and then using (3.6), the assertion follows. O
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