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Abstract. In this paper, we derive a generalized Wintgen inequality and
obtain a relationship between the normalized scalar curvature and the
squared norm of mean curvature for totally real submanifolds and C-
totally real submanifolds in LCS-manifolds with respect to the Levi-Civita
connection and the quarter symmetric metric connection also. Some im-
mediate consequences are also discussed.
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1 Introduction

The notion of Lorentzian concircular structure manifolds (LCS-manifolds) was ini-
tiated by A.A. Shaikh as a generalization of LP-Sasakian manifolds in [11]. These
manifolds have many importance in the general theory of relativity and cosmology
(for example [12, 13]). Many researchers have studied LCS-manifolds and obtained
interesting results (see [1, 4, 5, 10, 14]).

In [2], Friedmann and Schouten defined the notion of semi-symmetric linear con-
nection on smooth manifolds. Later on, Golab [3] put the idea of quarter symmetric
linear connection on such smooth manifolds as a generalization of semi-symmetric
connection.

For all the geometric quantities, we are interested whether they are intrinsic or
extrinsic. Intrinsic: measures that depend on the geometry of the submanifold. Ex-
trinsic: measures that depend on the geometry of the ambient. Several relationships
between intrinsic and extrinsic invariants of different submanifolds in Riemannian
manifolds are found till now. P. Wintgen [16] gave the relation among Gauss cur-
vature (intrinsic invariant), normal curvature and square mean curvature (extrinsic
invariant) of surfaces in E*. This is known as the Wintgen inequality. In 1999, De
Smet et al. [15] conjectured the generalized Wintgen inequality for submanifolds M™

in real space forms Mn+s(k) with constant sectional curvature k, for all dimensions
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n > 2 and for all co-dimensions s > 1. This is also known as the DDVV conjecture
and it was proved by Ge and Tang (in 2008) and by Lu (in 2011), independently.

2 LCS-manifolds and submanifolds

Definition 2.1. [9, 11] The Lorentzian manifold M together with the unit time-like
concircular vector field &, its associated 1-form 7 and a (1, 1)-tensor field ¢ is said to
be a Lorentzian concircular structure manifold (or LCS-manifold).

We consider V is the operator of covariant differentiation with respect to the
Lorentzian metric g and « is a non-zero scalar function satisfies the following:

(2.1) Vea = (Ea) = da(E) = pn(E)
for any E € I'(T'M), where p being a certain scalar function given by
(2.2) p=—(ca).

In an n- dimensional (LCS),- manifold M, n > 2, the following relations hold
[11]):

(2.3) n)=-1, 9{=0, nop=0,
9(0E, oF) = g(E,F) +n(E)n(F), ¢°E=E+n(E),

(2.5) R(E,F)G = oR(E, F)G + (a® = p) |g(F,G)n(E) — g(E, G)??(F)}f
for any E, F,G € I'(TM). Also, we have

R(E, F,C, H) = R(E. F,C,oH) + (a® — p) [gm GM(E) - 9(E, G)n(Fﬂ ()
(2.6)
for any E, F,G,H € I'(TM).

Remark 2.2. If we assume that o = 1, then Lorentzian concircular structure becomes
LP-Sasakian structure [7].

Let M be an m- dimensional submanifold of an n- dimensional manifold M with
induced metric g. The Gauss equation is given by [18]

(2.7) R(E,F,G,H)=R(E,F,G,H)+g(((E,G),((F,H)) — g(¢(E, H),((F,G))

for any E, F,G,H € T'(TM). Here C is the second fundamental form of M in M.
A submanifold M in M is called

(i) totally geodesic if ¢ = 0.

(ii) totally umbilical if there is a real number e such that ((F, F) = eg(E, F)H for
any E,F e I(TM).
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Definition 2.3. [3] A linear connection V in an n- dimensional smooth manifold M
is said to be a quarter symmetric connection if its torsion tensor 7" is of the form

where 7 is an 1-form and ¢ is a tensor of type (1,1).

Remark 2.4. If we assume that ¢ E = E, then the quarter symmetric connection
reduces to semi-symmetric connection.

Definition 2.5. [3] The quarter symmetric connection V is said to be a quarter
symmetric metric connection if V satisfies the following condition:
(VEg)(F.G) =0

for any E, F,G,H € T'(TM).

The relation between quarter symmetric metric connection V and Riemannian
connection V on a (LCS),- manifold M is given by [4]

VeF =VgF +n(F)pE — g(pE, F)E.

Let ® and R be the curvature tensors of a (LCS),,- manifold M with respect to quarter

symmetric metric connection V and Riemannian connection V, then [5]
ﬁ(E, F,G,H) = ﬁ(E,R G,H)+ (2a—-1) [g(g@E7 G)g(pF,H) — g(oF,G)g(pE, H)
+a|aF)g(B )~ n(BYa(F. 1))
(25) ta [9<F, () - 9(B, G>n<F>] W(H)

for any E, F\G,H € T(TM).
Let M be an m- dimensional submanifold of an n- dimensional (LCS),,- manifold

M with respect to quarter symmetric metric connection V and V be the induced
connection of M associated to the quarter symmetric metric connection. Also let ¢
be the second fundamental form of M with respect to V. Then the relation (2.7)
becomes

R(E,F,G,H) = R(E,F,G,H)+g((E, G),{F H)) - g((E,H),{(F,G))
(2.9)

for any E, F,G,H € T'(TM). Here R is the curvature tensor of M with respect to
induced connection associated to the quarter symmetric metric connection.

Definition 2.6. [17, 18] Let M be a submanifold in a contact metric manifold M.
Then M is said to be
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(i) anti-invariant in M if for any F tangent to M, ¢E is normal to M, i.e., p(TM) C
T+M at any point p € M, where T+ M is the normal bundle of M. Thus, M
is anti-invariant in M if M is normal to the structure vector field &.

(i) C-totally real submanifold in M if every tangent vector of M belongs to the
contact distribution. Thus, M is a C-totally real submanifold if £ is normal to
M. Hence, C-totally real submanifold is anti-invariant because M is normal to

£.

For a totally real submanifold and a C-totally real submanifold of a (LCS),-
manifold M, ( is given by [5]

(2.10) (B, F) =((E,F)+n(F)eE
and
(2.11) (B, F)=((E, F),

respectively, for any E, F € T'(TM).

Let M be an n-dimensional (LCS),- manifold and M be an m- dimensional sub-
manifold in M. Let {&1, ..., &y} be an orthonormal basis of T, M and {Ep1,...,En}
be an orthonormal basis of TKJ%M at any p € M. Then the scalar curvature o(p) at
p is given by

(2.12) alp)= > K(EAE)
1<i<j<m
and the normalized scalar curvature p is given by

20

(2.13) 0= m,

where K(I") denotes the sectional curvature of the plane section I' C T, M. The mean
curvature vector H is defined as

1 m
(2.14) H=— Z (&, &)
3,j=1
and the squared norm of mean curvature is given by
1 n m " 9
(2.15) H=—5 > (Do)
a=m+1 i=1

We also put

G = 9(C(&i, &), &)y 1,5 €{1,2,...,m}, ae {m+1,m+2,...,n}.
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3 Generalized Wintgen inequality

In [8], Mihai has proved the generalized Wintgen inequality for Lagrnagian subman-
ifolds in complex space forms. In the same paper, he also has obtained another
Wintgen inequality for totally real submanifolds in the same ambient space forms.

Let {&1,...,&,} be an orthonormal basis of the tangent space M and U be a
unit tangent vector at ¢ € M such that & = & refracting to M™, {&1,...,Em}
is the orthonormal basis to the tangent space T, M with respect to induced quarter
symmetric metric connection. Let us denote the the scalar curvature and normalized
scalar curvature of M with respect to induced connection associated to the quarter
symmetric metric connection by d(p) at p and g, respectively. We need the scalar
normal curvature Ky [19] and the normalized scalar normal curvature gx [8] of M™.
Both terms are defined below:

1 n—m
Ky = 1 Z trace[Ay, Ay)?
a,b=1
2
= (g([Aaa/\b]&fj))
1<a<b<n—m 1<i<j<m
m 2
(3.1) -y (et - cach)
1<a<b<n—m 1<i<j<m k=1
and
2
(3.2) on = ————\/Kn

m(m — 1)
Now, we prove the following:

Theorem 3.1. Let M be an m- dimensional totally real submanifold in an n- dimen-
sional (LCS),- manifold M with respect to the quarter symmetric metric connection.
Then

2m — 1 1
(3.3) 0+ on <H:— mn >ozf

m(m —1

The equality case holds if and only if, with respect to some suitable orthonormal frame
{&1,...,&,}, the shape operator S, = Sg,, a € {m +1,...,n} of M in M take the
following forms

C1 d 0 0

d C1 0 0
Sm+1 — 0 0 ct ... 0 ,

0 0 O c1
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0 co—d 0 0
Sm+2 — 0 0 Cy ... 0 ,
0 0 0 Co
cs 0 0 0
0 ¢ O 0
Smiz = 00 e ... 0 s Smya = =8,=0,
0 0 0 ... ¢

where c¢1,co,c3 and d are real functions on M.

Proof. The Guass equation gives

By Y Y - =+ 2 kMo,

a=1 1<i<j<m

Due to Gauss and Ricci equations, we get (see [8])

Yas Zl<z<]<( G fj)2 +2m Yy " Di<icj<m( %)2
(3.5)

1
2

2
2 2m|:21§a<b§n—m Zl§i<j§m <Zk 1( Gk St C C;k)) :|

On the other hand, we see that
n—m n 2
mH = (Z@%)
(3.6) = — (G = ¢5)? + 2m(¢i¢
Combining (3.1), (3.2), (3.5) and (3.6), we arrive at

(3.7) m?*H? —m?on >

().

a=1 1<i<j<m

Putting (3.7) into (3.4), we find that

2 2m — 1
m2H? — m2on > m {&_’_ m

m—1
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or

2 2m —1 m
. 2_on> 5 —an? .
(3.8) H oNZ et e a+ Zan’U)
Since

2%

Q_m(m—l)’

Thus, we get our desired inequality (3.3).

The equality case of (3.3) at a point p € M holds identically if and only if we have
equality in (3.7). According to [6], the shape operators take the above forms with
respect to suitable frames. O

Next, we have a DDVV-type inequality for totally real submanifolds in LCS-
manifolds with respect to the Levi-Civita connection.

Theorem 3.2. Let M be an m- dimensional totally real submanifold in an n- dimen-
sional (LCS),- manifold M. Then

a?—p

m

o+on <H?—

We have some applications:

Corollary 3.3. Let M be an m- dimensional totally real submanifold in an n- di-
mensional LP-Sasakian manifold M with respect to the quarter symmetric metric
connection. Then

2m — 1 1

) < HE - - 2.
o+ov<H m(m — 1) m_ln(u)

Corollary 3.4. Let M be an m- dimensional totally real submanifold in an n- di-
mensional LP-Sasakian manifold M. Then

IL—p
—.

o+on <H*—

Since the scalar curvature and hence the normalized scalar curvature of C-totally
real submanifold of a (LCS),,- manifold with respect to induced Levi-Civita connection
and induced quarter symmetric metric connection are identical (see [5]). Thus, we
have the following;:

Theorem 3.5. Let M be an m- dimensional C-totally real submanifold in an n-
dimensional (LCS),- manifold M with respect to the quarter symmetric metric con-
nection (resp. the Levi-Civita connection). Then we have o+ oy < H?.
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4 Some other inequalities

In this section, we establish a sharp inequality between the normalized scalar curvature
and the squared norm of mean curvature for totally real submanifolds in (LCS),-
manifold with respect to the quarter symmetric metric connection and the Levi-Civita
connection.

Theorem 4.1. Let M be an m- dimensional totally real submanifold in an n- dimen-
sional (LCS),- manifold M with respect to the quarter symmetric metric connection.
Then

(2m —1) 1

4.1 2>5
(+1) 7t _Q+m(m—1)a+m—1a

n*(U).

The equality holds at a point p € M if and only if © is a totally umbilical point.

Proof. From Gauss equation, we have
(4.2) m?*H? = 26 + (2m — 1)a + man*(U) + Z [(¢4)3.

ij
a=1 1<i<j<m

We choose the normal vector &,,+1 in the direction of the mean curvature vector and
the shape operator is given by

Sm+1 = dlag (clu C2y. -ty cm)

and for 4,5 € {1,2,...,m},a € {m+2,...,n}
Sa=1(¢h), D =0
i=1

Now equation (4.2) takes the following form:

. 2m-—1 m - o i
(4.3) m*H? =6+ g ¢ + 504772(1/{) + Z [( ij)z] + ZC?
a= i=1

m+21<i<j<m

Since

m

Z (ci—cj)zz(m—l)z:cf—2 Z cicj,

1<i<j<m 1<i<j<m
then we have

m 2 m
m2H2 = (ZCZ> = Zc? +2 Z CiCj
=1

i=1 i= 1<i<j<m
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Thus, equations (4.3) and (4.4) give
(4.5) m(m — 1)H? > 26 + (2m — 1)a + man*U).

From this we can get our desired inequality.

The equality case of (4.1) at a point p € M holds identically if we have equality
n (4.5). Accordingly, S, =0 fora € {m+2,...,n} and ¢; = ¢ = --- = ¢pp,. Thus,
p is a totally umbilical point. Converse part is trivial. (|

Similarly, one can prove the following results.

Theorem 4.2. Let M be an m- dimensional totally real submanifold in an n- dimen-
sional (LCS),- manifold M with respect to the Levi Civita connection. Then

a?—p

(4.6) H2 > o+

The equality holds at a point p € M if and only if o is a totally umbilical point.

Theorem 4.3. Let M be an m- dimensional C-totally real submanifold in an n-
dimensional (LCS),- manifold M with respect to the quarter symmetric metric con-
nection (resp. the Levi-Civita connection). Then o < H?.
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