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Abstract. In the present paper, we set out to examine warped prod-
uct lightlike submanifolds of semi-Riemannian product manifolds. Sig-
nificantly, considering the warped product GC R-lightlike submanifolds of
the type N xx Np and Np X, N, we obtain their non-existence in a
semi-Riemannian product manifold N, where Ny and N, respectively,
denotes a holomorphic submanifold and a totally real submanifold of N.
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1 Introduction

To construct a large variety of negatively curved manifolds, the notion of warped
product manifolds was firstly brought up in 1969 by Bishop and O’Neill [2]. But the
study of warped products attracted mathematicians and physicists in the beginning
of 21st century, when C' R-warped product submanifolds were introduced by Chen [3]
in Kaehler manifolds and he proved that warped product C'R-submanifolds of the
type N X Nt do not exist in Kaehler manifolds. Further, the author examined C R-
warped product submanifolds of the type Nt x N, in a Kaehler manifold. Later,
a lot of work came into sight on the existence (or non-existence) of warped product
submanifolds in various ambient space settings (see [4]).

The warped product manifolds have several productive applications in differential
geometry and mathematical physics, particularly, in theory of general relativity (for
details see [1], [9] and [16] etc.). For instance, to investigate cosmological models and
black holes, warped products are very useful. Many exact solutions like Robertson-
Walker models and Schwarzschild solution of the Einstein field equations are warped
product structures. In addition, the Schwarzschild solution is used to depict the outer
space around the black holes or massive stars. It may be noted that in the cosmo-
logical models, there do exist some points, where the warping function becomes zero.
Such points are known as singular points. Moreover, at singular points, the metric of
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the product manifold becomes degenerate. Therefore, in order to deal with degenerate
metric, one possible solution is to utilize the tools of semi-Riemannian geometry (see
[5] and [18]). In this manner, one can successfully employ geometry of warped product
lightlike manifolds to study such models. Thus, considering the growing importance
of lightlike geometry and extensive uses of warped products, Sahin [17] defined the
notion of warped product lightlike submanifolds and proved several characterizations
on warped product lightlike submanifolds of semi-Riemannian manifolds. In this con-
tinuation, Kumar investigated warped products of lightlike submanifolds in indefinite
almost Hermitian manifolds (see [11]-[13]).

Moreover, due to significant geometric properties, semi-Riemannian product mani-
folds are very important. In recent years, studies have been conducted on lightlike
submanifolds of semi-Riemannian product manifolds (see [8], [10] and [14]). But
warped product lightlike submanifolds are still not examined in semi-Riemannian
product manifolds. Therefore, in the present paper, we investigate warped prod-
uct GCR-lightlike submanifolds of semi-Riemannian product manifolds. In sect. 2
and 3, we recall basic formulae and notations related to lightlike submanifolds, semi-
Riemannian product manifolds and GC R-lightlike submanifolds of semi-Riemannian
product manifolds. In sect. 4, besides other basic results, we prove that warped
product GCR-lightlike submanifolds of the type N, x) Ny and Np x) N, do not
exist in semi-Riemannian product manifolds, where Ny is a holomorphic submanifold
and N, is a totally real submanifold.

2 Preliminaries

Let (N, g) be an immersed submanifold in a semi-Riemannian manifold (Ny,4r, §),
where g denotes the metric with constant index q (provided, 1 < ¢ < m +n —
1 and m,n > 1). If the metric § is degenerate on T'N, then T,N and TpNJ- both
become degenerate orthogonal subspaces and there exists a subspace Rad(T,N) such
that Rad(T,N) = T,N N T,N+, which is called the radical distribution with rank 7,
1<r<m. If Rad(TN):p € N — Rad(T,N) is a smooth distribution on N with
rank 7(> 0), then N is called an r-lightlike submanifold of N (for details, see [6]).
Further, let S(T'N) be a screen distribution in TN such that

(2.1) TN = Rad(TN)LS(TN).

Similarly, let S(T'N1) is a screen transversal vector bundle in TN+ provided, TN+ =
S(TN+)LRad(TN).

On the other hand, let tr(T'N) and ltr(T'N) be vector bundles in TN |y and S(TN+)+,
respectively, such that

(2.2) tr(T'N) = ltr(TN)LS(TN™*)

and

(2.3) TN |y=TN @ tr(TN) = S(TN) L(Rad(TN) & ltr(TN)) LS(TN™).
Further, the Gauss and Weingarten formulae are

(2.4) VpQ =VpQ+h(P,Q), VpU=—AyP + VLU,
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for any U € T'(¢tr(TN)) and P,Q € I'(TN), where V and V, respectively, denote the
Levi-Civita connection on N and the torsion-free linear connection on N. Here, the
second fundamental form 7 is a symmetric bilinear form on I'(T'N) and Ay is a linear
operator on N and is called the shape operator.

In particular, one has

(2.5) VeQ = VpQ +h'(P,Q) + 1*(P.Q),
(2.6) VpN' = —An/P + VLN + D*(P,N'),
(2.7) VpW = —AwP + V$W + DY(P,W),

for P,Q € D(T'N),W € I(S(I'N1)) and N’ € D(itr(TN)).
Employing Egs. (2.5) - (2.7), we obtain

(2.8) g(h*(P,Q), W) + 4(Q, D'(P,W)) = g(Aw P, Q),

(2.9) g(D*(P,N"),W) = g(Aw P, N"),

for any P,Q € I(TN), N’ € T(ltr(T'N)) and W € T'(S(TN1)).

3 Some basic results

3.1 Semi-Riemannian product manifolds

Let (N1,g1) and (N3, g2) be two n; and ns-dimensional semi-Riemannian manifolds
with constant indices ¢; > 0 and g2 > 0, respectively. Let m; : N1 x No — Nj and
79 : N1 X Ny — Ny be the projections given by 1 (ug, ug) = w1 and mwo(uy, us) = us, for
any (u1,u2) € N1 x No. Let us denote the product manifold as (N, g) = (N x Na, g),
where

(Y, Z) = g1(m1.Y, M1 Z) + ga(m2.Y, M. Z),

g
for any Y, Z € T(TN), where * denotes the tangential mapping. Moreover, one has

2 2
Tl = Tle, Ty = T2, T1xT2x = M2xT1x = 0, T1s + Tou = 1,

where I represents the identity map of T(N; x Ny). It follows that (NV,g) is an
(n1 +ng)-dimensional semi-Riemannian manifold with constant index (¢ +¢2). Next,
if we take F' = w1, — 7o, then it is easy to see that F2?2 =17 and

(3.1) g(FY,Z)=g(Y,FZ),

for Y, Z € T(T'N), where F is called an almost product structure on N. It is clear
that if V denotes the Levi-Civita connection on N, then

(3.2) (VyF)Z =0,

for Y, Z € T(TN).
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3.2 Generalized Cauchy-Riemann (GC R)-lightlike submanifolds

Definition 3.1. ([7]) A real lightlike submanifold (N, g, S(T'N)) of a semi-Riemannian
product manifold (IV,g) is known as generalized Cauchy-Riemann (GC R)-lightlike
submanifold, if

(I) There exist two sub-bundles Dy and D5 of Rad(TN) satisfying

Rad(TN) =D& Do, F(Dl) = Dy, F(Dz) CS(TN)

(IT) There exist two sub-bundles Dy and D’ of S(T'N) satisfying

S(TN)={FDy& D'}1Dy, F(Do)=D,, F(D')=Ly1L,

where L; and Ly are vector subbundles of ltr(TN) and S(T'N*) respectively, and Dy
is a non-degenerate distribution on V.

Example 3.2. ([14]) Let R}> = RS x RS be a semi-Riemannian product manifold
along with the product structure F(dz;,dy;) = (0yi,0x;), where (z%,y') are the
cartesian coordinates of R}2. Consider N be a submanifold of R}? with

_ _ _ _ 2 _ _
T1=wu1, Ty=4us, IT3=u3, T4=1/1—ui, T5=1us Te= us,

Y =u2, Y2 =1U3z, Y3 =Ug, Y4 =1Uyg, Ys5=1U7, Y5 = U]

Then T'N is spanned by 21, Zs, Z3, Z4, Z5, Zg, Z7, Zg, such that
Zy = 0x1 + 0yg, Zo =0y + 0xg, Z3= 0x3+ Oy,

Zy = —ys0ry +140ys, Z5 = 0x2, Zs =05, Z7=20ys, Zs=0ys.
Clearly, N is a 3-lightlike submanifold with Rad(TN) = Span{Z, Zs, Zs} and FZ, =
Zs, therefore Dy = Span{Zi,Z>}. Since FZ3 = Oys + Oxg = Zs + Z5 € T'(S(TN)),
therefore Do = Span{Zs}. Also, F'Zs = Z7, therefore Dy = Span{Zs, Z7}. Further,
ltr(T'N) is spanned by

1
{N1 =

1 1
5(*3% + 0ye), No = 5(*33/1 + O0xg), N3 = 5(*351”3 +0ya)}.

Clearly, Span{Ni, N2} is invariant w.r.t. F and FN3 = —%Zg + %Z5. Hence L, =
Span{N3}. Moreover, we get S(TNL) = Span{W = —y40ys + 24074}. Since FZ4 =
W, thus Ly = S(TN*). Hence, D' = Span{FN3, FW = Z,}. Thus, N is a proper
GO R-lightlike submanifold of a semi-Riemannian product manifold R}2.

Consider the projections S, Q1 and Q2 of TN on D, F(L1) = Ny and F(Ls) = N»,
respectively. Then for Y € T'(T'N), one has

(3.3) Y =5Y + Q1Y + Q2Y.
Applying F on both sides of Eq. (3.3), we get

(3.4) FY = fY +wQ1Y + wQ,Y.
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If we put w@Q1 = wy and wQ2 = wy, then Eq. (3.4) becomes
(3.5) FY = fY + wY +wY,

where fY € T'(D), w Y € Ly CT(ltr(TN)) and woY € Ly C T(S(TN*1)) and we can
rewrite Eq. (3.5) as

(3.6) FY = fY +wY,
where fY € I(TN) and wY € I'(¢7(T'N)). Similarly,
(3.7) FZ=BZ+0Z,

for Z e T'(tr(T'N)), where BZ € I'(T'N) and CZ € I'(tr(TN)).

4 Warped product GCR-lightlike submanifolds of
semi-Riemannian product manifolds

The geometry of warped product GC R-lightlike submanifolds was analyzed by Ku-
mar [15], in indefinite nearly Kaehler manifolds. One of most perfect generalization of
cartesian products are semi-Riemannian product manifolds and these manifolds have
outstanding applications in a variety of fields in differential geometry and mathemat-
ical physics. Moreover, due to geometrical importance of semi-Riemannian product
manifolds and warped product manifolds, it is obvious to investigate warped products
of GC R-lightlike submanifolds in semi-Riemannian product manifolds. Therefore, we
consider warped product GC R-lightlike submanifolds of the type Np x) N, and
N, X Np in semi-Riemannian product manifolds.

Firstly, we mention a fundamental result for later use.

Theorem 4.1. ([2]) Let N = Ny x) Ny be a warped product manifold. Then, we

have

(4.1) VpQ € I(TN1),
(4.2) VpV =VyP = <P>\>\)V,
(4.3) VoV = —MV)\.

A
for P,Q € T(TNy) and U,V € T(TN3).

Note: In the forthcoming part of the paper, we shall write w. p. for a warped
product and N for a semi-Riemannian product manifold, unless otherwise stated.

Theorem 4.2. Consider a GCR-lightlike submanifold N of N. Then there exist
no w. p. GCR-lightlike submanifold of the type Ny xx N, where Nr and N,

respectively, represent a holomorphic submanifold and a totally real submanifold of
N.
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Proof. Using Eq. (3.2), for Y; € I'(D) and Z; € T'(D’), one has Vz, FY; = FV 2, Y7,
further using Egs. (2.4), (3.6), (3.7) and (4.2) and simplyfying, we obtain Y7 (In)X)Z;1+
hMZ1, fY1) = Yi(in\)wZy + Bh(Z1,Y1) + Ch(Z1,Y1). Then, on comparing the tan-
gential and normal components, we get

and
(45) h(Zl, le) = Y1 (ln)\)le + Ch(Zl, Yl)

Similarly, for Z; € T'(D’) and Y; € I'(D), considering (Vy, F)Z; = 0, we obtain

(4.6) —Awz Y1 + Vi wZy = Yi(In\)wZy + Bh(Y1, Z1) + Ch(Y1, Z1).

On comparing tangential components, Eq. (4.6) becomes

(4.7) Awz, Y1 = —Bh(Y1, Z,).

Then, taking the inner product of Eq. (4.7) w. r. t. Z; € I'(D’), we have
9(Awz, Y1, Z1) = —g(Bh(Y1, Z1), Z1).

Further using Egs. (2.5) and (3.7), we derive

g(hs(yl, Zl),le) = —g(Fh(Yl,Zl) — Ch(Yl, Zl), Zl)
=—g(h(Y1, Z1), FZ1),

which further gives
2g(hs(yl7 Zl)7 WQZI) = 07
this implies that
(48) g(hs(}/l, 21)7WQ21) =0.
On the other hand, replacing Y7 by fY7 in Eq. (4.5), we get
(4.9) Yi(lnNwZy = h(Z1, Y1) — Ch(Zy, fY1).

In view of Eq. (4.8), considering the inner product of Eq. (4.9) w.r.t. FZj, for
Zy e (D), we get
Y ()]s 212 = 0.

Thus, using the non-degeneracy of S(TN1), we arrive at fY;(In)) = 0, which implies
that the warping function A\ becomes constant on Np. Hence, the desired result is
accomplished. 0

Theorem 4.3. Consider a GCR-lightlike submanifold N of N. Then, there exist no
w. p. GCR-lightlike submanifold of the type N = N xx Nt in N where N and
Nr, respectively, represent a totally real and a holomorphic submanifold of N.
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Proof. From Eq. (3.2), for Z; € T(D’) and Y; € I'(TN), we obtain Vy,FZ; =
FVy, Z. Then using Egs. (2.4), (3.6), (3.7) and (4.2), we have —A,,z, Y1+ V} wZ; =
Z1(InN) fSY1 + wV oy, Z1 + Bh(Z1,Y1) + Ch(Z1,Y1). Then equating the tangential
components, we derive

(410) _Aleyl = Z1 (l?’l)\)fSY1 + Bh(Zl,Yl)

Similarly, for Z; € T'(D’) and Yy € T'(T'N), from Eq. (3.2), we get h(Z1, fSY1) —
Avovi Z1 + VtleQYl =wVz QY1 + Bh(Z1,Y1) + Ch(Zy,Y1). Then, comparing the
tangential components, we get

(4.11) Avovi Z1 = —Bh(Z1,11).

Since N being a totally real and totally geodesic distribution in N, thus for Z1, Z; €
(D), from Eq. (3.2), we get Vz,FZy = FV z,Z;. Further, using Egs. (2.4), (3.6)
and (3.7), we obtain

—Awz, 2o+ VY wZi = F(Nz,21) + Bh(Z1, Z3) + Ch(Z1, Zs).
Then comparing the tangential components, we derive
(4.12) Auz,Z2 = —Bh(Z4, Z3).
By interchanging the role of Z; and Zs in Eq. (4.12), we have
(4.13) Awz,71 = —Bh(Z3, Z7),
which further gives
(4.14) Apz,Zo = Awzy 21
Now, for Z1,Z, € T'(D’) and Y3 € T'(Dy), employing Egs. (2.5) and (4.2), we derive

9(Auz, Z2,Ys) = —G(V z,wZ1,Y2) = G(wZ1,V 2,Y2)
= g(wZ1,h*(Z9,Ys)) = g(wZ1,Vy, Zo)
= —g(F?YZZh Zy) = —g(?yzzl,FZQ)
= —g([Yo, Z1] + V2, Y2, F Z3) = —§(V 2, Y2, F Z5)
=g§(Ya, V2, FZ5) = —g(Ya, Auz, Z1),

which implies

(4.15) 9(Awz, Zo + Awz, Z1,Ys) = 0.
Then using the non-degeneracy of Dy, we obtain

(4.16) Apz 22 = —Awz, 71,

for any Zy,Z> € T'(D’). Adding Eqs. (4.14) and (4.16), we get Az, Zo = 0. Further
from Eq. (4.12), we get Bh(Z1,Z3) = 0. Now for Z; € I'(D’), Y5 € I'(Dp) and
Y, € I'(D), we have

g(szlyl,YQ) - _g(vylw21,Y2)
§(wZ1,Vy, Ys)
(4.17) = §(wZ1,h* (11, Y2)).
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As Ny is a holomorphic submanifold in N, therefore it follows that
(4.18) hFZi,Zs) = h(Z1,FZy) = Fh(Zy, Zs).
Then, using Eq. (4.18) in Eq. (4.17), we obtain
9(Awz,Y1,Y2) = §(Z1, Fh*(Y1,Y2)) = §(Z1, h*(FY1,Y2)) = 0.
Now, using the non-degeneracy of Dy, we derive
(4.19) Auz, Y1 =0.
Thus, we have
(4.20) Awz, 7y =0,

for 1,49 € F(TN)
Taking the inner product of Eq. (4.10) w.r.t. fY; for Y7 € I'(Dp) and using Eq.
(4.20), we get

Zi(IaN||Y? = —9(Auz, Y1, fY1) = g(Bh(Z1, Y1), fY1) = 0.

Then, the non-degeneracy of Dy gives that Z;(InA) = 0. Thus, we conclude that A
becomes constant on N, which completes the proof. ([l
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