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Abstract. The article describe some recent results about concept of bihar-
monicity of hypersurfaces in the Sasakian space form, which is equipped
with the Tanaka-Webster connection. There is a rich theory whose main
message is the necessary and sufficient existence condition of the Tanaka-
Webster biharmonic hypersurfaces. Also, it is included a brief nonexis-
tence result of the Tanaka-Webster biharmonic Hopf hypersurfaces, where
the gradient of the mean curvature is a principal direction.
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1 Introduction

A harmonic map ¥ : M — N between two Riemannian manifolds, where M is
compact, is known as the critical point of the energy functional

B Cx(MN) — R, E(w) =3 [ avlav,

where C*° (M, N) denotes space of the smooth maps. With respect to the similar
idea authors [8, 9], introduced k—harmonic maps and proposed they are the critical
points of Fj. Therefore, when k = 2 the biharmonic maps represent as critical point
of the bienergy

Ba: CXOLN) = B, Ealw) = 5 [ [r(w)Pa,

where the tension field associated to map v is given by 7(v) = traceVdy. It is known,
vanishing the tension field is a characterization of the harmonic maps. Later on, the
first variation formula of E5 was derived by Jiang [15] and given a new definition of
2-harmonic maps in the variational point of view, written as

(L1 7(¥) =—J(r7(¢) = —A7(y) — traceR™ (dip(.), 7(¥))dip(.) = 0,
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that is, 7(¢)) € kerJ, where J is an elliptic differential operator, called the Jacobi
operator. Here A = —traceV? stands for the Laplace-Beltrami operator, where V
is induced connection in the pull back bundle ¢»~'(T'N). Also, R" is the curvature
operator on N which is defined by RN (X,Y) = [V, Vy] — Vix,y] for all X and Y/
tangent to N. Since, each harmonic map is biharmonic because J is a linear operator,
interesting is in non harmonic biharmonic maps which are named proper biharmonic.

Independently, by taking into account the harmonic mean curvature vector field,
biharmonic notion of submanifold in the Euclidean space was defined by B. Y. Chen.
Indeed, with respect to the characterization formula of the biharmonic Riemannian
immersions into the Euclidean space, the biharmonic concept in the sense of Chen
will be obtained, e.g, AH = 0 where H denotes the mean curvature vector field (see
).

Into non-positive and positive curved spaces, nonexistence results for the proper
biharmonic Riemannian immersions were obtained (see [2, 3, 7, 11, 12, 13]). Specialy,
it was shown that does not exist a proper biharmonic hypersurfaces neither in the
Euclidean space nor in the hyperbolic spaces H"! base on the number of distinct
principal curvatures of the Weingarten operator.

Additionally, in spaces of the nonconstant sectional curvature there exist several
classification results concerning the proper biharmonic hypersurfaces which has been
investigated in [10, 14]. For example, all the proper biharmonic Hopf cylinders in 3-
dimensional Sasakian space forms were classified. Morevere, all the proper-biharmonic
Hopf cylinders over a homogeneous real hypersurfaces in the complex projective spaces
were determined. In particular, authors in [16, 17] got some results about the bihar-
monic immersed hypersurfaces in the warped product space as well.

The idea is that in order to study the biharmonic notion of an immersed hyper-
surface inside of a Sasakian space form, it is equipped with the generalized Tanaka-
Webster connection. This allows us, to obtain the necessary and sufficient condition of
a generalized Tanaka-Webster biharmonic hypersurface in the Sasakian space forms.
In this case, we examine the generalized Tanaka-Webster biharmonic pseudo Hopf
hypersurfaces and determine the existance and nonexistence results of them, where
the gradient of the mean curvature, grad|H|, plays a significent role. Furthermore, the
generalized Tanaka-Webster biharmonic pseudo Hopf hypersurfaces which are mini-
mal are determine.

2 Preliminaries

In this section we introduce the notions and gather some known results that will be
used throughout the paper. Indeed, an odd dimensional manifold M?™*! equipped
with tensor fields ¢, £ and 5 of type (1,1), (0,1) and (1, 0), respectively, is called an
almost contact manifold where the following condition satisfies

PAHX) =X +n(X),, =1, nleX)=0,

for X € T(M), also the triple (¢,&,7n) is named an almost contact structure. Now,
M?m+1 s endowed a Riemannian metric g, in such a way that

n(X) =g X), g(eX,pY)=g(X,Y) —n(X)n(Y),
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where X and Y are vector fields on M2+, If g(X, oY) = dn(X,Y), then (¢, &,1,9)
is called a contact metric structure. Now, (M?™*1 . & n, g) is called a contact metric

manifold. Also, a contact metric manifold M2+ is named a K —contact manifold,
if £ be a Killing vector field. Then we have

where V is the Levi-Civita connection on M2™+1. A contact metric manifold A2+,
is known as a Sasakian manifold, if and only if

(2.2) (Vxp)Y = g(X, V)¢ —n(Y)X.

A Sasakian manifold is a k—contact manifold as well [20].

Let (M Imtl o €, 1m,g) be a Sasakian manifold. The sectional curvature of 2-plane
spanned by {X, X} is called ¢-sectional curvature, where X is orthogonal to . Also,
a Sasakian manifold which has constant yp-sectional curvature c is called a Sasakian

space form and determined by MQmH(c). The curvature tensor field of a Sasakian
space form is given by
= c—1
RX.Y)Z = ———n(2)h¥)X -n(X)Y]
+lg(Y, Z)n(X) = g(X, Z)n(Y)]E
(2.3) +9(pX, 2)pY +29(0X,Y)pZ — g(Y, Z)p X}
c+3

+

{9(V, 2)X —g(X, 2)Y'}.

A canonical affine connection defined on a non-degenerate pseudo-Hermitian C' R-
manifold at the end of 70’s by [18] and [21] independently, which is well known the
Tanaka-Webster connection. A generalization of this connection has been introduced
by [4, 19] for the contact metric manifolds, written as

(2.4) VxY = VxY + (Vxn)(Y)E = n(Y)Vx&+n(X)g,

for all X,Y € T(T(M2™+1)), where V denotes the Levi-Civita connection on M2m+1.
Then V is known the generalized Tanaka-Webster connection on a contact metric
manifold (M?™+1 £ n,g). Furthermore, it was shown that the generalized Tanaka-
Webster connection V is an unique linear connection, where the tensors &,n and g
are all @—parallel, that is,

(2.5) VE =0, V=0, Vg=0,

and whose torsion tensors satisfies

T(X,Y)=2dn(X,Y)E, T(&¢X)=—¢T(¢ X),

for all X € T(T(M2m+1)).

At the end of this section, in order to illustrate the existence of the biharmonic
hypersurfaces in the Sasakian space form, where £ is tangent to them, we construct
an example.
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Example 2.1. Let R? be a hypersurface in the Euclidean space R*. Let J be a
standard almost complex structure in R* considered as C? and set £ = —JN, where
N is an unit normal vector field of R3. Define ¢ by moJ, where 7 is the natural
projection of the tangent space of R* in to the tangent space of R3. Let (z,y,2) be
the Euclidean coordinate in R?, we consider

1 1
n= i(dzfydx), g=nQn+ Z(de +dy2),

0 0 0 0 0 0
<'0(X8x +Y8y + Z@z) N Y@x X(‘)y +Yy82
where £ = 28%. Then (R3,¢,n,&,g) is called a Sasakian space form where its -
sectional curvature is ¢ = —3. Let f € C°°(R3(-3)) defines f(z,y,2) = = + z, then
we consider the level set of f like M? = f~1(0) = {(z,y,2) € R%x + 2 = 0} which
is claimed as a minimal surface (as well as biharmonic) of R3(—3). In order to show
this property, we choose an appropriate orthonormal frame field on R3(—3) such as

0 0 0 d
= 2 _— _ — —27 Q = 27
“ (8x N y@z)’ “ dy T %,
then we calculate gradf = > 5’:1 ei(fles = 2((1 + y)er +e3). So, N = ‘gg:jj;l =

\/ﬁ((l + y)e1 + e3) is an unit normal vector on M2. Also, —pN =V =

1y ¢, isin (T M?). Now, we take an orthonormal frame field {E; = % =

T2 /(11y)2+1 \

Ey = %(—ﬁel + e3)} on M2. Some easy computations show the

following bracket relations, which we need to calculate the Weingarten operator A of
M? in the Sasakian space R3(—3), as following

—ég,

[e1, ea] = 2e3, [e1,e3] =0, [ez,e3] =0
Ve e2 = =Ve,e1 =e3, Ve ez =Vee1 = —e€3, Ve,e3= Ve =e1

after all, we can calculate

1—(y+1)°
—AE, =Vg N=—"—"F,,
S C IR R
1—(y+1)
—AFEy =V N=——-—"—"
2 Es (1 +y)2 +1 1
then we have
0 1—(y+1)*
A= (1+y)2+1
1—(y+1)* 0 :
(1+y)*+1

So, the shape operator presents that the mean curvature |H| = 0. In other words,
the planes which are parallel to the xzz-plane are biharmonic (harmonic) surfaces
in the Sasakian space form R3(—3). Furthermore, the other non trivial example of
the biharmonic surface in the Sasakian space form R3(—3) can be considered where
f € C®°(R3(-3)) and f(x,y,2z) = x? + 22, then we take the level set of f like
M? = f71(1) = {(z,y,2) € R% 2% + 22 = 1} =~ S! x R, similarly with respect to
the above coordinate and orthonormal frame field, the cylinder S* x R is a minimal
surface (as well as biharmonic) in R3(—3) as well.
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3 Generalized Tanaka-Webster biharmonic hyper-

surfaces
Let (Mgmﬂ (¢), ¢, &, m, g) be a Sasakian space form with respect to constant p—sectional
curvature c, which is equipped with the generalized Tanaka-Webster connection and
M?™ is an isometrically immersed hypersurface there. We suppose that £ and V =
—@N are tangent vector fields on M?™, where N is a local unit normal vector on
M2,

Now, in order to have the generalized Tanaka-Webster biharmonic notion of hy-
persurfaces in the Sasakian space form, we consider the following required lemma.
Lemma 3.1. Let Mgmﬂ(c) be a Sasakian space form. Then, the generalized Tanaka-
Webster connection holds in the following formula

(3.1) VXY =VxY + g(X,0Y)E+n(Y)pX + n(X)pY,

where X,Y and V denote tangent vector fields and the Levi-Civita connection on
—2m+1

M (¢), respectively.
Proof. By taking into the account the equations (2.4) and (2.1) we have

VxY VxY 4+ [Vxn(Y) = n(VxY)E+n(Y)eX +n(X)eY

VxY +g(Y,Vx&E&+n(Y)pX +n(X)p(Y)
VxY +g(X,0Y)E+n(Y)oX +n(X)p(Y).

Now, under an isometric immersion we can express
(3.2) 15 () = —A*H — traceR*(dv(.), H)dy(.),

here A* stands for the Laplace-Beltrami operator on sections of the pull back bundle
@Zfl(T(ﬁ%H_l)) and R* denotes the curvature tensor corresponding to V* on the
Sasakian space form Mzmﬂ(c) and we utilize the following sign conventions

A*X = —traceV*' X, VX € v N (TR,
—2m+1

(3.4) RYX,Y) =[Vx, V3| = Vixy) X, Y eT(M ).
After all, we can define the generalized Tanaka-Webster biharmonic hypersurfaces
over a Sasakian space form as following

Definition 3.1. Let v : M?*™ — M2m+1(0) be an isometric immersion of a hy-

persurface M2™ in the Sasakian space form M%Hl(c) associated to the generalized
Tanaka-Webster connection V*. Then, M?™ is called generalized Tanaka-webster
biharmonic hypersurface if 75 (1)) = 0.

Now, we have all the necessary ingredients to prove the following results.
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Lemma 3.2. Let ¢ : M?>™ — Mzmﬂ(c) be an isometric immersion of a hypersur-
face M?™ in a Sasakian space form MQmH(c) associated to the generalized Tanaka-
Webster connection V*. Then

(3.5) A*H = AH + 2g(grad|H|, V)¢ — 2n(grad|H|)V — 2H,

where & and V are tangent to M>™.

Proof. Let V* and V denote the generalized Tanaka-Webster and the Levi-Civita
connections on MQmH(C), respectively. Also, let us denote by V the Levi-Civita
connection on M?™. We consider a parallel local orthonormal frame {e,}27, at p €
M?™. Then, from the equations (3.1), (3.3) and with respect to this fact the tensors
¢,m and g are all V*-parallel also by applying the Weingarten equation V. N =
—Aeq + VL N we have

€a

2m
A*H = =Y V; Vi H
a=1

2m
= =Y Vi (Veo H + glea, oH)E + n(H)pea + nlea)oH)
a=1

2m
= = {Ve. Ve  H + glea, o(Ve, H))E +1(Ve, H)peq
a=1
+1(ea) (Ve ) + glea, (Vi H)E) +nlea)p(Ve, H)}
2m 2m
= AH- 2( Z 9(eas €a|H|<PN) - Z 9(ea, pArea))§
2m ! 2m !
_2( Z n(ea)ealHleN — Z n(ea)WAHea)
a=1 a=1
2m
(3.6) + > g(Anea, €)pea + H.
a=1

The next step is to compute all terms of the equation (3.6) as following

2

(3.7) g(ea,ea HleN)E = —g(grad|H|, V)¢,
1

3

[e3

and because the tensors ¢ is skew symmetric then

2m

(3.8) D 9(ear pAnes)E = trace(pAn )¢ = 0.

a=1

Also, for the other terms we have

2m 2m
> nlea)eal HlgN = > nlea)g(grad|H|, ea)pN
a=1 a=1

= n(grad|H|)pN
(3.9) = —n(grad/H|)V.
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Now, in order to calculate what is remainder we need to consider

2m 2m 2m
Z H)peq Z Ve H &) pea = ZQ(H, Pea)Peas
a=1 a=1 a=1

also

2m . 2m L 2m

Y (Ve Hpeo = > 9(Ve H E)pea == g(Aneq, &)pea,

a=1 a=1 a=1
S0
(3.10) A€ = —|H|V.
Then the last two terms of (3.6) follow
(3.11) Z ca)pAnea = pAng = —plH|V = —
and

2m 2m
Z (Anea,)pea = Y g(Anea,§)(g(¢earep)es + glpea, N)N)
a=1 a,f=1
= —|H| Z (e, V)(—g(ea, pep)es — g(ea; pN)N)
a,B 1
= —|H]| Z (V.geg)es +g(V,VIN)
(3.12) - —H
After all, from the equations (3.7), (3.8), (3.9), (3.11) and (3.12) we have the result as
it was claimed. ]
2m+1

Lemma 3.3. Letv : M?™ — M (¢) be an isometric immersion of 2m-dimensional

hypersurface M?™ in a Sasakian space form e +1(c). Let the ambient manifold
equipped with the V* associated to the generalized Tanaka- Webster connection, then

(3.13) traceR* (dy(.), H)dy(.) =

where k = 1(15—6m — c(3+2m)) and H denotes the mean curvature vector field
of M?™.

Proof. Let R and R be the curvature tensor of MQm—H(c) associated to the Levi-
Civita connection V and V*, respectively. Then, by applying the equation (3.4) we
have

(3.14) R*(X,H)X = R(X,H)X —3g(X,oH)pX —n*(X)¢*H,
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wherer in an appropriate local orthonormal frame field {ea}zfll—l U{&, V}on ! (o),
that follows
traceR*(dy(.), H)dy(.) = traceR(dy(.), H)dw(.)
=3g(V.pH)pV —1*(€)¢°H
2m—1
= Z R(eq, H)eq
a=1
+R(& H)E+R(V, H)V + 4H,
then the equation (2.3) with the straightforward computation shows that
— 3
R(eaa H)ea = _— Z g(eou ea)Ha
and
R H)=—H, R(V,H)V = —cH.
Hence
N c+3
traceR*(dy(.), H)dy(.) = —(2m — 1) H+(1-c¢)H.
O
After all we obtain the main result of this section
Theorem 3.4. Let ¢ : M*™ —s M2m+l(c) be an isometric immersion of 2m—

dimensional hypersurface M*™ in the Sasakian space form MQmH(c) equipped with
the V* associated to the generalized Tanaka-Webster connection. Then M?™ is a
generalized Tanaka- Webster biharmonic hypersurface if and only if

AL H = traceB((.), Ag(.)) + I H;

(3.15)
traceA. 1() +m|Hlgrad| H| + g(grad| H|, V)¢ ~ n(grad| H|)V =0,
where | = w is constant, B, A and H denote the second fundamental

. =—2m+1
form, shape operator and mean curvature vector field of M?™ in M

tively.

(¢), respec-

Proof. By applying, the Definition 3.1, Lemmas 3.2 and 3.3 directly, we have

(3.16)75 (v) = —(AH + 2g(grad|H|, V)¢ — 2n(grad|H|)V — 2H) — kH = 0,

where
2m

(317) AH = -> V. V. H
a=1

= —AYH +traceB(., Ay.) + traceAv(L)H(.) + traceVAg(.,.),
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in more details

ﬁeaveQH = vé—a vé_aH
_AVé H€a — veaAH(ea) - B(eo“ AH(eO‘))’

and

traceVAy(.,.) = mgrad|H|?
+(traceR(dw(.), H)d(.)) " + traceAvt)H(.),
where, as respect to the Lemma 3.3 the tangent part of traceR(d4(.), H)dw(.) van-

ishes. Now, putting the above equations together and replacing them in the equation
(3.16) at follow splitting the normal and tangent parts of it, the result obtains. [

Regarding the mean curvature, from Theorem 3.4. we can have the following result.

Corollary 3.5. Let M*™ be a generalized Tanaka-Webster biharmonic hypersurface
with the constant mean curvature. Tthen the p-sectional curvature holds
—6m +7
2m+3
Proof. According to the assumption M?™ has constant mean curvature |H| = constant #
0. In this case, the Theorem 3.4 yields
7—c(2m+3) —6m
4 )

B2 = 1=~

which implies the result. O

4 Generalized Tanaka-Webster biharmonic pseudo
Hopf hypersurfaces

Let x : (M?™,g) — (MQMH (¢),g) be an isometric immersion from a real hypersurface
M?™ in the Sasakian space form Hzmﬂ(c). We underline the ambient manifold is

equipped with the generalized Tanaka-Webster connection V* as well. Let V and V
denote the Levi-Civita connections on M%L—H(c) and M?™ respectively. We recall
that ¢ and V are tangent on M?™. Also, we suppose that T(M?>™) = D @ D+,
where D is a maximal g—invariant distribution and D+ = Span{¢,V'} in such away
that the Weingarten operator A satisfies AD- C D+ and AD C D. A hypersurface
M?™ is called a pseudo-Hopf hypersurface, provided that the Weingarten operator
A be invariant on Span{V,{} (see [1]). Supposed that W7, Wy € Span{¢,V} are
eigenvectors of the Weingarten operator A in which AW, = v W7 and AW, = v, Wy
where

(4.1) Wiy =E€cos@+ Vsinh, Wy=—Esinf+ V cosb,

for some 0 < 6 < 3, where 7; = —tan6 and 72 = cot 6. Let AV = af + BV, then we

have « = —1 and 3 = CO‘;";;ZH.
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2m-+1
(

Lemma 4.1. Let z : (M?*™,g) — (M ¢),g) be an isometric immersion of
—2m+1

a hypersurface M>™ in the Sasakian space form M (¢). Then for X,Y and Z
tangent on T(M>™) the Coddazi equation holds

I(VxA)Y —(VyA)X,Z) =
c—1
4

(4.2) - 9(9(0X. 2)Y +29(¢X,Y)Z — g(pY, 2)X,V),

where V and A are the Levi-Civita connection and shape operator of M>™.

—2m+1 _ o .
Lemma 4.2. Let v : M?>™ — 3" (¢) be an isometric immersion of a pseudo

Hopf hypersurface M>™ in the Sasakian space form M2m+l(c). If the Weingarten

operator A for some X € D satisfies AX = A\X, then

26A+c+3
4. ApX = ————
(4.3) ¢ PENT:

Proof. Let X,Y € D be the eigenvectors of the Weingarten operator A. We consider
AV = —¢& + BV and take the covariant derivative of both sides, then

(VxA)V + AVxV = X(B)V + VXV + X,

where V denotes the Levi-Civita connection on M?™ and VxV = pAX [1]. Hence,
we get

g(VxAVY) + g(ApAX,Y) = Bg(pAX,Y) + g(¢X,Y),
similarly

9(Vy AV, X) + g(ApAY, X) = Bg(pAY, X) + g(¢Y, X),
SO

g(VxAY — (VyA)X,V) +29(ApAX,Y) =
Bg(pAX,Y) + Bg(ApX,Y) +29(pX,Y),

then, by applying the Lemma 4.1, we obtain
c—1
——5 (¢ X Y) +29(ApAX,Y) =
Ba(pAX,Y) + Bg(ApX,Y) +29(0X,Y),

consequently

(22— B)g(ApX.,¥) = (A +2 + “ 1 )gle X, V),

which shows ¢ X is an eigenvector corresponding to the eigenvalue 2*’31‘;}'3 . O

Now we discuss about the generalized Tanaka-Webster biharmonic pseudo Hopf
hypersurfaces in more details.
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Theorem 4.3. There exists no generalized Tanaka-Webster biharmonic pseudo Hopf
hypersurface in such away that grad|H| is in the direction of the vector field in D.

Proof. We denote by v : M?>™ — MQmH(c) an isometric immersion where M?2™ is
a generalized Tanaka-Webster biharmonic pseudo Hopf hypersurface in a Sasakian
space form M2m+1(c). According to the assumption grad|H| is in the direction of

vectors in D, that is, AD C D. Then, by applying Theorem 3.4 directly, we get

(4.4)

AtH = traceB(( ), Ar(.)) + LH;
traceAvL u () +m|H|grad|H| =0,

where Agrad|H| = —m|H|grad|H| is deduced by the second term. Also, the Lemma
4.2 allows the Weingarten operator A of M?™ takes the following form in a suitable or-
thogonal frame field {e1, ..., €m—1,Em = Pe1,..ss €2m—2 = PEm_1,E2m—1 = W1, €om =
Ws} in which

Aei = )\iei, 1= 1, ey M — 1
(4.5) Ape; = Nipey, i=1,..,m—1
AWy = =y Wi,  AWs = % Ws

where, \; and \; = 2@4% are the eigenvalues corresponding to the eigenvectors
e; and pe;, respectively. We recall that 3 = —tanf and 5 = cot 6, consequently
we get 172 = —1. Let e; = Ig::j}gl\' Assume that grad|H]| is given by grad|H| =
ZZ Lei(|H|)e;. Then

(4.6) e1(|H|) #0, e;(|H|) =0, i=2,..,2m.

Also, it is written

(4.7) Veej = Zi21 wfjem

where 1-forms wfj are called the connection forms. From V., (e;,e;) = 0 it follows

(4.8) wh = 0, i=]
(4.9) wi,twh; =0, i#j, i k=1,..2m

Morevere, from the Codazzi equation, and taking (4.5) and (4.7) we get
er(Ai)ei + (N = AJogses = eih)er + (A — Aj)wle,

where, multiply both sides of it to e;, we arrive at

(4.10) ei(h) = (Ni—Ajwj

(4.11) N =Xt = (= A)why,

for distinct 4, j,k = 1,...,2m. From A\ = —m|H| and (4.6) we obtain

(412) 61()\1) 7& 07 €i(A1) = 0, = 2, veny 2m
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and
(4.13) 0= [ei,ej]/\l = (Veiej - Vejei))\l, 2 S i,j S 2m,i 75]
which implies
1 _ 1
(4.14) w = wl;,

for distinct 4,5 = 2,...,2m. It is claimed that, A\; # Ay for j = 2,...,2m. Since, if
Aj = Ap for j # 1, utilize (4.10) and put i =1

0= (A1 = Xl =e1 (V) =er(M),
which contradicts to (4.12). For j =1 and k,i # 1 the equation (4.11) yields
(4.15) (N = A)wri = (A = A wi,
which together with (4.14) follow
(4.16) wh =0, i# 7, i,7=2,..,2m
that combining with the equation (4.9), implies wfl =0,1%#7,4,5=2,...,2m.
After all, by summarizing and considering the above equations and applying ap-
propriate connections we will reach to a contradiction. Indeed, by using the equation

(4.7) we have

Ve, Wo = V. (—E&sinf + V cosb)
—em (sin0)€ —sin(0) Ve, € + ep (cos )V + cos(0)Ve,, V

= —en(sinf) (Wi sin @ + W5 cos §) — sin O(—pe,,)

+  em(cos@)(Wycos — Wasinh) + cos 0(pAey,)

= (—em(sin®)sind + e,,(cos ) cos )Wy — (sin @ 4+ \; cos 0)e;
(4.17) —  (em(sinf) cosf + e, (cos ) sin ) Ws.

On the one hand, from (4.16) the connection form w} o,
the vector field e;. Then, (4.17) follows

= 0, which is associated to
0=wlo, =sinf+ A cosé,

which implies

(4.18) Al = —tané,

where ); is an eigenvalue of the Weingarten operator corresponding to the eigenvector

em = peq.

Similarly, by computing the V. W; and applying the equation (4.16) we have

0=wo, 1 =cos — A sinf,
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in which
(4.19) A1 = cot 6.

Finally, a contradiction is made by (4.18) and (4.19). Hence, the generalized Tanaka-
Webster biharmonic pseudo Hopf hypersurfaces do not exist in a Sasakian space form
whenever grad|H| be an eigenvector of the Weingarten operator in the distribution
D. O

Also, we have the following

Proposition 4.4. Let M>™ be a generalized Tanaka-Webster biharmonic pseudo
Hopf hypersurface, where grad/H| € D+. Then M*™ is either a minimal hypersurface
(|H|=0) or |[H| = 2122,

Proof. According to the assumption grad|H| € D, so we can suppose that grad|H| =
a& + BV. By using the Theorem 3.4 we have

(4.20) AL+ H = traceB((.), Ag(.)) + IH;
’ Agrad|H| + m|H|grad|H| + B¢ — oV =0,

where the second term yields
(4.21) 0=A(a€ + BV) +m|H|(a€ + BV) + B¢ — aV.

Now, by taking into account the equation (4.1) we have

AW, = W
= cosfAE +sinbAV,
so with respect to the 43 = —tanf we have
(4.22) AV = =+ (m+72)V,

then from the equations (4.22) and (4.21) we get
0 = (m|H|a)¢§ + (=200 + m|H[B + B(11 +12))V,
consequently it is obtained that
0=m|H|«
0=—=2a+m[H|S+ (7 +12),

those show, either |H| =0 or « = 0. When |H| = 0 the generalized Tanaka-Webster

pseudo Hopf hypersurface M?™ is minimal, clearly. Also, we get |H| = —%,

provided that a = 0. More precisely, where a = 0 then the Theorem 3.4 follows

AT H =traceB((.),An(.)) + kH
Agrad|H| + m|H|grad|H| + 3¢ = 0,

in which the second term, where grad|H| = 8V, implies
0 =LAV +m|H|BV + B¢,
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and now, by applying (4.22), we have

it
o

|H| =

O

Proposition 4.5. The generalized Tanaka-Webster biharmonic pseudo Hopf hyper-
surfaces have the constant mean curvature provided that grad|H| is in the direction

€.

Proof. Let M?™ be a generalized Tanaka-Webster biharmonic hypersurface in et (o).
According to the assumption grad|H| = «af, where H is the mean curvature vector
field of M?™. Then in this case the Theorem 3.4 implies

L H = traceB((. . )
(4.23) { A*H =traceB((.), An(.)) + LH;

Agrad|H| + m|H|grad|H| — aV =0,
where the second term yields
aAl +mlH|ag — aV =0,

by taking into account the equation (3.10) then o = 0 and grad|H| = 0, that states
|H| = constant. O

Immediately, it follows

Corollary 4.6. There exists not a generalized Tanaka-Webster biharmonic pseudo

Hopf hypersurface with the constant mean curvature where the @-sectional curvature
holds ¢ < —3.

Proof. Obviously, it is followed by the Corollary 3.5 and Proposition 4.5. O
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