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Abstract

In this paper, we investigate n-dimensional complete space-like submanifolds
M™ with constant normalized scalar curvature R in a de Sitter space Sy*7(c).
Suppose that the normalized mean curvature vector field is parallel. We prove
that if the norm square ||k||*> of the second fundamental form of M™ satisfies
nR < ||h]]? < min{a(n, R),B(n, R)}, then M™ is a totally umbilical submani-
fold; or n = 3 and M?3 is a hyperbolic cylinder H'(c — X?) x S?(c — i?) in S7(c),
where R = c— R > 0,a(n, R) and #(n, R) are constants only depend on n and
R.

Mathematics Subject Classification: 53C42,53A10.
Key words: space-like submanifolds, de Sitter space, totally umbilical manifolds,
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1. Introduction

A de Sitter space S}t (c) is an (n 4 p)-dimensional connected complete pseudo-
Riemannian manifold of index p with constant curvature ¢ > 0. Goddard [7] conjec-
tured that a complete space-like hypersurface in ST (c) with constant mean cur-
vature H must be totally umbilical. Akutagawa [2] and Ramanathan [11] proved
independently that the conjecture is true if H? < ¢ when n = 2 and n?H? < 4(n—1)c
when n > 3. Cheng [4] generalized this result to complete space-like submanifolds in
Sp*P(c) with parallel mean curvature vector. For the study of space-like hypersur-
faces with constant scalar curvature in a de Sitter space, Zheng ([15], [16]) proved that
the compact space-like hypersurface M™ in a de Sitter space S?H(c) with constant
scalar curvature is totally umbilical if k(M) > 0 and R < ¢, where k(M) and R are
the sectional curvature and the normalized scalar curvature of M. Later, Cheng and
Ishikawa [5] showed that if the condition K (M) > 0 is deleted, then Zheng’s result in
[15], [16] is also true. Recently, Liu [8] proved the following theorem

Theorem 1. Let M™ be an n-dimensional (n > 3) complete space-like hypersurface
with_constant normalized scalar curvature R in an (n+1)-dimensional de Sitter space
St and denote R = 1 — R. If the norm square ||h||*> of the second fundamental
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form of M™ satisfies nR < sup||h||*> < D(n,R), then either (i) sup ||h||> = nR and
M™ is totally umbilical; or (i) sup ||h||?> = D(n, R) and M™ is a hyperbolic cylinder
HY(1—coth?r) x S"=Y(1—tanh?r), where

_ n _ _

D(n,R) = m[n(n —~1)R* —4(n —1)R +n).

On the other hand, it is natural and very important to study n-dimensional sub-
manifolds with constant scalar curvature and higher codimension in a de Sitter space
S7+P(c). But there are few results about it. In this paper, we shall prove the following

Theorem 2. Let M™ be an n-dimensional (n > 3) complete space-like submanifold
with constant normalized scalar curvature R in an (n+ p)-dimensional de Sitter space
S;”“p(c). Suppose that the normalized mean curvature vector field is parallel and R =
c¢— R > 0. If the norm square ||h||?> of the second fundamental form of M™ satisfies
nR < ||h||?> < min{a(n, R), B(n, R)}, then M™ is a totally umbilical submanifold; or
n =3 and M? is a hyperbolic cylinder H'(c — \?) x S?(c — p?) in Si(c), where

_n (n=1)(n-2)2R*+[nc— (n—1)R)? S on
n—2 (n —2)2R +2[nc — (n — 1)R] ’ ﬂ(n’R)_n—2

[nc—(n—1)R).

X\ and p are the two distinct principal curvatures of M3 such that one has the multi-
plicity 1 and the other the multiplicity 2.

2 Preliminaries

Let S;*P(c) be an (n + p)-dimensional de Sitter space with index p. Let M" be
an n-dimensional connected space-like submanifold immersed in S}*?(c). We choose
a local field of semi-Riemannian orthonormal frames ey, ---,e,1, in S;*P(c) such
that at each point of M™ ey, --,e, span the tangent space of M™ and form an
orthonormal frame there. We use the following convention on the range of indices:
1<AB,C,--- <ntp;1 <4, 5,k <nsn+l <o, 8,7, <ntp. Letwi, -+, wnyp
be its dual frame field so that the semi-Riemannian metric of S}*7(c) is given by
ds? = Y w? — > w2 = Y eaw?, where ¢; = 1 and g, = —1. Then the structure

i o A

K3
equations of Sg*p (c) are given by

(1) dwa = Z5BwAB ANwp, wap+wpa =0,
B
1
(2) dwap =Y ccwac Awep — 3 > Kapcpwe Awp,
C C.D
(3) Kapcp = ceaep(0acdpp — 04pdBC)-

Restrict these form to M™. Then we have
(4) we=0, n+l<a<<n+np.

From Cartan’s Lemma we have
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(5) Wa, = Y hSwj, D5 =hS;.
J

The connection forms of M™ are characterized by the structure equations

(6) dwi = Zwij N wj,wij + wji = 0,
j=1
1
(7) dw;; = Zwik A wrj — 5 Z Rijriwr A wy,
& k.l
(8) Rijir = c(8indji — 0ubjn) — Y _(hgphSy — hghsy),

«

where R;ji; are the components of the curvature tensor of M™.
Denote by h the second fundamental form of M™. Then

(9) h = Zh?jwi@)wj@ea.

2,7,

Denote by &, H and ||h||?> the mean curvature vector field, the mean curvature and
the norm square of the second fundamental form of M™. Then they are defined by

(10) €= S hear H =gl =[SO A= Yo ()2

Moreover, the normal curvature tensor { Rngk: }, the Ricci curvature tensor {R;x} and
the scalar curvature n(n — 1)R are expressed as

(11) Ragrt = (Wi hiy = i hing),

(12) Rix = (n = 1)edg =y (3 hfi)hGi + > hishsh,
@ l ]

(13) n(n—1)(R—c) = |[l* = n*H?,

where R is the normalized scalar curvature.
Define the first and the second covariant derivatives of {hg;}, say {h{;;} and {h{};,;}
by

(14) > hgwn = dhg + Y hiweg + > hwky + > W wsa,
k k k B
> hwr = dhy + > hG i wmi + Y B wmi Y A wmk + > hY W
l m m m Ié]
We obtain the Codazzi equation by straightforward computations

(15) %k = ?kj'

It follows that the Ricci identities hold
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(16) Wi = B = Y oy Bt + D Wi Rt + ) 1 Rkt
m m B

The Laplacian of h{; is defined by Ahg; = Zk:h%kk. From (16) we obtain for any
a,n+l<a<n+p,

A7) AR = hi + > M R + > h Rkt + Y bl Rpaji-
k k,m k.m k,B

In the case of the mean curvature vector £ # 0, we know that e,,11 = £/H is a normal
vector field defined globally on M". We define ||u||? and |7]|? by

(18) Il =Y (hit = Hey)?,  rlP= Y0 Y (k)
i, a>n+1 4,j

respectively. Then ||u||? and ||7||? are functions defined on M™ globally, which do not
depend on the choice of the orthonormal frame {ej,---,e,}. And we have

(19) R]* = nH? + [|u]* + |7
From the definition of the mean curvature vector ¢, we know nH = > hl"™! and

>hE=0forn+2<a<n+ponM"
From (13),(18) and (19), we have

(20) A(n*H?) = A|[l* = AteHy ) + Al
Hence, from (8),(11) and (17) and by a direct calculation we conclude

FAUrHZ ) = X (2 ST AR
1,7, ,]
(21) = Zk(hzzl)Q +2 h%—i_l(nH)i]‘ +netrHZ | —n*H?c
1,7, 2y
—nHtr(H, ) + [tr(HZ )1+ 32 [tr(Hoga Hp)),
B>n+1

> ijk ij ij
sA[lT|? > (W) + X hgARS
1,5,k,a>n+1 i,j,a>n+1

22 = ijk - atlnt1
(22) S (b2 +ncT|?P—nH Y. tr(H2H,41)
i,j,k,a>n+1 a>n+1

+ 2 [r(HpnHo)P+ X0 [tr(HaHp)P?,
a>n+1 a,f>n+1

where H, denote the matrix (hg;) for all a.
We need the following Lemmas.

Lemma 1( [3]). Let {u;}7 be a set of real numbers satisfying > u; = 0 and
Sou? = (%, where 3> 0. Then

(23) 32,

s N=2
IE;MIS o)
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and the equalities hold if and only if at least n — 1 of the u;’s are equal with each
other.

Lemma 2 ([10], [13])). Let M™ be a complete Riemannian manifold whose Ricci
curvature is bounded from below. If F is a C?-function bounded from above on M™,
then for any € > 0, there is a point x € M™ such that

(24) supF' —e < F(x),||[VF||(z) <e,AF(x) < ¢.

Lemma 3( [12]). Let A, B be symmetric n X n matrices satisfying AB = BA and
trA =trB = 0. Then

n —

(25) ltrA%B| < )(trA2)(trB2)1/2.

nin —1

3 Proof of Theorem 2

For a C%-function f defined on M", we defined its gradient and Hessian (f;;) by
the following formulas

(26) df = fiwi, Y fijws = dfi + Y fjwji-
i J J

Let T = )" Tjjw; ® wj be a symmetric tensor on M" defined by

1,7
(27) ,-Tij = ’nH(S” — h?j+1'
Following Cheng-Yau [6], we introduce an operator O associated to T acting on f by
(28) af = ZTz‘jfij = Z(nH5ij —h5 ) fi.
,J 4,J

By a simple calculation and from (20), we obtain

O(nH) = Y.(nHd; —hit)(nH)i
i,
) = AR ~ )|~ A )
= LA(trHZ,,) + LA|7|? - |lgrad(nH)||? - Zh;;“(nH)ij.
i,
We choose a local orthonormal frame field {ej,- -, e, } such that hfjﬂ = A\i;5. Since

> (A — H) =0, then

SO0 = SN = e it =
Then by Lemma 1

—nHtr(H2 ) = —nHY X\
=3nH? l]? = nPH = nH (N~ H)?

(30)

C3nH2|l? — n2HA — =) 3

Y
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From (21),(30) and trH2,, = ||u||* + nH? we have

sArHE ) > ‘Zk(h?j;;l) + T (nH);
1/7-]) 7|j

2 n(n—2) _ 2
(= B2 ]+ me = nH?)

> (hii)? +Zh”+1( H)ij

1,5,k
+lf? {nc—nm =2 h| )|}

Vo=

Let M™ be a compele connected submanifold in Sg+p(c) with nowhere zero mean
curvature H. Suppose that the normalized mean curvature vector £/H is parallel in
T+M™ and choose e,, 11 = £/H. Then way, 41 = 0 for all a. Consequently Ront1k = 0.
From (11) we have

(32) Z heshI! = Z hg by,

ie.,
(33) HyHy11=H,41H,.

(31)

Y

If we set B = Hy+1 — HI, then trB = 0. By means of (33) we get H,B = BH, for
a > n + 1.By virtue of Lemma 3

-2
(34) tr(H2B)| < —2 2 H2V0B?, (a > n + 1).
nin —1)
Since
(35) tr(H>B) = tr(H>H,41) — HtrH2, (a > n + 1),
trB* = trH72L+1 nH? = ||u?,

by (34),(35) we conclude

n—2

vn(n—1)

(36) tr(H>H, ;1) < (H + lptrH2, (a0 > n 4+ 1).

From (22),(36) we get

L -2
(1) APz Y () + Il {ne — nH® - (-2
i,5,k,a>n+1 n(n

We need the following Lemma 4.

Lemma 4. Let M"™ be an n-dimensional space-like submanifold in an (n + p)-
dimensional de Sitter space Sg+p(c). Suppose that the normalized scalar curvature R
is constant and R < c¢. Then

Z ( ZJk) 2 ||grad(nH)||2

.5,k

Proof. According to (13) and R < ¢, ||h|? < n2H? and
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nHV(nH) Z hes -

i,
Therefore we get
2H2”gra‘d nH ||2 Z th] zgk S ||hH2 Z ( ?jk)2'
k4,0 i,k

Thus the Lemma 4 is true.
Since we have
(38) [l < [[R]I> — nH?,

from (29),(31),(37),(38) and Lemma 4 we have

> ([Inl* = nH?){nc —nH? — %H\/\\hllz—nw}-

Denote R = ¢ — R. By (13) we have

OnH) > 2 712 {ne — nH? — 2022 1
(39) (nH) Ul 17 115)4 \/— H||pl[}

n

(40) )2 - nm? = "~ Ln)2 - nh).

By (39),(40) we have

O(nH) > 22(|[Al° —nR){nc — (n — )R — |||

41 -
) =2 (P + 0 — DRI — nE)}.
Since n > 3, then % < 222 Hence we have
(42) O(nH) > (Ilhll2 —nR)P(R, ||h|?),
where B ) B ) X

P h =nc—(n—1R—- 2=
(43) (B |AlI*) =nc—(n-—1)R Al

— 222 /([R]1? + n(n— DR)(I]? — nF).
(1). If nR < ||h||? < min{a(n, R), B(n, R)},then

(44) nR < sup||h||* < min{a(n, R),3(n, R)}.

It is directly checked that sup ||| < a(n, R) is equivalent to

[ne — (n — 1R — 222 sup ||]|*]?

(45) (=20 up [1B]2 + n(n — 1)R](sup [[4]]2 = nER).

>

But it is clear from (44) that (45) is equivalent to

nc— (n—1)R — =2 sup||h|?

(46) > 222 S T DR THE =,

Hence we have
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(47) P(R,sup||h]|*) > 0.
On the other hand,

D(nH) = Y (nHo; —hi;th)(nH);; = ;(HH — hii ) (nH)y;

(48) = 12’;]2 H(TLH)” - Z )\Z(nH)” S (TL|H|max - C)A(nH),

where |H | pax is the maximum of the mean curvature H and C is the minimum of the
principal curvatures {\;}7; of M™.

Now we consider the following smooth function on M™ defined by F = —(f? +
a)~'/2, where a(> 0) is a real number and f is a non-negative C*-function on M™.
From the hypothesis of the Theorem 2 and the Gauss equation which implies Ricci
curvature Ric >n —1— ”24H 2, we know that the Ricci curvature is bounded below.
Obviously, F' is bounded, so we can apply Lemma 2 to F. For any € > 0, there is a
point © € M™, such that at which F' satisfies the properties (24) in Lemma 2. By a
simple and direct calculation, we have

(49) FAF = 3||dF|* - %F“Afz.
From (24),(49)
(50) %F‘*(x)Af?(x) = 3||dF||*(x) — F(z)AF(z) < 3¢ — eF(x).

Thus, for any convergent sequence {&,, } with €,,, > 0 and lim,, o &, = 0, there exists
a point sequence {z,,} such that the sequence {F(z,,)} converges to Fy (we can take
a subsequence if necessary) and satisfies (24), hence, lim,, o0 € [3em — F(zm)] = 0.
From the definition of supremum and (24), we have lim,, o F'(z,,) = Fy = sup F’
and hence the definition of F' gives rise to lim,, o f(zm) = fo =sup f.
Now we set f = vnH, 50 lim,, oo (nH)(z,,) = sup(nH), thus by (13)

lim,, o [|2]|?(zm) = sup ||h]|. Under the hypothesis of the Theorem 2, by (42), (48)
and (50) we have

0 < FYwm)=2[|hlP(@m) — nRIP(R, [|h]*(xm)) < 5 F*(xm)OnH (2m)]
(51) < (n‘H|max - C’)%F‘l(m‘m)A(nH)( m)
< (n|H|max — O)(3e2, — e F(x1,)).

Let m — oo in (51). Then we have
(52) [sup [[2]]* = nR]P(R, sup [|h[|*) = 0.
By (47), we have sup || h||> = nR. From (40) and sup(||h||?> — nH?) = 0 we get ||h||®> =
nH?, and so M" is totally umbilical.
(2). If ||k||> = min{a(n, R), B(n, R)}, then we have
Ih]I* = a(n, R); o |h]|* = B(n, R).

(i). If ||h]|?> = B(n, R), then ||h||> < a(n, R). This is equivalent to
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(53) [ne—(n— DR~ "2 = "2 alP + - DRI - nR).

n

Hence, we have

—92)2
0> 2"

[I1R]* + n(n = DRI(A]* = nR) =0,
which means [|h]|? = nR. By (40) ||h||> = nH?, ie., M is totally umbilical.

(ii). If ||h||> = a(n, R), then the equality in (53) holds. Since ||k||*> < B(n, R), we
have

n—2

nc—(n—1)R— -

112 = "= 2RI + n(n — DRI ~ nB),

i.e., P(R,||h||?) = 0. Since ||h||?> = a(n, R) = const., from (13) we have H = const..
Therefore we know that A(nH) = 0. By (48) we have O(nH) < 0. From (42) we get
O(nH) = 0. Thus the equalities in (42),(41),(39),(38) and (23) in Lemma 1 hold. When
the equalities in (42),(41) hold, we have —1||h||? = 2=2||h|?, i.e., n = 3. When the
equality in (38) holds, we have ||u||? = ||h||* — nH?2. Hence by (19), we have ||7| = 0.
Since e,,41 is parallel on the normal bundle T (M™) of M™, using the method of Yau
[14], we know M? lies in a totally geodesic submanifold S{(c) of S3t?(c). When the
equalities in (23) of Lemmal hold, after renumberation if necessary, we can assume
that A = A\ # Ay = A3 = p, i.e., M has two distinct principal curvatures, one with
the multiplicity 1 and the other with the multiplicity 2. Therefore by [9] or [1], M? is
a hyperbolic cylinder H*(c — A?) x S?(c — p?) in S{(c). This completes the proof of
the Theorem 2.
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