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CERTAIN CLASSES OF k-UNIFORMLY CLOSE-TO-CONVEX
FUNCTIONS AND OTHER RELATED FUNCTIONS DEFINED
BY USING THE DZIOK-SRIVASTAVA OPERATOR

(DEDICATED IN OCCASION OF THE 65-YEARS OF
PROFESSOR R.K. RAINA)

H. M. SRIVASTAVA, SHU-HAI LI, HUO TANG

ABSTRACT. Several interesting classes of k-uniformly close-to-convex functions
and k-uniformly quasi-convex functions are defined here by using the Dziok-
Srivastava operator. We provide necessary and sufficient coefficient conditions,
extreme points, integral representations, and distortion bounds for functions
belonging to each of these classes of k-uniformly close-to-convex functions and
k-uniformly quasi-convex functions.

1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Let A denote the class of functions of the form:
f(z) :z—f—Zanz”, (1.1)
n=2

which are analytic in the open unit disk
U={z:2€C and [z <1}

Also let A~ denote a subclass of A consisting of functions of the form:
fz)=2z— Z anz" (an 20), (1.2)
n=2

which are analytic in U.
A function f(z) € A is said to be in the class of k-uniformly convex functions of
order 8 (0 = 8 < 1), denoted by UK (k, B) (cf. [10]; see also [6] and []]) if

»( ) >4
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+ 5 (k20;0=8<1; ze). (1.3)
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A corresponding class of k-uniformly starlike functions, denoted by US(k, ()
consists of functions f(z) € A such that

Zf'(Z)) 2f'(2)
UCEIRE e
It is obvious from the inequalities in (1.3) and (1.4) that (see [10])

f(z) eUK(k,B) <<= =zf'(z) eUS(k,p). (1.5)

Each of the function classes UK (k, ) and US(k, 3) provides unifications and
generalizations various other (known or new) subclasses of A. Several properties of
some of the subclasses of the function classes UK (k, 5) and US(k, 5) were studied
recently in [9] (see also [6] and [§]).

-1

+8 (20, 058<1; z€). (1.4)

Definition 1 (see [I]). Define UC(k,~, ) to be the family of functions f(z) € A
such that
zf'(z)

2f'(z)
*(55) 756
for some function g(z) € US(k, B).

—1’+7 (k=0; y€[0,1); z€ ) (1.6)

Definition 2 (see [I]). Define UQ(k,~, ) to be the family of functions f(z) € A
such that
2f'(2))
/

%<%ng>>k 702)

for some function g(z) € UK (k, B).

(

—1‘+7 (k=0; y€[0,1); z€ ) (1.7)

It readily follows from Definitions 1 and 2 that
f(2) €Uk, B) = =f'(2) €UC(k, 7, B). (1.8)

We say that UC(0,~, ) is the class of close-to-convex functions of order v and type
B in U and that U Q(0,~, B) is the class of quasi-convex functions of order v and
type 5 in U.

Definition 3. For functions f(z) € A given by (1.1), and g(z) € A given by

g9(2) =2+ Y bn2", (1.9)
n=2

we define the Hadamard product (or convolution) of f(z) and g(z) by
(fx9)(2) =24 anbpz"=: (g f)(2) (2 €D). (1.10)
n=2

For complex parameters
a; €C (j=1,---,1) and B; €C\Z;, (j=1,---,m; Zy :={0,-1,-2,---}),

the generalized hypergeometric function ;F;, (with [ numerator and m denominator
parameters) is defined by

lFm(aly"' ,al;ﬁlv"' ,ﬂm)_zmi (111)

n=0
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(I<m+1; I,meNy:={0,1,2,---} =NU{0}),
where (), denotes the Pochhammer symbol (or the shifted factorial, since (1),, = n!
for n € N) defined, in terms of the familiar Gamma functions, by

N IO _ 1 (v=0; A C\{0})
I'(A) AMA+1) (A +n—1) (v=neN; AeC).

Now, corresponding to the function
h(a17'“ 70[1;617'“ 7ﬂm’z) =z lFm(alu'“ 7al;/317"' 7Bm)7
the Dziok-Srivastava linear operator (see [3], [], [5] and [I1]; see also [7], [14] and
[15)) l
Hm(ala e 7al;ﬂ17 e 7Bm)
is defined as follows by using the Hadamard product (or convolution):
Hyln(ala e 7Oél;ﬂla e 7ﬁm)f(z)
= h(Oél,"' 7al;ﬁ17"' 76m,2§) *f(Z)

:Z+Z<Pn(a17"' 7al§617"' 76m)anzna (112)

where, for convenience,
L)On(ala s, O 51) T aﬂm)

is given by
oy 0 Br - ) = ((gll)):_ll.-...-((;;))r;—ll . (nim, (1.13)
It is well known (see, for example, [B]) that
arH) (ar + 1,00, a3 81, Bm) f(2)
= 2(H! (a1 + 1,09, ,aiBro -, Bu) f(2))
+ (a1 — D) H] (01,00, s Bry -+, Bm) f(2). (1.14)
For notational simplification in our investigation, we write
Hylon]f(2) = Hy, (1, 003 81, B) f(2)- (1.15)
We now define the linear operator L)} as follows:
L3 0, f(2) = f(2), (1.16)
Ly§hn(2) = (1= N Hp[oa] £(2) + Az (Hp[on] £(2)]
= L3, . f(2) (A20), (1.17)
L5 (2) = L3 (LG f () (1.18)

and, in general,
LY fz) =LYy (L35 f(2)  (£m+1;L,meNy; Te€N). (119

A jd,m
If the function f(z) is given by (1.1), then we see from (1.12), (1.13), (1.17) and
(1.19) that

LY flz) =2+ Z o7 (o1, A, [, m)anz" (1€ Np), (1.20)

n=2
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where
T _ (al)n—l"'(al)n—l . [1+>\(7’L—1)] i
dn a1, A, l,m) = ((61)n1~-~(5m)n1 1 ) (1.21)
(n e N\ {1}; 7 € Ny).
When

T=1 and A=0,

the linear operator L;?‘lm would reduce to the familiar Dziok-Srivastava linear
operator given by (1.12) above (see, for example, [3]). For a linear operator which
is essentially analogous to the Dziok-Srivastava operator in (1.12), but uses instead
the Fox-Wright generalization of the hypergeometric function ;F, defined here by
(1.11), the interested reader may be referred to the recent works [2] and [12] as well
as to the closely-related works cited in each of these recent works.

By applying the general operator Lf\‘;lm, we define the following subclasses of
the function class A.

I. Let US! (1, )\ k, B) be the class of functions f(z) € A satisfying the following
inequality:

2(L3 f(2)
R| = | >k
( L3 7(2) >>

Observe that

2(L35 ()

T, -1
LYGm (2)

+8  (k=0; B€[0,1)). (1.22)

LT f(2) € US(K, B).

Asg,m

IL. Let UK. (7, )\, k, 3) be the class of functions f(z) € A satisfying the following
inequality:

LT’C_“ 1"
R <1 + 235 2) A (Z)), > >k
(L)\:j,lm (Z)>

Observe that

(L5 ()"

|+ 8 k=0; B€0,1)). (1.23
(L) k20 elon). 0.29)

LT f(2) € UK (K, B).

Ag,m

III. Let L{Cfn(T, A k,7, B) be the class of functions f € A such that

AL ) |2 )
§ = pandOL i Gzoep) nay

for some function g(z) € US!, (7, k, ). Observe that
LY f(2) € UC(K,~, B).

A gym

IV. Let L{le (1, A, k,v, ) be the class of functions f € A such that

AL ) [P (2)"
R{1+——=2 — | >k — ;
(LY5ma(2)) (L35 ,9(2)

for some function g(z) € UK., (7, \, k, B). Observe that
LY f(z) € UK(k,, B).

Agsm

+ (k=0; v€[0,1)) (1.25)
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It is clear from two of the above definitions that
f(z) e UKL (1, Mk, B) <= zf'(2) e UC, (1, \, k, B). (1.26)

Finally, in terms of the above-defined function classes, we write
US| (7.0 b, B) = A7 NUS,, (T, A k. B),
UICle(Ta Ak, 5) =A"N Z/”Clm(Tv Ak, B)a

UC,. (1, M kv, 8) = A~ NUCL, (1, \, k, 7, B)
and
UQ,, (T A kv, ) = A~ NUQ,, (T, M k7, B).

The various properties and characteristics of functions in the class US ﬁn (1,0,k, )
were investigated by Dziok and Srivastava [3]. In this paper, we obtain several
relationships and properties of the convolution operators considered here. Our
paper mainly studies the functions in the class Z/{Cin(T,)\,k,ﬁ). We first prove
a sufficient condition for a function f € A to be in the class UCin(T, Ak, B). We
then provide necessary and sufficient coefficient conditions, extreme points, integral
representations, distortion bounds, radii of starlikeness and convexity for functions
in the class Z/{Cfn(T, Ak, B).

2. FIRST SET OF MAIN RESULTS

First of all, we obtain a sufficient condition for a function f € A to be in the
class Z/{Cfn(T, Ak, B).
Theorem 1. Let f(z) € A be given by (1.1). Suppose also that @7, (a1, A, 1, m) is
given by (1.21). If
k>0, Bel0,1), ye[0,1), A=0, €N

and
oo

> [2klnan — bl + (1= ) [bal] 67 (01, A, 1,m) < 11,

n=2

then f(z) € UC, (1, )\, k,~, B).

Proof. By the definition of the function class L{Cfn(r, Ak, 7, B), it suffices to show
for a function f(z) € A given by (1.1) that

ALY, F(2)

(L7 f(2))
| A2 1w w oy
LA,j,mg(Z) L)\,j,mg(z)
(L7 f(2))
L)\’j’mg(z)
> dnlar A Lm)|nay — byl - [z
<ok =2 . (2.1)
1= 37 ¢nlar, A L,m) |by| - [2"~1
n=2

Now the last expression in (2.1) is bounded above by 1 — v if and only if

> [2kInan — bl + (1 = 7)|bnl] @7 (01, A, 1L,m) < 1=,

n=2
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which evidently completes the proof of Theorem 1. O

We next provide a necessary and sufficient coefficient bound for a given function
f(2) € A™ to belong to the class UC, (T, A, k, 7, B).

Theorem 2. Let f(z) € A~ be given by (1.2). Also let ¢ (a1, N, 1, m) be given by
(1.21). Then f € UC,, (T, A, k., B) if and only if

o0

Z [(n(L 4 k)an — (k +7)bn] o] (01, A, l,m) <1 —7. (2.2)

n=2

Proof. Suppose that f(z) € UC;, (7,A,k,v,8). Then, making use of the fact that
R(w) > klw — 1| + v <= R(w(l + ke'?) —ke'’) >y (yER)
and letting

T, !
RN
LY5n9(2)

in (1.3), we obtain

LY5m9(2)

Agym

(L7 f(2)) . .
R <( x| ) (1+ ke'?) — ke’¢> >y

or, equivalently,

oo / oo
(1 + ke'®)z (z - > qﬁfl(al,A,l,m)anz”) — (ke + ) (z = > or (a1, AL, m)byz"

n=2 n=2

§R oo
z— Yy ¢ (ag, A\, 1, m)b,z"

n=2

which holds true for all z € U. By letting z — 1— through real values, we thus find
that

(1 - ’Y) - (1 + kel¢) E ’TLQZS;;(OQ, /\a l7m)an + (fY + keW)) Z (b;rz(alv )‘Ja m)bﬂ
R n=2 — n=2 > O7
1- Z d);(ah Aa l7m)bn
n=2

and so (by the mean value theorem) we have

R ((1 —B) = (L+ke™) Y nep(en, AL m)an + (B+ke'®) > 7 (a1, A, l,m)bn> > 0.

n=2 n=2
Therefore, we get

o0

Z [n(l +k)an — (k+ 7)b71] dp(a, A l,m) <1 -7,

n=2

which proves the first part of Theorem 2.
Conversely, we let the inequality (2.2) hold true.
Then, in light of the fact that

Rw) >y = w-01+y)<lw+0-7] (eR),

>0,
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we need only to show that
f G !
( A g,m ( )) - <1 +k

LY50n9(2)

2(L3 f(2))

Ly5m9(2)

WA m9
AL f(2)

(L35 f ()
<|l—Far ot |1-Fk a -1 =
L)\]m (Z) L)\]m (Z)
By setting
Lyim9()
L35,9(2)]
we may write
I e 50) S G O 1CO) S
Bawe e
|z’< Y LE500G)  | o o LEha(2)
= Ly (2)) + (1 —ny)—=2 _k(L,\glm (2)) — —=
135%,0(2) : ?
_ ML (2=7) = 3 [nan + (1 = 7)balé (a1, A1, m) 2"
L359(2)]
— e — Z(knan — kbp) 7 (a1, A, I,m)z" !
n=2
> WL ((2 =) = > (1 +E)an + (1 =k —9)bn) ¢} (a1, A, l,m)>
L3529 =
and
3= (LRl () 14k AL/ B 1+~
Bawe Bawe
z o Ly m9(2) LY m9(2)
= % (L35 (2)) - (1 +7)% k”(Hyln[Oél]f(Z))/ - 4’]72
L)Qj mg(z)‘
— | | o Z na, — (1 +)b ]d);(al,)\,l,m)znfl
LyGm9(2) n=2
— e = " (knay — kbn)e (a1, A, 1,m) 2"
n=2
< Ta| (’}/—FZ 1+k an—(1+k+’y)bn]¢;(ala)‘vl7m)> .
L,\,J m9(2)

It is easy to verify that
¢E—-F>0
in case the inequality (2.2) holds true. The proof of Theorem 2 is thus completed.
O
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When
f()=g(z) (z€D),

Theorem 2 would yield the following corollary.

Corollary 1. Let g(z) € A~ be given by
gz) =2—Y bp2" (b = 0), (2.3)
n=2

Then g(2) € US; (T, A\, k, B) if and only if

i [(n—1k+n —1,5_11;¢;(a1,x,1,m)

Corollary 2. If g(z) € US, (1, A\, k, B) is given by (2.3), then

<1

;bn S ik BEGaunLm)

Proof. Since g(z) € US;,, (7, A\, k, B) is given by (2.3), we can apply Corollary 1 to
obtain

(k +2- 5)¢72—(O‘17 )‘7 lam) Z bn
n=2
< bal(n =Dk +n— Ble] (o, A, 1,m)
n=2
<1l-p.

We thus find that

b 7
T;z S @ E-A)dan A Lm)

which proves Corollary 2. O
Corollary 3. If g(z) e US, (1, A\, k, B) is given by (2.3), then
1—
by, < b

(2 + kl - 6)an¢£(a1,)\7l,m) '

3. FURTHER RESULTS AND CONSEQUENCES

In this section, several further results involving the various function classes which
were introduced in Section 1.

Theorem 3. If g(z) € USZm(T,A, k,B), then

L;:(;}mg(z) - (AZ mdt> (|Q(2)| <l1l; ze€ U) (3.1)

and

L;?lmg(z) = exp </| - log [(k — :cz)_l_ﬁ] du(w)) , (3.2)
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where p(x) is a probability measure on the set:
X ={z:|z| =1}
Proof. The case k = 0 of the assertion (3.1) if Theorem 3 is obvious. Let k # 0.
Then, for
glz) € , and W= ——=g—F,
o L3530(2)

we have
R(w) > klw — 1| + 6.
We thus find that
w—1 1 w—1 Q2)
Py <z and = (|Q(2)] < 1; z € U),

w—p k
which readily yields

2(L33m9() k- BQ(2)
L) 2lk— Q)

L3 im9(2) = exp (/ m@ |

In order to derive the second representation (3.2), corresponding to the set:

X =A{z:|z[ =1},

and, therefore,

we observe that
w—1 1

or, equivalently, that

2(L35m9(2) k= BQ(
Ly5ma(z) 2k —Q(2)]
= log (W) =—(14 8)log(k — z2).

I\
~—

Thus, if p(x) is the probability measure on X, then

LNim9(2) = exp </| _ JoB [k —a2)77] d‘“”) '

Theorem 4. If f(z) € UC|, (T, A\, k, v, B), then

LK(;lm (z) = /Oz Vk_’g?((tt)) exp (/m|_1 log [(k: - xt)_l_ﬁ} d,u(at))] dt, (3.3)

where p(x) is a probability measure on the following set:

X ={z:|z| =1}



58 H. M. SRIVASTAVA, S.-H. LI, H. TANG

Proof. The case k = 0 of the assertion (3.3) of Theorem 4 is obvious. Let k # 0.

Then, for
(L35 f(2)
feuc;, (n\kpB) and w=—22"— "
A ) B
we have
R(w) > klw — 1|+ 7.
We thus find that
w—1 1 w—1 Q2
il d = 7 1; U
g <k an PR . (|Q(z)|< ; z € ),

which easily yields
(L35I () _ k—10(2)
Ly5a(z) 2k = Q)]
Moreover, from Theorem 3, we have

L35m9(2) = exp </| _ g [(F =)™ d““”)) ’

where u(x) is a probability measure on the set:

X ={z:|z| =1}

The assertion (3.3) of Theorem 4 would now follow from (3.4) and (3.5).

Next we obtain a distortion bounds for the functions f(z) and g(z).

Theorem 5. If g(z) € Z/lSle(T,)\, k,B), then
1- ﬁ | |2

- G g
1-p 5
<lg(x)| < |z] + ETF B ) E (z € U)
and
(2+k—6)¢§(a1,)\,l,m)
<|d )| <1+ 21— §) lz2|  (zel).

24+ k- B)pT(aq, A, l,m)

(3.6)

(3.7)

Proof. For g(z) € US,, (T, A\, k, B) given by (2.3), we find from Corollary 2 that

(3.8)

. o
2 S G E e )
which implies that
- -
9(2) S el + o 3ot < o+ g e D
and
92 e =P b > o~ ey . €U
o 5(ar, A l,m)
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Thus the assertion (3.6) of Theorem 5 follows at once.
In a similar manner, for the derivative ¢’(z), the following inequalities:

/() ST+ nbalz" P <142 Y nb,  (z€D)
n=2 n=2

and
S 2(1-5)
nz:;nbn = (2+ k= B)p3(ar, A l,m)

lead us immediately to the assertion (3.7) of Theorem 5. This completes the proof
of Theorem 5. O

Theorem 6. If f € Z/ICl_’m(qg)\, k,,B), then
17 (k+7)(1-8) 2
A i R estan AL m) (1 T Oy e k= 5)) |27 <17 (2)]

1—~ (k+7(Q1-8) 2
< e L) (1 T B)) [ (=T (39)

and

1y (k)1 B)
(L + K)og (e, A Lm) (” A-N@+k-f)
1y [+ (k+9)(1 - B)

Proof. For f € UC, (7, A\ k,7, 3) given by (1.2), by using Theorem 1, we obtain

JERIC

<1+

)} 2] (z €U). (3.10)

21+ k)¢3(ar, A ,m) > an < > n(l+ k)and] (a1, A, 1,m)

n=2 n=2

<T=y+ Y (h+7)badh(0r, A Lm),  (3.11)
n=2
which immediately yields
;an = 20+ k)5 (o, A, m)
k+~ e

+ bn :LOC,)\J,m. 3.12
ST B n L) 2 e bm. (312

Also, by applying Corollary 1, we have

o0 . 1_6
;bn(bn(ala)‘vlam) < 2+]€*ﬂ7
so that
FEIS 2+ 1Y an
n=2
1—v (k+7(Q1-8) 2
<Hl+ s marmim (G o) D
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Similarly, we can show that

f(2)] 2 |2] = |2 Zan
1—~ (k+7)(1=5)
2(1+ K)oy (o, A1, m) <1+ (1=7C+k-p

We thus have proved the assertion (3.9) of Theorem 6.
In a similar manner, for the derivative f’(z), the following inequalities:

> |z] =

)> 122 (zeU).

/(@) S 14+ nanlz["™ <1+[2[> nan,  (z€U)

and
1-— 1-—
E:m% T am
1+k)¢7(a1,)\,l,m) (177)(24»]4:76)
lead us to the assertion (3.12) of Theorem 6. This evidently completes the proof of
Theorem 6. (]

It is not difficult to deduce Corollary 4 below.

Corollary 4. Let f € UC;m(T,A,k,77ﬁ). Then

o 14 (k+7)(1-B)
{“*”<1 u+M@mhmwm<“+u—w@+k—m>}cﬂm

| 1y (k+4)(1 - B)
C{”'”<1+<L+M%«mxmnw(L*u—wx2+k—m)}'@la

Theorem 7 below follows easily from Corollary 1. In fact, the proof of Theorem
7 is essentially analogous to that of Theorem 8, which we have chosen to present
here in detail.

Theorem 7. Let

gm(2) =2z — Z bjmz! € Uus, ,.(r,\k,v,5) (m=1,2).

n=2

Then

o) = (1 - O1(2) + ga() = 2 = Y by

j=2
eUS, (1. kv, 8)  (0=£=1). (3.14)

Theorem 8. Let

fm(z):’z_zaj,mzj €ucljm(7,)\ak,’yvﬂ) (m:]-aQ)

n=2
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Then
f(2) = (1 =8 fi1(2) +&falz) = 2 — Za]zj

€UC, (T Ak, B) (05 g <1). (3.15)

Proof. Since
fm(z) EUC;m(T, /\aka’%ﬁ) (m:172)a
by using Theorem 2, we get the following coefficient inequalities:

o

Z[(l + k)jaj,lqs;(alv A, lvm) - (k + ’)/)bj,1¢;(041, A, l7m)] <l—-n
)

and
D (1 +k)jaj 207 (an, A Lm) — (k+)bj2¢7 (a1, A\, L,m)] < 1— 1.
j=2

Furthermore, in view of the following obvious relationships:
aj =(1—-8&aj1+8aj2 and b; = (1—&)bj1 + &b
JeN\{1} 0= zi=1),
we thus find that

[(1 +k)ja;oi (o, A L,m) — (k+7)bj¢i (a1, AL, m)}

j=2

(L4 E)jo (cn; A lym) [(1 = §)aj1(2) + Eaja(2)]

'MS

<
[
N

=D (k)b (an, A Lym) (1= €)bj(2) + Ebja(2)]
j=2

(1-8 [+ k)ja; 0] (ar, A1, m) — (k+ B)bj 167 (ar, A, 1,m)]

'M8

<
Il
N

+ Zg[(l + k)jaj72¢;(a17 Al m) - (k + ’Y)bj,QQb;(Oél, Al m)]
=2

SA-HA = +El-y)=1-1.
Thus, by using Theorem 2 again, we finally obtain
f(Z) S uc;m(Ta )‘a k577ﬁ)3
which completes the proof of Theorem 8. d
We remark in conclusion that, by suitably specializing the parameters involved

in the results presented in this paper, we can deduce numerous further corollaries
and consequences of each of these results.
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