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PROFESSOR R.K. RAINA)

GANGADHARAN. MURUGUSUNDARAMOORTHY

ABSTRACT. Making use of convolution product, we introduce a unified class
of analytic functions with negative coefficients. Also, we obtain the coefficient
bounds, extreme points and radius of starlikeness for functions belonging to
the generalized class TP;L\(a, B). Furthermore, partial sums fi(2) of functions
f(2) in the class P‘i‘ (a, B) are considered and sharp lower bounds for the ratios
of real part of f(z) to fx(z) and f'(z) to f;(z) are determined. Relevant
connections of the results with various known results are also considered.

1. INTRODUCTION

Let A denote the class of functions of the form
f@) =2+ anz" (1.1)
n=2
which are analytic and univalent in the open disc U = {z : z € C, |z| < 1}. For

n=2

functions f € A given by 1) and g € A given by g(z) = z+ > b,2", we define
the Hadamard product (or convolution ) of f and g by

(fx9)(2) =2+ anbp2", z€U. (1.2)
n=2

we recall here a general Hurwitz-Lerch Zeta function ®(z,s,a) defined by (cf.,
e.g., [29,p. 121]).

n

D(z,s,a) = z_;)(n—zl—ia)s (1.3)

(a € C\{Zy };s € C,%R(s) >1 and |z|=1)
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where, as usual, Zg :=Z\ {N}, (Z := {£1,+2,43,...});N:={1,2,3,...}.

Several interesting properties and characteristics of the Hurwitz-Lerch Zeta func-
tion ®(z, s,a) can be found in the recent investigations by Choi and Srivastava [5],
Ferreira and Lopez [6], Garg et al. [8], Lin and Srivastava [I1], Lin et al. [12],
and others. Srivastava and Attiya [28] (see also Raducanu and Srivastava [I8], and
Prajapat and Goyal [15]) introduced and investigated the linear operator:

jll«ab cA— A
defined in terms of the Hadamard product by

Tunf(2) = Gou * f(2) (1.4)
(z€U;be C\{Zy };pu € C; f € A), where, for convenience,
Gup(z) = (1+0)H[®(z, 1) —b7*] (z€U). (1.5)

We recall here the following relationships (given earlier by [I5], [I8]) which follow

casily by using (TT), (T4) and (T5)

Tlf(z) =2+ ) Culb, p)an2" (1.6)

n=2

where

Catou) = (H27) (17)

n—+b

and (throughout this paper unless otherwise mentioned) the parameters p,b are
constrained as b € C\ {Z; }; u € C.

(1) For p=0
Ty (F)(z) = f(2). (1.8)
(2) For p=1
jbl(f)(z) ::/0 @dt =Ly f(2). (1.9)
(3) For p=1land b=v(v > -1)
TN =57 [0 = ), (1.10)

(4) For y=o0(c>0)and b=1

n—|—1> anz" =7I°(f)(2), (1.11)

Jﬂﬁ@%=2+§2(

where L,(f) and F, are the integral operators introduced by Alexandor [I] and
Bernardi [3], respectively, and Z7(f) is the Jung-Kim-Srivastava integral operator
[13] closely related to some multiplier transformation studied by Fleet [7]. Making
use of the operator J', we introduce a new subclass of analytic functions with neg-
ative coeflicients and discuss some some usual properties of the geometric function
theory of this generalized function class.
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For A\>0,-1<a<1landf >0, welet P/j‘(oz, B) be the subclass of A consisting
of functions of the form (|1.1) and satisfying the inequality

Re { A Jy ) (2) + X2(T )" (2) }> 5‘ N E+XT ")
(

—N(FNE + 2T () Jb NE)+ AT 1) (2)
(1.12)

where z € U, J}' f(z) is given by (1.6) . We further let TP:‘(a, g) = (a,ﬁ)
where

o0

= {feA:f(z):z—Z|an|z", zeU} (1.13)
n=2

is a subclass of A introduced and studied by Silverman [21].

In particular, for 0 < A < 1, the class T Pj(a,ﬁ) provides a transition from
k—uniformly starlike functions to k—uniformly convex functions.By suitably spe-
cializing the values of u, a, 8 and A the class TPIi‘(oz,B) reduces to the various
subclasses introduced and studied in [2] 4} 211, 26 [27]. As illustrations, we present

few following examples:
Example 1: If 4 =0 and A =1, then
f"(2) 2f"(2)
TP, ) = UCT(av, B ::{ eT:Re{l-i-Z —ayp > L 2eUy.
(1.14)

A function in UCT (e, ) is called f—uniformly convex of order o, 0 < o < 1.
This class was introduced in [4]. We also observe that

UST(a,0) = T*(«), UCT(a,0) = C(a)

are, respectively, well-known subclasses of starlike functions of order o and convex
functions of order a. Indeed it follows from and - that

FeUCT(a,B) & 2f € TSp(oz,B). (1.15)

For A = 0 and different choices of u we can state various subclasses of S.

Example 2: If ;4 = 0, then
f'(2) 2f'(2)
TP (o, ) = TS, (a, B ::{feT:Re {Z —a L z€eU
(1.16)
A function in T'Sy(a, 8) is called S—uniformly starlike of order o, 0 < & < 1. This
class was introduced in [4]. We also note that the classes T'S,(«,0) and T'S,(0,0)

were first introduced in [21].
Example 3: If y =1 and f(z) is as defined in (1.9)), then

CICIIN
Ly f(2)
where Lp,f(z) is defined by Lpf(2) := 2 — > (%) anz".
n=2
Example 4: If p=1,b=v(v > —1) and f(z)is as defined in (1.10)), then

Fof(2) Fof(2)
F ) “) “B 7 !

-1

TP (a,B) =TLy(a,B) == {f €T :Re (

W_1’7 zeU}7

TP (o, B) = TF,(a,B) := {f €T :Re (

, ZGU},
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o0
where F,, f(z) is given by F, f(z) ==z — ngz (iil”/) anz™.
Example 5: If 4 = o(0 > 0), b=1 and f(2) is defined in , then

2(Z1°f(2)) ) (I"f(Z))

771 (2) Iof(z)

, ZEU},

TP a,B) = Iﬂmﬁyz{feT:m3<

where Z9 f(z) is defined by Z°9f(z) := 2 — > (n%rl) anz".
n=2

We remark that the classes of uniformly Lconvex and uniformly starlike functions
were introduced by Goodman [9] [I0], and later generalized by and others [4} 16}, [17]
19, 20, 26, 27).

The main object of this paper is to study the coefficient bounds, extreme points
and radius of starlikeness for functions belong to the generalized class TPlf‘(a, B).
Furthermore, partial sums f;(z) of functions f(z) in the class P} (v, ) are consid-
ered and sharp lower bounds for the ratios of real part of f(2) to fx(z) and f'(2)

to fi.(z) are determined.

2. COEFFICIENT BOUNDS

In this section we obtain a necessary and sufficient condition for functions f(z)
in the classes Pﬁ\ (a, B) and TP:‘ (a, B).

Theorem 2.1. A function f(z) of the form 8 1n Pl;\(a,ﬁ) if

Y+ A= 1))+ ) = (a+ B)]an||Calb.p)] <1 -0, (2.1)

n=2

0<A<1 —-1<a<l, >0

Proof. 1t sufficies to show that

Jb"f YEANATEN )| [ AT G AT ) »
v ‘ NTENE) T 7T ) () 1‘ R{(1—A)(Jb“f)(Z)vLAZ(Jb"f)’(Z) 1}§1
We have
PYE AT | [ AT AR
v ’ TENE AT () 1’ t {< “NGENE AT G) 1}
< TN )+ AT ()
< 1+h) ‘ T NTNE + 3T ) 1’
(14 8) 55 (n = {1+ A~ D]fanl|Calt )
< =
1= 55 (14 A = DllaalICa 0. )

This last expression is bounded above by (1 — «) if

oo

S+ A( = D)+ B) — (@ + B)llan||Cn (b, 1) < 1 - a,

n=2

and hence the proof is complete. (I
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Theorem 2.2. A necessary and sufficient condition for f(z) of the form to
be in the class TPIf‘(a,B), —-1<a<1,0<A<1,82>0 is that

oo

S 1+ Am = 1)+ B) — (4 B)] anCulbp) <1—a,  (22)

n=2

Proof. In view of Theorem we need only to prove the necessity. If f € Plf‘ (o, B)
and z is real then

1= 3 a1+ A(n — D)]anCo (b, )27 S (= 1)1+ A(n — 1)]|an][Ca (b, )]
= —a> B
1- ;[1 + A(n —1)]a,Cp (b, )zt 1-— ;[1 + A(n = D)]|an||Cn (b, 1)

Letting z — 1 along the real axis, we obtain the desired inequality
Y 1+ A= 1)1+ 8) = (a+B)] anCn(bp) <1—a.
n=2

O

In view of the Examples 1 to 5 in Section 1 and Theorem we have following
corollaries for the classes defined in these examples.

Corollary 2.3. [] A necessary and sufficient condition for f(z) of the form
to be in the class UST (e, B), —1 < a < 1,8 >0 is that

Z[n(l—i—ﬁ) —(a+P)]a, <1—q,

n=2
Corollary 2.4. [A] A necessary and sufficient condition for f(z) of the form
to be in the class UCT(«, 8), —1 < a < 1,8 >0 is that

Yonln(t+8) —(a+p)]ay<1-a

Corollary 2.5. A necessary and sufficient condition for f(z) of the form
to be in the class TLy(cr, B), =1 < a < 1,8 >0 is that

S [n(1+ ) — (a + B) (ii‘;) e <1-a

n=2

Corollary 2.6. A necessary and sufficient condition for f(z) of the form
to be in the class TF, (o, 8), =1 < a <1 and B > 0 is that

= 14+v
1) — PV, <1-oa
3o +1) = @+ ) () a<1-a
Corollary 2.7. A necessary and sufficient condition for f(z) of the form
to be in the class I° (o, B), -1 < a < 1,8 > 0 is that

i[n(Hﬁ) — (o + B)] <ni1>0a" <1-a

n=2

When 8 =0 and A =1 with p = 0, Theorem [2.2] gives the following interesting
result.
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Corollary 2.8. 2I] If f € T, then f € C(a) if and only if

Zn(n—a)an <1l-a.
n=2
Corollary 2.9. If f € TPIZ\(Q,B), then
1—
an < a n>2, (2.3)

n(B+1) = (a+B)(1+An—1))Cn(b,p)” — —
where 0 <A <1, -1 <a<1 andf > 0. Equality in holds for the function
fe) =2~ =
(B +1) = (a+ B)(1 + A(n —1))Cn (b, 1)
Similarly many known results can be obtained as particular cases of the following
theorems, so we omit stating the particular cases for the following theorems.

. (2.4)

3. CLOSURE PROPERTIES
Theorem 3.1. Let
fi(z) = z and

-« n
e Y (B ey ey Y s rom A SR C

Then f € TP:‘(a,,B), if and only if it can be expressed in the form

z) = iwnfn(z), wp, > 0, iwn =1 (3.2)
n=1 n=1

Proof. Suppose f(z) can be written as in (3.2)). Then

1-«a "
- Z—Zwﬂ WD) = (a+ A0+ A= D)Calbip)
Now,

= (B +1) = (a+ AL+ Al — 1)Co b, 1o »
nzz:an(l—a)[n(ﬁ‘Fl)—(Oé+ﬁ)](1+/\(n_1))c anfl 1 < 1.

Thus f € TP’f (a, B). Conversely, let us have f € TP:‘ (a,ﬂ). Then by using (| ,

we set

[n(8 +1) = (@ + 81+ A(n = 1)Culb,10)

Wn = n, M=>2
l-«a
and w; = 1 —Y " ,w,. Then we have f(z) = > >, wyfn(2) and hence this
completes the proof of Theorem O
Theorem 3.2. The class TP, (c, ) is a convex set.
Proof. Let the function
z):szamjz”, an,; >0, j=1,2 (3.3)

be in the class TP,i‘(oz, B). Tt sufficient to show that the function h(z) defined by
h(z) =nfi(z) + (L =n)f2(2), 0<n<1,
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is in the class TP (e, §). Since

h(z)=2= Y [an + (1 = n)ans]2",

n=2

an easy computation with the aid of Theorem gives,

> (L4 An—1))[nB+1) = (a+ B)InCn(b, p)an
n=2
+3 U+ A = )+ 1) — (@ + B~ 7)Calb, Wans
<nl-a)+(1-n)(1-a)
S 1- «,
which implies that h € TPI;\ (a, B). Hence TPl;\ (a, B) is convex. O

Next we obtain the radii of close-to-convexity, starlikeness and convexity for the
class TPl;\(a, B).

Theorem 3.3. Let the function f(z) defined by belong to the class TP;‘(oz7 B).
Then f(z) is close-to-convex of order § (0 < § < 1) in the disc |z| < ri, where

(1 =8B +1) = (a+B)(1+A(n —1))Cn(b, p)
n(l — «)
The result is sharp, with extremal function f(z) given by .

T =

]”11 (n>2). (34)

Proof. Given f € T, and f is close-to-convex of order §, we have
If'(z) =1 <1-4. (3.5)
For the left hand side of (3.5)) we have

(oo}
/() = 1] <D nan|z""".
n=2
The last expression is less than 1 — ¢ if
22| < 1.
; —anl?]

Using the fact, that f € TP:‘ a, B) if and only if

L (1+An—1)[nB+1) = (a+ B)Cu(b,
Z(+( ))[((1+_31)( + B)]Cn (b, 1)

a, <1

)

n=2

We can say (3.5)) is true if

A+ AR - D)nE+1) — (a+B)Culbp)
(1-a) !

n n—1
- <

Or, equivalently,

1 = (1=0)A+AMn—1))[nB+1) — (o + B)|Cn(b, 1)
n(l — «)
which completes the proof. (I

|z
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Theorem 3.4. If f € TPﬁ‘(oz,ﬁ), then
(i) f is starlike of order §(0 < & < 1) in the disc |z| < ra; that is,

Re {Z}C(g)} >4, (|2 <r2; 0<46<1), where

1-6\ (1 —1 1) - T
it [(L28) (LA = D)in(3 +1) — (@ + B)Cu(bun) 6
n>2 |[\n—29 (1—-a)
(ii) f is convex of order § (0 < § < 1) in the unit disc |z| < rs, that is
Re {1 + ZJ]:,(S)} >4, (|z| <rs;0<d < 1), where
e[ 1=0 ) (LA = 1)In(B+1) — (0 + B)ICu (b, )] T
= f .
=it (s =) (37)
Each of these results are sharp for the extremal function f(z) given by .
Proof. (i) Given f € T, and f is starlike of order §, we have
2f'(2) ’
-1 <1-6. 3.8
e )

For the left hand side of (3.8) we have

oy Bt

f(2)

The last expression is less than 1 — ¢ if

n—4
Z 711_ an |2|"7t < 1.

n=2

[«

Using the fact, that f € TP:‘ (a, B) if and only if

3 0N DB+ D — (@4 ), o <1,

n=2 (1 - Oé)
We can say is true if
n=d ny (A= D)(E+D) = (ot BICu(p)
1-5 =y

Or, equivalently,

27t = Kl —5) (L+ A —1)[n(B+1) = (a+ B)ICn(b, 1)
n—29 (1-a)

which yields the starlikeness of the family.

(ii)  Using the fact that f is convex if and only if zf’ is starlike, we can
prove (ii), on lines similar to the proof of (i). |
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4. PARTIAL SUMS

Following the earlier works by Silverman [22] and Silvia [23] on partial sums of
analytic functions. We consider in this section partial sums of functions in the class
Pﬁ‘ (c, B) and obtain sharp lower bounds for the ratios of real part of f(z) to fx(z)

and f'(z) to f(2).

Theorem 4.1. Let f(z) € Plf(a,ﬁ). Define the partial sums f1(z) and fr(z), by

k
fi(z) = z; and fi(z) =2+ z:anz”7 (ke N/1)
n=2
Suppose also that

)
Z dn|an| <1,
n=2

1+ A —1))[n(a+B) — (a+ B)|Cn(b, 1)
(1—-a)

where

dy =

Then f € P;f‘(oz,ﬁ). Furthermore,
f(2) } 1
Re{fk(z) ! di41

fi(2) dit1
Re{ f(2) } ” 14 dg1

zeUkeN

and

Proof. For the coefficients d,, given by (4.2)) it is not difficult to verify that

dpt1 > dy > 1.
Therefore we have

k . -
Z lan| + di+1 Z lan| < Zdn|an| <1
n=2

n=k+1 n=2

by using the hypothesis (4.2]). By setting

91(2) = dip {ﬁ((z)) a (1 - dk{rl)}

oo}

des1 Y, apz™ !
= 1+ n:kk:+1
14+ > apz"!
n=2
and applying (4.6, we find that

di+1 Z |an|
g1(z) =1 < n=k+1
5 2-23% lan| —dit1 X2 lan|

n=2 n=k+1
< 1, zeU,

(4.1)
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which readily yields the assertion (4.3]) of Theorem In order to see that

Skl
f2) =2+ (4.9)
dr11
gives sharp result, we observe that for z = re*™/* that ]{; ((22) =1+ di-’:—l —1- dk1+1
as z — 17 . Similarly, if we take
fr(2) d+1 }
z) = (1+d —
ne) = (e {505 1
(1+duy1) > apz™t
n=k+1
= 1- = (4.10)
14+ > apzn !
n=2
and making use of (4.6, we can deduce that
(oo}
o (1 +dis) > o]
g2 ' < n=k+1 (4'11)
g2(2) + k <
223 lan| — (1 —dps1) > an
n=2 n=k+1

which leads us immediately to the assertion (4.4) of Theorem 4.1
The bound in (4.4)) is sharp for each & € N with the extremal function f(z)

given by (4.9). The proof of the Theorem is thus complete. a
Theorem 4.2. If f(z) of the form satisfies the condition . Then
/
1
Re{f/(z)}zl—k+ . (4.12)
fk(z) dr41

Proof. By setting

9z) = d+{£((§‘<1‘z:>}

k+1 n— n—
1+ ] E Nanp2 + E Nnanpz
n=k+1 n=2

k
14+ > napz"1!
n=2

o0

i’fll S na,2" !
o n=k+1
- 14 .
14+ > napzn!
n=2
Gt 3 nla,)
9(x) -1 Ttk (4.13)
g(z) + 1] ~ '

k d o) ’
223 nfay ~ %5 5 nla,
n=2 n=k+1

Now

<1

g
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if
k dk+1 )
Zn|an| + o 1 Z nla,| <1 (4.14)
n=2 n=k+1

k
since the left hand side of (4.14)) is bounded above by 3 d,|a,| if
n=2

k 0o
d;
> (dn —n)lan + Y dn— k’:rlln|an| >0, (4.15)
n=2 n=k+1
and the proof is complete. The result is sharp for the extremal function f(z) =
SRl
z+ T [l
Theorem 4.3. If f(z) of the form satisfies the condition then
fi(2) 41
Re > . 4.16
{f'(z) Tkt 14 dep (4.16)
Proof. By setting
fi(2) diy1 }
= [(k+1)+d _
92 = (41 + g { T - et
(1 + C,i"jll) > nayz" !
. n=k+1
- k
14+ > nazzn!
n=2
and making use of (4.15)), we deduce that
die+1 o
(1+453) > nlal
‘9(2) - 1‘ SRR <1
z)+ 1|~ k = -
9(2) 2—2Zn|an|—<l+‘z’“ﬁ> > nlag]
n=2 n=k+1
which leads us immediately to the assertion of the Theorem [£.3] O

5. INTEGRAL MEANS INEQUALITIES
In 1925, Littlewood [I4] proved the following subordination theorem.

Lemma 5.1. If the functions f and g are analytic in U with g < f, then for p > 0,
and 0 < r <1,

2m 2m
/’g(remﬂpdﬁg/|f(rei9)’pd0. (5.1)
0 0

In [21], Silverman found that the function fa(z) = z — § is often extremal

over the family 7. He applied this function to resolve his integral means inequality,
conjectured in [24] and settled in [25], that

2m

27
/}f(rei9)|pd9§/|f2(rei9)|pd9,
0

0
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forall f €T, p>0and 0 <r <1 In [25], he also proved his conjecture for the
subclasses T*(a) and C'(«) of T.

In the following theorem we obtain integral means inequalities for the functions
in the family TP:‘(a, B). By taking appropriate choices of the parameters we obtain
the integral means inequalities for several known as well as new subclasses.

Applying Lemma [5.1] Theorem [2:I] and Theorem [2.9] we prove the following

result.

Theorem 5.2. Suppose [ € TPL)L‘(a,ﬂ), p>0,0<a<1, 82>0and fo(z) is
defined by
11—« L2
(2= a)(L+ A)C2(b, p)
where Ca(b, ) is given by . Then for z =re®®, 0 < r < 1, we have

2m

/|f o < [ 1720 do. (5.2)

0

o0
Proof. For f(z) =2z — > |an|2", 1D is equivalent to proving that
n=2

fa(z) =2 —

27

/I

By Lemma [5.1] it suffices to show that

oo

=2 laalz"!

n=2

-«
1-— lan|z" ™t <1~ z.
2 2= )1+ N0, )

Setting

oo o 1_@
1- ;::2 lan]z" "t =1 — RSV I (5.3)

and using (2.2)), we obtain

o0

(1+An—1)[n1+8) - (a+8
2: ))[n( ) —( )

11—«

anCh (b, 1) 2"

L IZ (L4 M0 = D)L+ 8) ~ (a+8)

11—« ]

SVL
where C,, (b, u) is given by (1.7). Which completes the proof by Theorem O

In view of the Examples 1 to 5 in Section 1 and Theorem [5.2] we can deduce the
integral means inequalities for the classes defined in the above stated examples.

Acknowledgments. The author express his sincerest thanks to the referee for
useful comments.
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