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Zo-STATISTICALLY AND 7,-LACUNARY STATISTICALLY
CONVERGENT DOUBLE SET SEQUENCES OF ORDER 7

UGUR ULUSU, ESRA GULLE

ABSTRACT. In this study, for double set sequences, as a new approach to
the notion of statistical convergence of order 7, the notions of Wijsman Zp-
statistically convergence of order n, Wijsman strong Zs-Cesaro summability of
order 1, Wijsman Zp-lacunary statistically convergence of order n and Wijsman
strong Zz-lacunary summability of order n are introduced, where 0 < n < 1.
Also, some properties of these notions are investigated, some investigations
about these are made and the existence of some relationships between them
are examined.

1. INTRODUCTION

The notion of statistical convergence, introduced in the 1950’s, was extended
to double sequences by Mursaleen and Edely [I7], which generalizes the notion
of convergence for double sequences introduced by Pringshiem [25]. Then, using
double lacunary sequence notion, Patterson and Savag [24] studied the notion of
lacunary statistical convergence for double sequences. Moreover, Das et. al [7]
presented the concept of Z-convergence for double sequences via ideals. Recently,
for double sequences, Colak and Altin [6] defined the concept of statistically con-
vergence of order a and investigated some properties of this notion. From past
to present, many authors have studied and have developed these notions in their
papers. More information on the notions of convergence for real sequences can
be found in [I} B, 8 @ 12, 13| 16 26, 27, 29]. The readers should refer to the
monographs [2] and [I8] for the background on the sequence spaces and related
topics.

For years, many authors have examined on the notions of various convergence for
set sequences. One of these convergence notions, handled in this study, is the notion
of Wijsman convergence (see, [3 [4, B35]). Using the notions of statistical conver-
gence, lacunary sequence, ideal and invariant mean, many authors have extended
the notion of Wijsman convergence to the new convergence notions in Wijsman
sense for set sequences (for examples, see [10} [15] 191 23] 31]).
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The basic notions of Wijsman convergence for double sequences of sets were intro-
duced by Nuray et. al [2T], 22] and Diindar et. al [I1], some of which are Wijsman
statistically, Wijsman lacunary statistically, Wijsman Z,-statistically and Wijsman
Is-lacunary statistically convergence. Recently, the new concepts about Wijsman
convergence of order a for double sequences of sets were studied by Giille and Ulusu
[14, B4]. More information on the notions of convergence for set sequences can be
found in [20] 28, 30, 33).

2. PRELIMINARIES

First of all, we give the basic notations necessary for a better understanding of
our study (see, [3, 4\ [7, 111 16, 22| 21| 25, 24 [33]).

A double sequence (a,,,) is called convergent to L (in Pringsheim sense) if every
€ > 0, there exists Ng € N, the set of natural numbers, such that |a,,, — L| < &,
when ever m,n > Ng.

A family of sets Z C 2N, the power set of N, is said to be an ideal if and only if

(i) Vez,
(i) FUF €T for each E,F € T,
(iii) F € foreach E€Z and F C E.

An ideal Z C 2N is said to be non-trivial if N ¢ 7 and a non-trivial ideal Z C oN
is said to be admissible if {m} € Z for each m € N.

A non-trivial ideal Zy C 2" is said to be strong admissible if {m} x N and
N x {m} belongs to Z, for each m € N. Obviously, a strong admissible ideal is
admissible.

Throughout the study, Zo C 28¥*N will taken a strong admissible ideal.

Let Y be non-empty set. A function g : N — 2Y is defined g(m) = V,,, € 2¥ for
each m € N. The sequence {V,,} = (V4,V4,...), which the range elements of g, is
called sequences of sets.

Let (Y,d) be a metric space. For any y € Y and any non-empty V C Y, the
distance from y to V is defined

py,V) = vnel‘f/ d(y,v).

Throughout the study, (Y, d) will taken a metric space and V, V,,,,, will taken any
non-empty closed subsets of Y.
A double sequence {V;,,,,} is called Wijsman convergent to V if each y € Y,

lim  p(y, Vinn) = p(y, V).

m,n— oo

A double sequence {V,,,,, } is called Wijsman statistically convergent to V' if every
¢ >0andeachyeY,

g o
Jim =l {mon): m < i <G oy, Vi) = (5 V)] 2 €} = 0

A double sequence {V,,,} is called Wijsman strong Zy-Cesaro summable to V' if
every £ >0 and each y € Y,
1 &
{(i,j) €NxN:—~ > e Vinn) = p(y, V)| = 5} €Ty

m,n=1,1
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A double sequence {V,,,,} is called Wijsman Z-statistically convergent to V if
every £ > 0,6 >0and each y € Y,

{(m‘) €NxN: %\{(m,n) cm <id,n < g, [p(y, Vinn) — p(y, V)| > 5}\ > 6} € I,.

The class of Wijsman Z,-statistically convergent double sequences is denoted by
A double sequence 8 = {(js, k¢)} is said to be a double lacunary sequence if
there exists an increasing sequences (j5) and (k) of the integers such that

jo=0, hy =js —js—1 w00 and kg=0, hy =k; —ks—1 — 00 as s,t — oo.

Throughout the study, regarding lacunary sequence 6 = {(js, k:)}, we will use
the following notations:

hst == hs}_Lta Ist = {(]a k) :js—l <] S js and kt—l < k S kf}

' k
‘Js and ¢ = L
Js—1 ki1
Throughout the study, 62 = {(js, k¢)} will taken a double lacunary sequence.

A double sequence {V,,,,} is called Wijsman lacunary statistically convergent to

Vifevery £ >0 and eachy €Y,

. 1
lim —
s,t—00 hst

{(m,n) € L+ |p(y, Voun) — p(y. V)| = 5}) =0.

A double sequence {V;,, } is called Wijsman strong Zs-lacunary summable to V'
if every £ > 0 and each y € Y,

{(&t) €NxN: hi > 1o Vien) = p(y, V)| 25} € I.

st (m,n)Els

The class of Wijsman strong Zs-lacunary summable double sequences is denoted
by Ny [IW2]

A double sequence {V,,,,} is called Wijsman Zy-lacunary statistically convergent
to Vifevery € > 0,0 >0 and each y € Y,

1
{(S,t)ENXNh

st

(1) € L 9l Vi) = oY) 2 | 2 6 € 2o

The class of Wijsman Z,-lacunary statistically convergent double sequences is
denoted by Sy (Zw,).

From now on, for short, we use p,(V) and py(Vin,) instead of p(y,V) and
(Y, Vinn), respectively.

3. NEw CONCEPTS

In this section, for double set sequences, as a new approach to the notion of sta-
tistical convergence of order 7, the notions of Wijsman Z,-statistically convergence
of order n, Wijsman strong Z»-Cesaro summability of order n, Wijsman Zs-lacunary
statistically convergence of order n and Wijsman strong Zs-lacunary summability
of order 7 are introduced, where 0 < n < 1.
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Definition 3.1. Let 0 < n < 1. A double sequence {Vin,} is Wijsman Is-statistical
convergent of order n to'V or S(I{,’Vz)—convergent to V if every &€ > 0,9 > 0 and
eachy €Y,

{(m) ENXN: ﬁ’{(mm) cm<in < g, 1oy (Vinn) — py (V)] > g}‘ > 5} €T,

) S(I;’Vz)
Also, we write Vi —"V or Vipy — V(S(I3},))-

The class of Wijsman Z,-statistical convergent double sequences is denoted by
S(Iyy,)-
Example 3.1. Let Y = R? and double sequence {V,,,} be defined as follows:

{(a,b) e R?: (a+m)*+ (b+n)>=1} ; ifm andn are square
Vi = integers
{(1,1)} i otherwise.

If we take Ty = I3, (I3 is the class of E C N x N with density of E equals to
0), then double sequence {V,n} is Wijsman Zy-statistical convergent of order n to

V=A{11}
Remark. Forn =1, the concept of S(Igw)—convergence coincides with the notion
of Wijsman Ty-statistical convergence for double sequences of sets in [11].

Definition 3.2. Let 0 < n < 1. A double sequence {Viun} is Wijsman Zy-Cesaro
summable of order n to V or Cl(IgVQ)—summable to V if every & > 0 and each
yey,

4,7
{(i,j)GNXNI (’L;)n Z py(vmn)_py(v)‘ >£} 6-,Z2'
m,n=1,1

, Cr(Tyy,)
Also, we write Vi, — V. or Vipy — V(Cl(IgVQ)),
Definition 3.3. Let 0 < n < 1. A double sequence {Vy,n} is Wijsman strong
Is-Cesaro summable of order n to V or Cy [I{}Vz]—summable toV if every € > 0 and
eachy ey,

{(i,j) eNxN: (z'jl')" Z |0y (Vi) — py (V)| > f} € L.

m,n=1,1

. Cally,]
Also, we write Vi, — V or Vi, — V(Cl [I{ZVQ])

The class of Wijsman strong Z;-Cesaro summable double sequences is denoted
by C4 [I{}VQ].

Example 3.2. Let Y = R? and double sequence {V,,,} be defined as follows:

{(a,0) eR?*: (a+1)*+b*=-L}  if m andn are square
Vinn = integers
{(0,1)} ;. otherwise.

If 7, = I{, (I{ is the class of finite subsets of N x N), then double sequence
{Vinn} is Wigsman strong T-Cesaro summable of order n to V= {(0,1)}.
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Remark. Forn =1, the concepts of C1(Iyy, )-summability and C1 (I}, |-summability
coincide with the notions of Wijgsman Zy-Cesaro summability, Wijsman strong Is-
Cesdro summability for double sequences of sets in [33], respectively.

Definition 3.4. Let 0 < n <1 and 0 < p < oo. A double sequence {V,,,} is
Wijsman strong p — Iy-Cesaro summable of order n to V or C [Ia,g]p—summable to
V if every € >0 and each y € Y,

m,n=1,1

. C1 [I‘T’]V2]p
Also, we write Vi — V oor Vi, — V(C’1 [IQVQ]T’)-

The class of Wijsman strong p—Z,-Cesaro summable double sequences is denoted
by Ci I3y, ]P.

Definition 3.5. Let 0 <n <1 and 02 = {(js, kt)} be a double lacunary sequence.
Double sequence {Vyn} is Wijsman Iy-lacunary statistically convergent of order n
toV or 59(1{,7‘/2)-convergent to V if every € > 0,9 >0 and eachy €Y,

{0 enxrv: ol € L, (Vo) - 0,V 2 6} 2 6} € 2

1
(hst)n

) So(Iyy,) "
Also, we write Vi, — V or Vi — V(SG(Iwz))-

The class of Wijsman Zs-lacunary statistical convergent double sequences is
denoted by Sp(Ijy, )-

Example 3.3. Let Y = R? and double sequence {V,,,} be defined as follows:

{(a,b) eR?: (a—m)*+ (b+n)?2=1} ; if (m,n)€ly, mandn
Vinn = are square integers
{(-1,1)} i otherwise.

If we take Iy = I3, then double sequence {Vi,,} is Wijsman Ty-lacunary statis-
tical convergent of order n to V.= {(-1,1)}.

Remark. Forn =1, the concept of Sy (I;’V2)—convergence coincides with the notion
of Wigsman Ia-lacunary statistical convergence for double sequences of sets in [11].

Definition 3.6. Let 0 < n < 1 and 02 = {(js,kt)} be a double lacunary se-
quence. Double sequence {Vin} is Wigsman Zy-lacunary summable of ordern to V
or No(Iyy,)-summable to V if every € > 0 and each y € Y,

(s,t)GNxN:‘ Z Py(Vinn) — py(V)| > € p € Is.

(man)eIst

(hst)n

) No(Iy,)
Also, we write Vi, — V or Vi, — V(NG(II?VQ))~



6 U. ULUSU, E. GULLE

Definition 3.7. Let 0 < n <1 and 03 = {(js, kt)} be a double lacunary sequence.
Double sequence {V,u,} is Wigsman strong Iy-lacunary summable of order n to V.
or Ny[Iyy, |-summable to V if every € > 0 and each y € Y,

(5,t) ENxN: S oy (Van) = py (V)| = € € T,

(hot)" (m,n)El

_ No I3y, ] "
Also, we write Vi — V or Vipn — V(NQ[IWZ]).
The class of Wijsman strong Zs-lacunary summable double sequences is denoted
by No[lyy,]-

Example 3.4. Let Y = R? and double sequence {Vy,,} be defined as follows:

{(a,b) eR?: a®>+ (b—1)>=-L1}  if (m,n) € Iy, m and n
Vinn = are square integers
{(1,0)} i otherwise.

If 7, = I{, then double sequence {Vinn} is Wijgsman strong Is-lacunary summa-
ble of order n to V= {(1,0)}.

Remark. Forn =1, the concepts of Ng(Iyy, )-summability and No[Iy, |-summability
coincide with the notions of Wijsman Zs-lacunary convergence, Wijsman strong Lo-
lacunary convergence for double sequences of sets in [11].

Definition 3.8. Let 0 <n < 1,0 < p < oo and 03 = {(Jjs, k) } be a double lacunary
sequence. Double sequence {Viun} is Wijsman strong p — Iy-lacunary summable of
order n to' V. or Ny [Igvz]p-summable to V if every € >0 and each y € Y,

1
(5,£) ENxN: Ty > pyVin) =y (V[ 2 € 4 €T
s (m,n)€l

) NolIy,, 17
Also, we write Vi, — V oor Vi, — V(NG[IQVQ]]D)-

The class of Wijsman strong p — Zp-lacunary summable double sequences is
denoted by Ny[Iy, ]P.

4. INCLUSIONS TEOREMS

In this section, firstly, some properties of the new notions introduced in Section
3 are examined with some investigations and emphasized on the existence of some
relationships between them.

Theorem 4.1. If 0<n<pu<1, then S(Ty, ) C S(Zjy,)-

n

S(Zy,)
Proof. Let 0 < n < pu < 1. Also, we suppose that V,,, “" V. For every £ > 0
and each y € Y, we have

Gl mm) s m < in <. 1ay(Viuw) = (V)] = 8

gy | L) = m < in <oy (Vi) = py (V)] 2 €]
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and so for every 0 > 0,

{G.0) €N XN Az l{omn) s m < ion <, Joy(Vinn) = 9y (V)| = €] = 6]

 {(i.) eNxN: A {omm) s m <in <o |py(Vinn) = py(V)] = €}] > 6}

Hence, by our assumption, the set on right side belongs to the ideal Zs, obviously
the set on left side also belongs to Zp. Consequently, S(Zy, ) € S(Zjy, ). O

If p =1 is taken in Theorem then the following corollary is obtained.

Corollary 4.2. A double sequence {Viun} is Wijsman Is-statistical convergent to
V if the double sequence is Wijsman Is-statistical convergent of order n to V' for
some 0 <n <1, i.e, S(Tyy,) € S(Tw,).

Similarly, we can give the following theorem without proof.

Theorem 4.3. Let 03 = {(js, k+)} be a double lacunary sequence. Then,
i If 0<n<p<1, then So(Zy,) C So(Zy,)-
ii. Particularly, for =1, Se(Zyy, ) € So(Zw,)-

Theorem 4.4. If 0<n<pu<1and0 <p <oo, then Cy[Lyy, ]’ C C1[Iy,]7.
CrlTY, 1P

Proof. Let 0 < n < pu < 1. Also, we suppose that V,,,, — V. ForeachyecY,
we have

1 o) P 1 & p
an - |4 S . an - v
@k m’nzzjl,l [Py (Vinn) = oy (V" < 53 m,nz::1,1 |9y (Vinn) — oy (V)]

and so for every £ > 0,

{%ﬁeNXN:@W EI\%mmwmﬂmﬁzs}

m,n=1,1

Q{(i,j)eNxN: ! Z |py(an)—py(V)yng}.

(Z‘])n m,n=1,1
Hence, by our assumption, the set on right side belongs to the ideal Zs, obviously
the set on left side also belongs to Z. Consequently, C1[Zyy, [P € C1[Zyy, P O

If 4 =1 is taken in Theorem [4.4] then the following corollary is obtained.

Corollary 4.5. A double sequence {Vi,} is Wigsman strong p — Iz-Cesdro sum-
mable to V if the double sequence is Wijsman strong p — Zs-Cesaro summable of
order n to'V for some 0 <n < 1.

Now, we can state the theorem giving the relation between C1[Zy;,, [P and C1 [Ty, ]9,
where 0 <n<land 0<p<q< 0.

Theorem 4.6. Let 0 <n <1 and 0 <p < q <oo. Then, Ci[L}},]? C Ci[Iy,]P.

Similarly, we can give the following theorem without proof.
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Theorem 4.7. Let 03 = {(js, k¢)} be a double lacunary sequence. Then,
i If 0<n<p<1, then Ng[Zj},] € No[Tyy, .
ii. Particularly, for =1, No[Zy, ] € No[Zw,).
iii. If 0<n<1and0<p<q<oo, then Ng[Ljy, ]9 C No[Zy, [P

Theorem 4.8. Let 0 <n < <1 and 0 < p < co. If a double sequence {Vy,n} is
Wigsman strong p — Iy-Cesaro summable of order 1) to V', then the sequence {Vy,,}
is Wigsman Iy-statistical convergent of order p to V.

Proof. Let 0 <n < pu<1and 0 < p < oco. Also, we suppose that the sequence
{Vinn} is Wijsman strong p — Z-Cesaro summable of order 7 to V. For every £ > 0
and each y € Y, we have

0, ,J
Z oy (Vi) = py (V)P = Z 1Py (Vin) — py (V)P
m,n=1,1 m,n=1,1

‘py(an)_py(V)‘Zf

+ Z 1oy (Vinn) — py (V)P

m,n=1,1
‘py(vmn)_py(v)|<£

i,J
2 Z lpy(Vinn) — py (V)P
m,n=1,1
[Py (Vinn)—py (V)| 2€
> ¢ [{mn) s m<in <, 1oy (Vi) = (V)] 2 €}
and so
1 o
S 2 V) =P
m,n=1,1
1 . .
> (i) ‘{(m,n) rm<i,n <, |py(Vien) — py (V)| 2 f}’
1 . .
> Gy [Lomm) = m < in < Loy (V) = py (V)] 2 €3]
Thus, for every § > 0
. 1 , ,
{(z,j) ENXN: o {Omm) s m <iin <, 1oy (Viun) = py(V)] 2 €}] 2 5}

o 1 i,

c {(w) ENXN:mmm D 1py(Viwn) =2y (V) 2 spa} :
Hence, by our assumption, the set on right side belongs to the ideal Zs, obviously
the set on left side also belongs to Zo. Consequently, the sequence {V;,,,, } is Wijsman
To-statistical convergent of order p to V. O

m,n=1,1

If p = n is taken in Theorem then the following corollary is obtained.



I5-STAT. AND Z,-LAC. STAT. CON. DOUBLE SET SEQ. OF ORDER 7 9

Corollary 4.9. Let 0 < n <1 and 0 < p < oo. A double sequence {Vy,n} is
Wigsman ZLs-statistical convergent of order n to 'V if the double sequence is Wijsman
strong p — Io-Cesaro summable of order n to V.

Similarly, we can give the following theorem without proof.

Theorem 4.10. Let 0 < n < pu <1 and 0 < p < oo. If the sequence {Viy,} is
Wigsman strong p—ZIs-lacunary summable of order n to V', then the double sequence
is Wigsman Zy-lacunary statistical convergent of order p to V.

If u = n is taken in Theorem then the following corollary is obtained.

Corollary 4.11. Let 0 < <1 and 0 < p < co0. A double sequence {V,n} is
Wigsman Ls-lacunary statistical convergent of order n to V if the double sequence
is Wigsman strong p — Is-lacunary summable of order n to V.

Theorem 4.12. Let 0 <n <1 and 02 = {(js, k) } be a double lacunary sequence.
S(Z,.) Se(ZV,.)
If liminf, ¢ > 1 and liminf, ¢ > 1, then Vinn —% V implies Vi —32 V.
Proof. Let 0 < n < 1 be given. Also, we assume that liminfsq¢? > 1 and
liminfy g/ > 1. Then, there exist a > 0, 8 > 0 such that ¢7 > 1+« and ¢ > 1+
for all s and ¢, which implies that
Rl af
(ske)? — (14 a)(1+5)

S(T},,)
Suppose that V;,,,, —~ V. For every £ > 0 and each y € Y, we have

’{mn : m<]s,n<kt.|py( Vinn) — py( |>§}‘

(jékt
1
> (g () € L oy (Vinn) = (V)] 2 €}
iy
_ (jsk‘t nhn ‘{ m, TL S |Py( mn) py( |>£}‘

N
T (L4 a)(1+B) by,
Thus, for any § > 0

{(m.0) € Lt |y (Viun) = py (V)] 2 €}

{(s,) eNXN: s

{(m,n) € L« |py(Vinn) — py (V)| = f}’ 2 5}

g{(s,t)GNXN(jTlf)n

{(mn) s m < o < ks oy (Vinn) = py(V)] = €}

afBd
> o)
Hence, by our assumption, the set on right side belongs to the ideal Zs, obviously
Se(I3,.)
the set on left side also belongs to Zs. Consequently, Vi, e (]
Theorem 4.13. Let 0 <n <1 and 02 = {(js, k¢)} be a double lacunary sequence.

So(Zyy,) S(Zy,)
If limsup, gs < oo and limsup, ¢ < 00, then Vi, 5y implies Vip ey,
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Proof. Let 0 < n < 1 be given. Also, we assume that limsup, ¢, < oo and

limsup, ¢ < oo. Then, there exist M, N > 0 such that ¢s < M and ¢4 < N
Se(Z1)

for all s and ¢t. Suppose that V,,,, 6—V>V2 V and let

Tt = H(m,n) € Lst & [py(Vinn) — py (V)| > §}‘

So(T}y,)

Since V,,, —  V, it holds for every £ >0, J > 0 and each y € Y,

{(s,t) €ENxN: @‘{(m,n) € Lt : |py(Vinn) — py (V)| 2 5}’ = 5}

= {(s,t) eNxN: o) =

T,
¢ >5} € Is.

Hence, we can choose positive integers sg,ty € N such that

Tst
—— <4
(hsty]

for all s > sg, t > tg. Now let
H:=max{Ts:1<s<s9, 1<t <tp}

and let i and j be integers satisfying js—1 <4 < js and k1 < j < k. Then, for
every £ > 0 and each y € Y we have

1 . .
g Lo s m < i < oy (Vo) = 2y (V)] 2 €}
1 .
< m‘{(m,n) tm < ge,n < kg ‘py(vmn) - Py(v)| > f}‘
1
= m{T11+T12+T21 +Too+ -+ Togto + -+ Tt }
s—1ht—1
Soto 1 Tso(t0+1)
<————| max {Thn} | +———<H" P
(]Silktil)n (112725500 ) (]sflktfl)n { so(to+1) hZO(tOJrl)
Tiso+1)t T(so+1)(to+1) T
+hlso 11 7(70Jr S Bty tor) T Sty
B YT st

s,t
SotoH 1 Tst -
< — + — su Rt
(Js—1ke—1)"  (Js—1ks—1)" <s>£) th) ( Z )

m>s
t>to nZtUU
< SotoH + 1 Tst ih
S . sup
(Jsm1ke—1)"  (Js—1kt—1) \s>s0 1y —
t>t0 m=80

n>to
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sotoH + 5(j5 - jso)(kt - kto)
T (Js—1ke—1)n Js—1ki—1

SotoH
<——F——+04qs¢
(Js—1ke—1)" !

SotoH
<——FF—+JIMN.
(Js—1ke—1)"

Since js_1,ki—1 — 00 as i, — 00, it follows that for each y € Y

g [ m) s m < i < 1oy (Vo) = 5y (V)] 2 €} 50

and so for any §; > 0,

{(i,j) ENXN: ﬁ’{(m,n): m <in <, Ipy(Vin) = py(V)] > €} 251} €T,

S(Ty,)
Consequently, V,,, — V. O

Theorem 4.14. Let 05 = {(js, kt)} be a double lacunary sequence. If

1 < liminfq? <limsupgs < o0 and 1< limtinf q; <limsupq; < oo,
s s t

So (T},

) . S(Tyy,)
then Vi — V if and only if Vi

V.

Proof. This can be obtained from Theorem [£.12] and Theorem [£.13] immediately.
[l

Theorem 4.15. Let 0 <n <1 and 02 = {(js, kt)} be a double lacunary sequence.
If liminf, ¢7 > 1 and liminf; ¢/ > 1, then C1[Iyy,] € No[Iy,].

Proof. Let 0 < n < 1 be given. Also, we assume that liminf,¢? > 1 and
liminf; g/ > 1. Then, there exist @« > 0 and 8 > 0 such that ¢7 > 1+ « and
gy > 1+ B for all s and ¢, which implies that

(Fske)" < (14 a)(1+5) and (Js—1ke—1)"

<
h:']t af hgt N

1
@.
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Iy,
Suppose that V,,, — V. For each y € Y, we have

Js ki
Y W)~ = o D (Ve — (V)

St (m,n)€ly storu=1,1

js—1,kt—1
1 Js s
A Z lpy(Viw) — py(V)]
st pu=1,1
ks
(jskt)n 1 \
. V;ﬂu - V
i (G 2 ) =)

‘ " Js—1,kt—1
7(]571]%*1) < ! Z ‘py(mu) Py(v)|>

h/gt (js_lkt_l)?7 ru=1,1

) Ci[Iyy, ]
Since V,,, — V, then for each y € Y

js kit Js—1,kt—1
1 Js, . ) .
- oy(Vi)—py (V)| 20 and ——— 0o (Vi) —pu (V)] 2 0.
(jsks)n Tﬂ;J y(Veu)=py (V)] (Js—1ke—1)" T’;,l oy (Vew)=py (V)]

Thus, when the above equality is considered, for each y € Y we have

1
X Z |Py(an) - Py(V)‘ 2? 0,

St (m,n)€l

No [}, ]

that is, Vi, —" V. Consequently, C1[I7y, ] € Ng[I7y,]. O

Theorem 4.16. Let 0 <n <1 and 02 = {(js, kt)} be a double lacunary sequence.
If limsup, ¢; < 0o and limsup, ¢; < oo, then Ng[[&d C 01[1%2].

Proof. Let 0 < n < 1 be given. Also, we assume that limsup,gs < oo and
limsup; ¢+ < oo. Then, there exist M, N > 0 such that ¢s < M and ¢¢ < N

olIyy.

]
for all s and t. Suppose that V,,, —° V. Then, for every £ >0 and each y € Y
we can find S,7 > 0 and H > 0 such that

SUP T < & and Ty < H forall m,n=1,2,...
m>S
n>T

where

Tet = hin Z |py(an) - py(V)|

st (m,n)Els
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If © and j are integers satisfying js—1 < ¢ < js and ky—1 < j < k; where s > S and
t > T, then for each y € Y we have

LSy (Vi) = (V)

(Z‘])n m,n=1,1
1 Jsokt
< — Vinn) — py(V
= Goake ) m,nZ:L; |Py( ) py( )l

B (Js 1k't 1) <Z|Py mn) py(V)HZW(an)—py(V)I

Iy I

+ Z 1Py (Vinn) — py (V)| + Z 1Py (Vin) — py (V)|

121 Iao

+ot Z |Py(an) - py(V)|>
Ist

hiy hiy h3,
= - T11 T —~ T2 + T2
Go1ki1)? " Garke_1)" o1k 2!
h3y hy
+.7~T +"'+,7'T5
o1k 22 (Go—ike—r)n
s,T
’ R
Tmn T+ T
m,nZZI 1 js lktf e mZS+1JS lkt 1 m
n=T+1
sk s — i) (ke — k
< | sup T | - JSKT + | sup T (j 'Js)( t T)
m>1 Js—1ki—1 m>S Js—1ki—1
n>1 n>T
isk
<H-T L eMN.
Js—1Kt—1
Since js_1,ki—1 — 00 as i, ] — 00, it follows that for each y € Y
1 %, I
i 2 ) = p (V] B0
J m,n=1,1
. i1y, ) )
that is, Vi, —" V. Consequently, No[lyy,] € C1[Iy, |- O

Theorem 4.17. Let 0 < n <1 and 03 = {(js, k:)} be a double lacunary sequence.
If

1 < liminf¢? <limsupgs < oo and 1< limtinf gy <limsupgq; < oo,
s s t

then No,[Iyy, ] = C1[Iy, |-
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Proof. This can be obtained from Theorem [£.15] and Theorem [4.16] immediately.

O
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