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IDENTIFYING THE UNKNOWN SOURCE OF TIME
FRACTIONAL DIFFUSION EQUATION ON A COLUMNAR
SYMMETRIC DOMAIN

LE DINH LONG

ABSTRACT. In this paper, I deal with the inverse problem of identifying the
unknown source of time-fractional diffusion equation on a columnar symmetric
domain. This problem is ill-posed. Firstly, we establish the conditional stabil-
ity for this inverse problem. Then the regularization solution is obtained by
using the Tikhonov regularization method and the error estimates are derived
under the a priori and a posteriori choice rules of the regularization parameter.

1. INTRODUCTION

Determine the source of the problem inverse problem most common in heat
conduction. These problems have been studied for decades by significant in many
applications such as science and engineering in groundwater migration, identify
and control sources of pollution, environmental protection [I]. The inverse heat
source problems have extensive application background and important theoretic
significance, so this have a long development history [2]-[6]. These problems are
classical ill-posed problems, and some theories and extremely effective algorithms
have been obtained. For instance, uniqueness and conditional stability results can
be seen in [7]. This problem is usually uncorrected in the Hadamard sense, that
is, the solution existing is not constantly dependent on the measured data. For
that reason, it is very difficult to model the numbers for computation. Therefore,
calibration methods and stability estimates are provided to correct the problem.
A lot of regularization have been studied to deal with the inverse problem for
time-fractional diffusion equation on a columnar axis-symmetric domain such as
these methods include the fundamental solution method [§], [9], boundary element
method [I0] and [I1] with iterative algorithm method, a mollification method [I3],
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[14]. In this work, we consider the following problem:

DYu(rt) = Sus(r8) = (r:8) = O£ (7). () € (0,70) ¥ (0.7)

u(r,0) = a(r), 0<r<r,

u(ro,t) =0, 0<t<T,

lim u(r,t) bounded , 0<t<T, (1.1)
T

cau(r,T) + CQ/u(r, t)dt = b(r), 0 <r <ro,

0

In case ¢; = 1 and ¢ = 0 then the final condition becomes u(r, T') = b(r), there have
been published a lot of research results (see [19]-]20], [21]). For instance, in [19],
using the spectral method, Chu Li Fu and his colleagues surveyed the mathematical
model by the following radial heat equation. In their study, estimation errors
between the exact solution and is established strictly as the logarithmic-type is
given under a suitable choice of regularization parameter. Next, in [20], using
the spectral method, a Holder type estimate of the error between the approximate
solution and the exact solution is obtained by C-L. Fu and his group, see [21], based
on a modified Tikhonov regularization method, authors studied proposed for solving
this inverse problem with p(t) f(r) = 0. They showed a quite sharp estimate
of the error between the approximate solution and the exact solution is obtained
with a suitable choice of regularization parameter. Problem (1.1]) in case 0 < v <
1, and p(t) = 1, seeing [I5], the researchers have solved th by using the
Tikhonov regularization method, they show the error estimates are derived under
the a priori and a posteriori choice rules of the regularization parameter, additional
three numerical examples are presented to illustrate the validity and effectiveness
of their method. However, in our study, we investigate case F(r,t) = q(t)f(r),
and ¢(t) > 0, by assuming that the time-fractional source term ¢ € L*(0,T) is
known, the space-dependent source term f(r) is unknown. Regarding the problem
, Fan Yang and his group identify value for a time-fractional diffusion equation
on a columnar axis-symmetric domain such as the inverse source problems [I6],
with the Tikhonov regularization method, and the initial value problem [18] with
the Fractional Tikhonov regularization method. Authors identify the initial value
for a time-fractional diffusion equation on a columnar axis-symmetric domain and
Two different kinds of fractional Tikhonov methods are used to solve this problem.
T
We use the data cyu(r,T) + CQ/u(r, t)dt = b(r) to determine f(r), instead of

0
u(r,T) = b(r) with rg is the radius, ¢1,co > 0, and f(r) is the unknown heat
source. To the best of ourknowledgement, there are several papers for the time-
fractional diffusion equation on a columnar symmetric domain. therefore, we can
say our results is one of the first results. Next, the Caputo fractional derivative D}

is defined as follows:

DYu(r,t) = F(ll— 5 / ZETS‘;% ds, 0 <~ <1, (1.2)
0
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where T' is the gamma function, and u(r,0) = a(r). In practice, the exact data
(a,b,p) is noised by measured data (a®, b°, p°) satisfy:

165 = bllL2(0,r0ir) < & lla® = allL20,r0im) < & [IP° = PllL0,) <€ (1.3)

where € > 0 is the measurable error noise level, L2(0, 79; r) denotes the Hilbert space
of squares Lesbegue measurable functions with weight r defined on (0,7p). Our
target in this paper is to apply the Landweber method to solve the inverse source
problem in a general bounded domain. The Landweber iterative method is a very
popular algorithm and regularization method in inverse problem research. Here, we
show the convergent rate between the exact solution and its approximations under
a a-priori parameter choice rule and a-posteriori parameter choice rule. The case
L? — norm used to evaluate the error estimation.

The outline of the paper is given as follows: In Section 2, we give some prelimi-
nary theoretical results. Ill-posed analysis and conditional stability are obtained in
Section 3. In Section 4, we propose the iterated Landweber regularization method
and give a convergence estimate under an a-priori regularization parameter choice
rule and an a-posteriori regularization parameter choice rule for the deterministic
case, respectively. The concluding remarks are shown in Section 5.

2. STATEMENT OF THE PROBLEM

Throughout this paper, we denote by L?(0,7¢;r) the Hilbert space of Lebesgue
measurable function f with weight r on [0,70]. () and || - || denote inner product
and norm on L?(0,79; 1), respectively. Specifically, the norm and the inner product
in L2(0,7o;7) are defined as follows:

To 1 To

1A= 1 Fllz20,m0im) = (/7‘|f(7“)!2d7“>27 (f,9)= /Tf(?“)g(T)dﬁ (2.1)
0 0
for f,g € L?(0,70;7). For s > 0, defining

oo s .
H*(0,7ro;7) = {1/ e L2(0,r0;r) : Z (%)4 |<1/, §j>|2 < +oo}, (2.2)
, 0
7j=1
where (.) is the inner product in L?(0,79;r), then H*(0,ro;7) is a Hilbert space
equipped with the norm

1
2

A (Z R gj>|2) | (2.3)

vl ;
=1 °

Definition 2.1. (See [22]) For any constant v and k € R, the Mittag-Leffler func-
tion is defined as:

E»Y,Q(Z) = Jgo m, z e (C, (24)

where v > 0 and a € R are arbitrary constant.
Lemma 2.1 ([24]). For0 <y <1,y > 0, we get 0 < E, 1(—y) < 1. Therefore,

E, 1(—y) is completely monotonic, that is

dC
(—1)C@E7,1(—y) >0, y=>0. (2.5)
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Lemma 2.2. [I5] For vy >0 anh 8 € R, then we get
1
E. 5(z) =zE z2)+ =,z €C. 2.6
+.8(2) yr+8(2) T(3) (2.6)

Lemma 2.3. [16] Assuming that 0 < v < v1 < 1, then there exist constants Ay
and As depending only on v,v1 such that

Aq 1 As 1
Ta-yi-z @ sray1=5 220 (2.7)

Lemma 2.4. [I8] For A; > A1 > 0, then there exists constant Ay and As depending
only on v, T, A\1,r9 such that

rg A Ajy2 5 A
S S Ba(- ()T < 2 (28)
Proof. This proof can be found in [25]. O

Lemma 2.5. Let Az, As > 0 satisfy Az < |p(t)] < A4, Vt € [0,T], let choose
e € (0, %), by denoting B(Asz, Ay) = Ay + %, we get

A< (0] < BlAs, ). (29)

Proof. This proof can be found at [23]. O

Lemma 2.6. [25] For &; >0, v > 0, and positive integer j € N, we have:

d d _
%(tE'y,Q(*fjt’y)) = By 1(=&t7), %(E’y 1(=€;t7)) = =& Ey A (=&5t7).
(2.10)
Lemma 2.7. For any {,m,3,p > 0, N is a positive constant, we get
. N2y 28 —4p p p -P
Fi(¢) = (1 - mF) (< (mNQ) (p+28)"". (2.11)
Proof. Taking the derivative of Fi(¢) = 4(1—m%{>2£<*49*1 (mN2(2ﬁ+p) —pC“) . To
. o _ mN(p+28)1% [ 28 \?8 p P
solve Fl(fo) =0, weget (o = [T} , SO Fl(Co)p— (p T 25) [m./\/’Z(p T Zﬂ)} <
(mp 2) (p+28) ", this implies that 7 (¢) < (mLNQ) (v +28)". 0
Lemma 2.8. For any (,m,B,p >0, Q is a positive constant, we get
_ QN2 4y p+1 \rH!
RO=(1-m&) s (n ) (2.12)
2 —
a(1- m%)zﬂ 2 o-aps
Proof. Taking the derivative of F3(¢) = Cf— 0?2 [2(6 —1)mQ@*—(¢*—

mQ?)(p+ 1))

— 2,1
To solve F5(Co) = 0, we get (o = [w] ‘s

p+1
0 - (252 o) < ()™

1 +1
this implies that F»(¢) < (QZ;QP)Z) .



IDENTIFYING THE UNKNOWN SOURCE ON A COLUMNAR SYMMETRIC DOMAIN 45

Lemma 2.9. For any 0 < < 1, and the fact that E., 1(—t7) is completely mono-
tonic, with

Ci(7.t.70,6) = (t — )" Ey 4 (= (22)2(t — <)), we get

T
aNQY@—&A—QWWDs!@mnm@«sgpi (2.13)
T t
9 ()it rm) < [ (foneman)as () 0

(2.14)

Proof. The proof of part a) in this lemma can be found in the reference [27]. Next,
using the Lemma we prove the inequality 2.17 .

t

T 2 T )\

o
/ / (7, t, 70, )dc / 7“0) t ))dt
0 0

T
d Aj
[ GtEaa- e

0
= ()7 (52) T ) = (1)1 - )
- (2>2T(1 ~ (= (%)QTW)) (2.15)

2 A 2 A
< (%) /dt+ (T—j) /Ey,l(— (;\—é)?t"*)dt
0
T
<) ) [ ()T ()
<) (= ()45 216)
=As

3. ILL-POSED ANALYSIS AND CONDITIONAL STABILITY

Using the separation of variables and Laplace transform of Mittag Leffler func-
tion, we obtain
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Theorem 3.1. Assume that p(t) € L>=(0,T), f(r),a(r),b(r) € L?(0,ro;r), the
solution of problem (|1.1)) is:

u(z, t) =Z(/ (t =) E, (- (jg‘)?(t—gm <f,£j>p(§)d§+E%1(—(%)Qt’y)(a,gﬁ)@(r).

(3.1)
2 Aj

whereby &;(r) = . J\f( )Jo(%), inwhich j = 1,2,3,..., {§;(r)} is an orthonor-
1 0

mal basic an L2[0 ro; 7], Jo and Jy is a zero-order and first-order Bessel function.

{&; 521 are the positive zeros of the zero-order Bessel function of the first kind
Jo(A) and satisfy

0<& <&<éi<... < <., lim & = +oo. (3.2)
Jj—-+oo
Proof. From now on, for a shorter, by denoting C;(7,t, 7'0, §)=(t— g)”ilE,m( —

(%)Q(t —¢)7). Next, using the condition cyu(r,T) + c; /u r,t)d we have

Ajr2 0

QunT) = a3 Epa( = (G2 T (0 6)6(0)

j=1

0o T
+Clz<f7 fj></cj(%T7 Tox)p(c)dc)é}(r)? (3.3)
i=1 0

T
/ u(r, t)dt = QZ/EWl )\‘)Qt'y)dt {(a,&)¢(r)
0 =179

T

+02i<f7fj>/ /C] Yst, 70, )dc)dt &(r). (3.4)
0

j=1 0

From and (| . then
oo oo T
=C1 ZE’Y 1 T’Y)<a £]>£] CQZ/E'Y 1 t’y)dt <a €J>£J( )
j=1 0

=1

t

(16) /T(/ C(t,70,6)p (c>d<>dt &(r).
0

(3.5)

o T
ra > (08) /c] 7. 7,70, )p(5)ds )& (1) +
i=1 0

?Mg

From (3.5), we can see that

<b fj =c ZEW 1 TW)<CL £]>£J

uMg

/ AV ) dt (a, 5V (r)

- T T
+ Z (£,&)(a /CJ v, T, r0,¢)p(s)ds + cz/ / (v,t,70,5) dg) dt) (3.6)
j=1 0 0 0
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Through some basic transformations, which implies that

(b,&5) = (a, §j>(01Ev,1( )+ 02/E7 1 t”)dt)

(f£.6)= T — (3.7)
Ci (7, T,ro,5)p(s)ds + c2 < Ci(y,t,70,9)p(s )dg)dt
*f J /
From , we conclude that
T
(b,&5) — <a,£j><01Ew,1( ) +c2 /Ew 1 t”)dt)
Z T T t : &(r).
j=1
c1 | Ci(v,T,ro,¢)p(s)ds + c2 Ci(v,t,r0,5)p(s)ds | dt
/ ! / )
(3.8)
O

3.1. The ill-posedness and stability of problem (1.1)).
Theorem 3.2. The inverse source problem is non-stability.

Proof. A linear operator P : L2(0,79;7) — L?(0,70;7) as follows.

= /é(r,w)f(w)dw = p(r), (3.9)
0

with
o) = (0.6) = (@&) (B (CLPT) o [ Ba(-CLP0aE), (310
0
and

Jj=1

- T Tt
Ur,w) = Z [cl/Cj v, T,70,¢ dg—|—cz/ /C] v,t,70,5) (g)dg)dt] & (r)€;(w).
0 0o 0

Due to 4(r,w) = ¢(w,r) we know P is self-adjoint operator. Next, we are going to
prove its compactness. Defining the finite rank operators Py, as follows

NTT T
P./\/Tr f(fL') = [Cl C ’77T T0,S ) d§ + C2 C 771; T0,S ) d§ :|<f7 £]>§]
J i anammonys

(3.11)
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Then, from (3.9) and (3.11)), using the results from the Lemma we have:
||PNTrf - Pf”QLQ(O To;T)

T
- 61/6’ (7, T, 70,)p( d§+62/ /C (80, dg)dt &)l
7NT7*+1 0
) 1 2
< Z F[clAﬂOJr(32u44¢457’0} |<f’£j>|
j=Nr,.+1"J
A2 + e Asrd]? &
S [Cl 4710 )\4@2 4 STO:I Z ’<f’ é_]>‘2 (312)

j=Nrr+1

Therefore, ||Pary., f—P fllL2(0,r0;) in the sense of operator norm in L(L?(0,7o;7); L*(0,70; 7))
as M — oo. Also, P is a compact operator. Next, the singular values for the linear
self-adjoint compact operator P are

T T t
Ejl’62 (’YaTata’rOvp) = <Cl /Cj(’Y?Ta T0,S d§ + c2 / /Cj(Py’t»TOag)p(§)d§)dt>-
0 0

0
(3.13)

and corresponding eigenvectors is §; which is known as an orthonormal basis in

L?(0,79;7). From (3.9), the inverse source problem we introduced above can be
formulated as an operator equation.

Pf(r) = o(r). (3.14)
O

3.2. Conditional stability of source term f. In this section, we introduce a
conditional stability by the following theorem.

Theorem 3.3. If || f||g2s (0,r:r) < M for M is the positive constant, then we get
Ilfll20,r0:r) s defined in (3.18))

Proof. From (3.8)), whereby ¢(r) is defined by (3.10) and Holder inequality, we can
see that:

[e’s}

2
0, &) (e, £-
Hf“i2(0,ro;r) Z |< X |< :

T
/CJ v, T,ro,¢ d§+62/ /C (v,t,70,9) )dc)
0
1 s

2s
s+1

G I{ <P>§j>’ )m( > 2) 22
< ©, &5
<Z /TC( T, o, )p(s)ds + / /c b0, )p(<)ds ) de s ;K !
C1 i\ To,S S C2 Y,t,T0,S S
0

1
> £& T
<(x— 8 )i
Cl/Cj(’Y,T, T0,S ) d§+02/ /C ’Y»t’TOa )d()
0

(3.15)
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Due to Lemma [2.0] we can see that
T

T t

)01/Cj(%TJo,C)p(C)dg"‘C?/ (/Cj(%ﬂ ro,<)p(<)d<)dt‘25
0 0

Al 2

To

2(20.)4 (C1A3(17E7,1( (il) ) + e T (1= Bya(—(2 )T”)))QS, (3.16)

J

2s
|Z(C1 ,e2,%,T,Az,21,70) |

and this inequality leads to

oo

2 —2s A\ 4s 2
HfHLQ(O,ro;r) S }Z(C17C27’77T7 AS:)‘17T0)| Z (i) |<f7 £]>|
j=1
2
< ||fHHS(0,T‘(];’I’) o (317)
| Z(c1,¢2,7, T, Az, A, o)
Combining (3.16) and -, we get
£ 11550, 25
112200y < Qo) el iy’ (3.18)
’2(61762777 T’A37A17 s+1
O

4. LANDWEBER ITERATION REGULARIZATION METHOD AND CONVERGENCE
RATES

Now, we use the Landweber iterative method to obtain the regularization solu-
tion for problem (|1.1). In here, we can see that the equation Pf = ¢ in the form
= (I—=sPxP)f*"1(r)+sP*p(r) for some ¢ > 0 and give the following iterative
form :

fo(r) =0, ) = (I =P P o7t +<Prp(r),  a=1,23,..

(4.1)

where « is the iterative step number, the coefficient o needs to meet the condition
0 < a < ||P|| =2, this implies that

Fo8( Z — PPy (r). (4.2)

m=1

With , it gives
11— (17<|E§1’62(77T7t3T03p6)|2)a

FEr) =R (r) = 3 ESV% (v, T, t, 70, %) (5808 (43)

Jj=1

Before we go into proving the main theorem in subsection, we need the following
lemma:

Lemma 4.1. Let ¢ be given by (3.10) depends on a and b functions. Similarly,
i a similar way we can find the function definition with the couple (bg,ae) are
observed data by (b,a) as follows (&) = (b°,&) — <a5,§j>(c1E%1(—(i—;)2T”) +

T(Q) Ale—’Y 2

02/E t”)dt) , denoting As = (clAg +C2F 1= ) then
21—



50 LE DINH LONG

Proof. Using the inequality (a 4 b)? < 2a® 4 2b%,Va,b > 0, and the properties of Mittag
Leffler, see the Lemma [2.3] it gives

2
HSOE - SDHLz(O,rO;T)

-l

2

"0 §J> <a —a ’£J>(01E’Y (= ( +C2/E71 t”)dg)

L2(0,r0;r)

<22| S5, +QZH —a,§ (01A2+C2/Ev1 ()\)mdt)‘{2

70 L2(0,r0;r)

7’0 AQTl v

S 2Hb€ - b”i2(0,7‘0;7‘) + 2”0“‘E - a”iz((),roqr) (ClAQ + 25 )\2 1— y

) < 262(1 +A6>
(4.4)

O

4.1. An a priori parameter choice rule.

Theorem 4.2. Suppose that f is given by (3.8). Let f*< is the its approximation,
in here, we assume that conditions f € H*(0,ro;7r) and (1.3) hold. By choosing

2
a= (%) s+ then the following estimates:

£ = fllz20,r0;r) @8 Of order g (4.5)
Proof. Using the triangle inequality, we get
[ f||L2(O,ro;r) <|lf*f - fa”Lz(O,m;r) +f* = fHLZ(O,To;T) (4.6)

We divide the proof into two steps:
Step 1: We have estimate || f** — f*[|12(0,rg:r)

o 1— (1 —<|ES"2(y, T, t,70,p)*)" 2
157 = aorm < et (g o
7
1-— (1 - g|E§1’C2 ('y,T,t,ro,pE)|2)a 1-— (1 - g|E§1’“2 (v, T,t,r0,p) ) 2
[ ESU%(3,T,t,710,p°) - ESU%(3,T,t,70,p) ]<“"’€j> L20mair)
73

(4.7)

Estimate of Z7, with 0 < y < 1, we know that y < Vyand (1 -9 >1—ya,
with a > 0, we obtain 1— (1—c[ESV (y, T, t,r0,p%)|*)* < g%a%E;m (v,T,t,70,p%), this
is due to the use of the Bernoulli’s inequality, combining the estimation from the Lemma

2
with Ag = (cl.Az +c2y ek AngW ) , we have

T7 < 4dsae® (1 + Ag). (4.8)
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ESV (v, T t,10,0° — D) _ 2¢
Claim 2:| Estimation for Ty, it is easy to see that —2 AR < —, we get
2, Y B (v, T, Lo, p7) | As g

o1 e A2
72 2| ES2(y,T,t,r0,p° —p) G e &) |1
2 S c1,C
B0 (7, T, t,mo,p7) (22) ™ B (0. Tt 70,0) [l 2 0,50
Ai\2s
= Ajy\—2s (T]) (¢,&) 2
(1= 6|B-2 (v, T, t,m0,p)|P)* (L) 7 i
Z:: J ’ ’ (TO Ejl 2(’77T7tar07p) L2(0,m;r)
cy,c c1,c Ai2s
i El 2(’Y7Tt7"0, )(1_§|E1 2(’}/7Tt7"0,p )l )a( j\ —2s (%) <¢’§j> ’
j=1 E;:l 62(77T>t7r07 ) To E;1762(77T7t77ﬂ07p) LZ(O,TU;T)
(4.9)
From (|4.9), using the estimation in Lemma [2.7} we can know that
15 E2M? s \*® —s 4 2 4s (AaN2/ s \® —s 4 2
IQ < 167 To _Az)\4‘5 + 4r, 70 (§Q2> (S"’ 20() M®+ 167"0 (A73) (W) (S + 20() M
2, g2 1615° —s 5 42 15 Al S s 4s( S s
eM Az)\4s +a "M (16 7o AQ (2 NQ) + 4rg (QCQQ) ) (4.10)
Step 2: Estimation for || f* — f|l12(0,ry;r), it gives
> @ ¢7fj>
(1—G|ES 2 (, T, t 2 { ; 4.11
f ; d 77 »To, P )‘ ) E?l’CQ(’V,T,t,TO,p)gj(T) ( )

From [11] we get
«a G c1,c afAj
15 = Fle0.mpimy = D || (1 = <IB2 (3, T, ) ) (22

i=1

To

T e

To

L2(0,rq ,'r)

(4.12)

Apply the same proof as in claim 1, we receive

)
a 2 4s c1,c 2\ 2 —4s 2
H'f - 'f”Lz(O»TO?"‘) S NZTO (1 - §|Ejl 2(77 Tvty 7'0717)| ) a)‘j ||f||H5(O,TO;7‘)

Jj=1

< 48<@)s(s+2a)75/\42. (4.13)

Combining , , and ( 7 taking the square root on the both side, we have

1£2° = Fll 2 or0im) < 250456(1 + ) em(f /\2*) taTiMUE @)
Combining ((4.14)), and (4.32]), we receive
_s 1
1% = Fllz2 (0o < €77 MTFTH(5,70,6,8,|Q], Ao, Ar)- (4.15)

whereby A7 = (167"4'9“4—2 (L)s +5rds

). For iterative step « is a integer, b
0 -A% 2(./\[2 ) ) P g y

s
2¢Q?
choosing

2
o= (£1)=+1, we obtain

€

HfOt,E - f‘|i2(0,r0;7‘) S gﬁMjllAs (416)
X 2s

whereby As = (2<% (1+ As)% + eTHT M (.:;’)0\23) + (A7)%): N = [B(A37A4)Clrg +
1

B(As, A4)A5027‘§], and Q = Asci1ré + Ascori As . The proof of theorem is completed. O
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4.2. An a posteriori parameter choice rule. In this subsection, we give the
posteriori regularization choice rule. This algorithm will be stopped at the first
occurrence of o = «(d) with

||Pfa - SOE”LZ(O,TU;T) < de < pra_l - L)0€||L2(0,7‘0;7‘)- (417)

where ||b%|| > de. We need Lemma to obtain the existence and uniqueness of

@),
Lemma 4.3. Let V(o) = [|Pf* — ©°||2(0,r0;r), then we have
(a) V(a) is a continous function;
(b) lima—o V(@) = [|©°[ £2(0,rg;r);
(¢) limg— 400 V() = 0;
(d) V(a) is a strictly decreasing function for any a € (0, +00).
Proof. This can be easily found in the references [I7] in Lemma 3.3. We omit

here. O

Lemma 4.4. Assume that § > 1, let o = a(e, ¢°) € Ny, choose from (4.17)), then
we obtain the reqularization parameter o satisfies:

2

a< <5;1)(Q5(5_\;gs(ﬁflﬁ);)g)w' (4.18)

Proof. From operator expression and (| -, we obtain

. 1= (1 —<[EFV (v, Tt ro, p)|
Ra@ (T) = Z ( Ecl,cg ('7 T t TO ) < af]>‘£] (419)
J:1 J ) bl ’
and thus
> 2a
IPRa = @ll32(0,r0:r Z (1= sE 2 (1, Tt ro, ) ) (&) [ (4.20)

So [[PRa-1 — I||12(0,rg;r) < 1. From (4.19)), we know that

HPRaflsO - SOHLQ(O,’I‘();T‘) 2 ||7)Ra,1805 - 306”112(0 roir) H(PRafl - I)( £)||L2(O,rg;r)
1
> 6e — [(PRa=1 — D120y > d€ — V2e(1+ As) 2

> (5= V2(1+ Ag)?)e. (4.21)



IDENTIFYING THE UNKNOWN SOURCE ON A COLUMNAR SYMMETRIC DOMAIN 53

On the other hand, due to Hf| < M, we know that

Hs(0,rg;r) —

IPRa-10 = @l 0.0

2

M

(1 - (1 - §|E;1762 (77 T7t77,,07p)|2)a71)<¢’ €]> - <§07€J>

<.
Il
-

L2(0,rq;T)
2

M

(1_§|EC1 CQ("YaT?thOap |<90 "SJ>|

L2(0,r0;r)

<.
Il
—

(5)* (2. &)l

M

c1,c2 2\ya—1 c1,C2 )‘j —2s
| (1 el 2 (o, ) ) B (0 Tt )| ()

=1 E§11C2 (FY7 T,t>r07p)
o c1,c2 2ya—1imer e Aj
:Z"(1_§|EJ (’Y7T,t,’f’0,p)| ) |E] (V7T1t77n0ap)|(7) ( ) <.f £J>|‘ 2
= ro L2(0,
<31 (1= GBS (9, T, 1o, p) )2 B2 (3, Tty o, p) A+ M2, (4.22)
j=1
From (4.22), we denote
S(5) = 710" (1 = B2 (3, T t,m0,p) *) T2 [BS (7, T, t, 0, p)PA; 274, (4.23)
From (|4.23)), through several evaluation steps, we receive
2\ 2a-2
S() <o QP (1 - <%) Ajhe (4.24)
J
So
(6= V2(1 + Ag)?)e < [S()] M. (4.25)
Using the Lemma 2.8 and (£.24), we get
2
. 4s) |2 Q7\2072, 45y 4s) H—2s (S F 15+
SG) =rilel(1-57) AT el () (4.26)
Combining (4.21)) and (4.26), we can asert that
1 _s(s+1
(6 = V2(1 4 Ags)?)e < rZ*|Q) ( e ) M. (4.27)
This implies that
2s 2
a§(8+1)< oM )7 (4.28)
20 JRQ(6 — v2(1+ Ao)2)
whereby @Q = 1 Agr? + co A Ast?. O

Theorem 4.5. For s > 0, let f(r) given by (3.8), and f*=(r) be the regularization
solution, assume that condition f € H*(0,ro;7) and (1.3) holds. Then we have the
following error estimate:

1% = fllL2(0,m0;) s of order g5, (4.29)
Proof. Using the triangle inequality, one has

| £ = f”LQ(O,m;r) <|[f*F - fa||L2(0,m;r) + /"= f“Lz(Oﬂ"o;?")' (4.30)

2

L2(0,r0;7)

T0;T)
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Using the estimate (4.7) and the Lemma[4.4] we get

1595 = £l 20,y < 263aFe(1+ Ag)? +€MA YT o EMAS . (431)

Lo

inwhich Ay = (1%‘4 (2 js\/'2> + 4(%)) . Subtituting (4.18) into (4.31), we

can know that

£1<esi1Msi1(ﬁ[<s+1><1+AG>]z(|Qs(5 E(HA)l))sH)’
_ )3

s 1 1 B 47,25
Lo < g5+ M5+T (63+1Ms+1 Tf)\%s)’

e 2% NEIQP(O - VR A)R) TN,
st (AT AN ). e
Combining (4.14] , and -, we receive

)

||fa,5 - fa“LQ(O’m;r) < gm/\/lﬁ H(S,T0,§,5, |Q‘,A6,A7). (433)
whereby
H (5,705, 0,|Ql, A, A7) = (V2[(s + 1)(1 + Ag)] ? 0 )
(s 8101 Ar) = (VB + 00440 (o >z>)
N 3 1Q1 (0~ VAL + A)E)
retmtr o () g )7t
(4.34)

For the second, we can know that

N B > 1 — (1 — g\Ecl’cz(W,T t,ro,p )
P(f - f) - Z |E;1’62 (’y,T,t,To, ) <<P §J>£]

1

<.
Il

1— (1 <[ES2 (3, T, t,70,p)|?)"
B (v, T, t, 70, p)]

M

CEIRINIID

1

.
Il

1 - (1 - §|E;1762 (77T7t77ﬁ07p)‘2)a

LT E G a0 (0)
From , we can see that
IP(f* = F)r2(0,rem) < cTale+ de = E(géa% +9). (4.36)
Due to

1

2 1
ﬁ 4s _ C1,C2 2\ 2 |<S07£J>| :
(ro) (1 §|EJ (77T7t7r03p)| ) |E§1’62(7,T7t, TO,p)|2

Mg

17 = £llge

<

Il
—

J

MY neP) < m

(4.37)

‘M8

Il
i

( _ §|E;’1702 (fy’T,t7TO7p)‘2)2a(,r.
0
J
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cause of Theorem [3:3] it is easy to see that

Hfa - fHLz(Of"O?”") S EﬁMﬁ (C%a% +6)ﬁ|Z(61762777TaA37)\17r0)|_ﬁ'

(4.38)

Combining (4.33) and (4.38]), we conclude that
I1f5% = fllz2(0,r0;r) < is of order gFT. (4.39)
[

5. CONCLUSION

In this paper, by using the Landweber method, we solved the unknown prob-

lem to recover the source term of time-fractional diffusion equation on a columnar
symmetric domain. In the theoretical results, we show the error estimates between
sought solution and regularized solution of both prior and posterior parameter
choice rule methods based on a priori condition belongs to H*(0,rq;r). We can see
that the convergence rate of the level is similarly.
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