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STABILITY OF VARIOUS ITERATIVE TYPE FUNCTIONAL
EQUATIONS IN MENGER ¢— NORMED SPACES

JYOTSANA JAKHAR, RENU CHUGH, JAGJEET JAKHAR

ABSTRACT. The objective of this study to examine some stability results con-
cerning the iterative type functional equations like Gamma, Schréder func-
tional equations and also generalize the stability results of quintic and sextic
functional equations (QF Equations and SF Equations) in complete Menger
p—normed spaces.

1. INTRODUCTION

The first stability problem was established by Ulam [37] in 1940. He raised a
question whether there exists an exact homomorphism close to approximate homo-
morphism. The solution of Ulam problem was given by Hyers [10] in Banach spaces.
Last some decades, stability problems have been studied by several mathematicians.
In order to have more knowledge on the stability of various functional equations
and also stability problems in probabilistic and fuzzy normed spaces, see[3-10, 18-
21, 24-29]. Radu [30] gave an answer of Ulam’s doubt strongly by using the fixed
point method. In [1, 2, 19-20], the authors studied the theory of fixed point for the
probabilistic stability of functional equations.

In this paper, we employ this method to find the stability of the iterative, quintic
and sextic functional equations in Menger probabilistic ¢— normed spaces origi-
nated by Golet in [9]. During this article, we denote complete Menger probabilistic
— normed space by CMP ¢— normed space.

Definition 1.1. [21] “A function F : R — [0,1] is called a distribution function if
it is non-decreasing and left continuous with sup F(t) =1 and inf F(t) = 0. The
class of all distribution functions F with F(0) = 0 is denoted by DT and &, is the
specific distribution function defined through

0, t<0
€6 =
1, t>07
Let ¢ be a function defined on the real field R into itself, with the following
properties:
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(a) o(—t) = @(t) for every t € R;

a
(b) (1) = 1;
(c) ¢ is strictly increasing and continuous on [0, 00), ¢(0) = 0 and

lim ¢(a) = oo

a—r 00
where o € R.
Examples of such functions are:
2n
ola) = a; () = |alt, 1 € (0,0); ola) = ﬁ;’l‘ﬁ, n € N.

Definition 1.2. [9] “ A Menger probabilistic p—normed space is a triple (Z,v,T),
where Z is a real vector space, T is a continuous t— norm and v is defined from Z
into DV such that the following conditions hold:

(PN1) v.(t) = eo(t) for all t > 0 if and only if z = 0;
(PN2) v, (t) = I/z(ﬁ) forallzinZ ,a#0 andt > 0;
(PN3) voqy(t + s) 2 T(v.(t),vy(s)) for all z,y € Z and t,s > 0.”

Definition 1.3. [9] “Let (Z,v,T) be a Menger probabilistic o—normed space.

(1) A sequence {z,} in Z is said to be convergent to z in Z in the topology T if
for every t > 0 and € > 0, there exists positive integer N such that v, _,(t) > 1—¢
whenever n > N.

(2) A sequence {z,} in Z is called Cauchy if for every t > 0 and € > 0, there exists
positive integer N such that v,,_, (t) > 1 — e whenever n,m > N.

(8) A Menger probabilistic o— normed space (Z,v,T) is said to be complete if every
Cauchy sequence in Z is convergent to a point in Z.”

Let (Y,v,Tp) be a CMP ¢— normed space, Z be a vector space and G be a
function from Z x R into [0, 1], in such a way that G(z,.) € DT V 2. Taking the
set F={h:Z —Y :h(0) =0} and the function dg defined on F x F by

da(h, ) = inf{u € RT : vp)_y) (ut) > G(z,t) for all z € Z and t > 0}
where inf ¢ = +00. The next lemma can be showed as in [20]:

Lemma 1.4. ([19,20]) “d¢g is a complete generalized metric on F”.

2. PROBABILISTIC STABILITY OF ITERATIVE FUNCTIONAL EQUATION

A general iterative functional equation can be presented as

F(z,fl(z),fQ(Z),...,fm(Z)) =0, (21)

where m > 2, is one of the iterative functional equations [15] and was studied in
many papers. We mention here some classical functional equations as
e Gamma Functional Equation

flz+1) =(E+1Df(2)

e Schroder Functional Equation
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Our main result is the following stability theorem for the iterative functional equa-
tion.

Theorem 2.1. Let (Y,v,T,,) be a CMP @p—normed space, Z be a real vector space
and let f: Z =Y be a ®— approzimate solution of the equation

F(z, fY(2), f2(2), ..., f™(2)) = 0
in the sense that
VF (2,1 (), (2) s () () 2 B (2, 8) (2.2)

forall z € Z,t > 0, where ® is function from Z to DT. If there exists o € (0, o(m))
for all z € Z,t > 0 such that

O(f™(2))(at) = (2)(t) (2.3)

and

limn%ooq)(mn(z)vmnfl(z)"“’mnfm(Z))(SD( tl )) -1

then there exists one and only one function h: Z —'Y such that
Vh(z)-f(2)(t) = @(2)((p(m) — a)t).

Moreover,

h(z) = limnﬁww.
Proof. Let G(z,t) = ®(2)(e(m)t), F ={h: Z — Y|h(0) = 0} and the function dg
defined as F' x I’ by

dg(h, ) =inf{u € RY . Vh(z)—p(2) (ut) > G(z,t)}.

By using the lemma we obtain (F,dg) is a generalized metric space which is
complete. Now, we assume the linear function J : F — F defined by

T(h(z) = —h(f™ ().

It is convenient to verify that J is a self mapping on F' which is strictly contractive
together the Lipschitz constant k = In fact, let h,% be functions lies in F'

gives that dg(h, 1) < e. Then

m)

Vin()-gu() (Gomyet) = Glz,1)

hence
o
Van-r0) (o) = Vom@)—u e (o)

G(f™(2), 1)
Since, G(f™(z),at) > G(z,t) then VJh(z),Jw(z)(ﬁet) > G(z,t) ie.,

v

dG(hﬂM <e= dG(']ha ']w) S €.

e
p(m)
This implies that

@

el J0) =

dG(h7w>7 v h,?l) ek
It follows that dg(f,Jf) <1 from

Vi(z)—m=1f(fm (=) (E) 2 G(2,1).
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By using Luxemburg theorem (see[17]), we derive the presence of a function h :
Z — 'Y in such a way that
R(f™(z)) = mh(z) for all z € Z.

Also, dg(f, h) < 1flkd(f, Jf)=da(f,h) < i from which it instantly follows

a0m)
Un(e)- 1) (G 2at) = Gz, 1).
This yields

Vn(o)— 1) (1) = G2, 22=1)
hence, we obtain the conclusion
Un(z)—f(2) (1) = @(2)((p(m) — a)t) Vz € Z and t > 0.
Thus,
t
de(u,v) < e= Vy(z)—v(z) (t) > G(Z, 6)
and dg(J"f,h) — 0, it follows lim, e "L G — p(2) V2 € Z. For the

confirmation of the additivity of & in the natural way, see [18, 22]. Actually, since
T, is a continuous t-norm then x — v, is continuous and thus, see [34, Chapter
12],

VE(2,h1 (2),h2(2),....hm (2)) ()

:zimn%w(m"(z),m"fl(z),m,m”f’"(z»( (tl )>
t

> L ()" 1) 7 2) (5 ) = 1

We conclude that ve(, ni(z),n2(2),...,hm(z)) = 1 which implies
F(z,h'(2),h?(2),...,h"(2)) = 0.
The uniqueness of h is due to the verity that h is the specific fixed point of J which

belongs the {) € F : dg(f,v) < oo} i.e., same with property vj.)_s(:)(Ct) >
G(z,t) where C € (0,00) and t > 0. O

2.1. Probabilistic stability of Gamma functional equation.

Throughout the subsection, we examine the stability of the following Gamma func-
tional equation in CMP ¢— normed space

fz+p) =9(2)f(2)

Theorem 2.2. Let f be a function from Z into a CMP p— normed space (Y,v,T,),
Z be a real vector space, p € R, g(z) # 0 with f(0) =0 and let G : Z — DT be a
function with the property G(z + p, at) > G(z,t) where a € (0,(g(2))), z € Z and

t>0. If
v(g9(2)) — at>

Vi —g(x)f ()t EG 2,
F+p)-g(2)5(2) (1) < o(9(2)
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then there exists one and only one function h : Z — Z such that h(z+p) = g(z) f(2).
Moreover,

forallz € Z and t > 0.

Proof. Assume the set F' = {h: Z — Y|h(0) = 0} and the function dg defined as
F x F by

da(h, ) = inf{u € RT : vp)_yp(z)(ut) > G(z,1)}.

By lemma we obtain (F,dg) is a generalized metric space which is complete .
Now, let us assume the linear function J : F' — F' defined as

T(h(2)) = ﬁh(z +p).

We prove that J is a self mapping on F' which is strictly contractive together the
Lipschitz constant k = ﬁ(z)). In fact, let h,7 in F be such that dg(h,v) < e.
Then vp,(z)—y(z)(€t) > G(z,t), hence
« 1 o
v (grit) = e ()
= Un(e4p)—o(z4p) (0€t) 2 G
As G(z + p,at) > G(z,1), after this v p(2)— () ( et) > G

re)
a

dg(h,v) <e=dg(Jn, Jy) < "
This yields
da(Jn; Jy) < 2@
Now, it follows from
Vg(2) f(2)-f(a4p) (1) 2 G(2,1)

that dg(f, Jf) < 1. By using Luxemburg theorem (see [17]), we derive the presence
of a fixed point i.e., the existence of a function h : Z — Y in such a way that

h(z+p) =g(z)h(z) for all z € Z.
Also, d¢(u,v) < €, this indicates from dg(J™ f, h) — 0 that
Vh(z)—v(z) (1) > G(2, %),

it follows that lim,, . LR — 9(2). Also dg(f,h) < T25d(f,Jf) indicates the

(gl(z)D™
inequality dg(f,h) < ;—5— from which instantly follows

T ele()

(g(z)—a
Vh(x)— () (1) = G (2, 5557 ).

The uniqueness of h is due to the fact that h is the specific fixed point of J with
the property

l/h(z),f(z)(ct) > G(z,t)
where C € (0, 00). O
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Corollary 2.3. Let f be a function from Z into a CMP ¢— normed space (Y,v, Thr),
Z be a real vector space with f(0) =0 and let G : Z — D™ be a function with the
property G(z + p, at) > G(z,t) where o € (0,0(4)),z € Z and t > 0. If

Vi(atp)—af(z)(t) = G(z,t)

and

1
1My — 00 a"go<22n> =0,

then the formula h(z) = lim,—oo f(z;fn) defines one and only one function h :

Z — Z in such a way that v.y_ye.y(t) > G(z, Mt) where M = ng;L()Z;)a'

Proof. By setting z = p, we obtain vy.y_af(:)(t) > G(2,t) hence V1if(22)-f(z) =

G(2,1) where
Glzt) = G(z7 (p(t}l))

2.2. Probabilistic stability of the Schréder functional equation.

Throughout the subsection, we examine the stability of the following Schroéder
functional equation in CMP ¢— normed space

f9(2)) = sf(2)

Theorem 2.4. Let f be a function from Z into a CMP p-normed space (Y,v,T,,),
Z to be a real vector space, s # 0 with f(0) =0 and let G : Z — D" be a function
with the property 3 a € (0,¢(s)) for all z € Z,t > 0 in such a way that

G(g(2),at) > G(z,1). (2.4)
If
Vitg())-s1(2)(t) = G(2,1)

then there exists one and only one function h : Z —'Y in such a way that h(g(z)) =
sh(z) and

fle(=)")

sn

Proof. Assume the set F'={h:Z — Y : h(0) = 0} and the function d¢ defined as
F x F by

da(h, ) = inf{u € R : vy _y(s)(ut) = G(z,t)Vz € Z,t > 0}

Moreover, h(z) = lim, 00

By Lemma we obtain (F,dq) is a generalized metric space which is complete.
Now , let us assume the linear function J : F' x F' defined by

Juiey = <h(g(2))
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We prove that J is a self mapping on F' which is strictly contractive together the
Lipschitz constant k = ﬁ. Let h, 1 be functions lies in F' gives that dg(h, ) < e.

After this, for all z € Z,¢ > 0, we obtain vj.)_y.)(€t) > G(z,t), hence

o o
VJh(z)—J(2) (Me’f) = Vi(h(g(2)~w(9(2)) (w(s:)d)

= Vn(g(=)) (g (=) (€t)
> G(g(2),at).
Since G(g(2),at) = G(z,t) then vyp2)—1y(2) (ﬁet) > G(z,t) that is,
o

dG(h,t/}) <€= dg(Jh, J¢) < (p(S)

€.

This implies that

!
@(5) dG(h’a ¢)7
for all h,¢p in E. Now vy)_15(4())(t) 2 G(z,t) it follows that de(f, Jf) < 1.
Using Luxemburg theorem(see [17]), we derive the existence of a fixed point of .J
i.e., the existence of function h : Z — Y in such a way that h(g(z)) = sh(z) for all
z € Z and

da(Jn, Jy) <

t
da(u,v) < e = Vu(z)_v(z)(t) > G(Z, 6)7

from dg(J"f,h) — 0, it follows that limnﬂoow7 for any z € Z. Also ,

da(f,h) < $25d(f, Jf) implies dg(f,h) < ﬁ from which it instantly follows

uh(z),f(z)(wé()sja) > G(z,t). By means of this

Vh(2)—f(z) () = G<z7 Wt).

The uniqueness of h is due to the verity that A is the specific fixed point of J with
the property : there is C' € (0,00) in such a way that

Un(z)—£(z)(Ct) = G(z,1).

3. PROBABILISTIC STABILITY FOR THE QF AND SF EQUATIONS

Recall that the functional equation

f(z43y) =5f(z+2y) + 10f (2 +y) — 10f(z)
+5f(z —y) — f(z —2y) = 120/ (y) (3.1)
is called QF equation as f(z) = cz® is a solution. In [38], Xu et. al. firstly studied
the stability problem for the QF equation. The functional equation
flz+3y) —6f(2+2y) +15f(2 +y) — 20f(2) +
15f(z = y) = 6f(2 = 2y) + f(2 = 3y) = 720/ (y) (32)

is called SF equation since f(z) = cz% is a solution. In [38], Xu et. al. firstly

studied the stability problem for the SF equation. Later, the stability of QF and
SF equations have been established by several mathematicians [16, 33, 39, 40].



STABILITY OF VARIOUS ITERATIVE TYPE FUNCTIONAL EQUATIONS 113

Theorem 3.1. Let f be a function from Z into a CMP p-normed space (Y,v, Tar),
7 be a real vector space with f(0)= 0 and ® be a function from Z* to D (P(zy) is
denoted by ®, ,) in such a way that, for some 0 < a < p(32),

cI)(22,2y) (Oét) 2 (I)z,y(t> (33)
If
Vf(24+8y)—5F (++29)+10f (4+y)—10f ()45 f (2—y) — F (z—29)—120f () (1) = P2y (1) (3.4)
forall z,y € Z and
. (1
UMy so <p<25n> =0 (3.5)
f(2"z)

then the formula h(z) = lim, o *557> defines one and only one quintic function
h:Z =Y in such a way that

Vi(z)-f(2)(t) = =,z (M) (3.6)

where M = —£32)-a
sa(32)sa(6%)

Proof. By putting z =y in (3.1)) , we obtain
VF(42)=5£(32)4+10(22)—10f ()= f(—2)—120f (2) (1) = P2 - ().
It follows that
Vf(42)—5F(32)+10f(22)—10f () f(—=)—120f(z) (1) = G(2,1)

where G(z,t) = @ . ( ). From theorem (2.2), we infer that

f(2"z)

251

_t
e(51)
h(z) = limy oo

is the unique function h : Z — Y in such a way that h(2z) = 2°h(2) and

»(32) — « >
»(32)¢(53)

It is sufficient to show the mapping h is quintic, when h is a solution of quintic
equation. We have

Vih(z)—f(2)(t) = ‘I)z,z(

t

Vh)+h(y)—h(ey) () = Mindv, ., sana (7),
t
Uiy 1 (3):
t
Vi(aby)— L2z (),
t
Vf(2”2’gzn+y)) _ f(;sT:f) _ f(;;;by) (Z)}

The first three terms on R.H.S. of the above inequality approaches to 1 as n —
oo. Furthermore, let us observe from (3.3)) it instantly follows by mathematical
induction on n that ®on, ony (at) > P, ,(t), hence

t
(I)2n'z,2”y(t) = (I)z,y< ) (37)

ant

Then by using (3.4]), we obtain
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t t
U r(2m (242 27 2m =) = Vr@en(z41 2n 27 — T
£( 2(527z 1/)>,f(rz),f(ry>(4) £( 2(5271 ”))7“,2)7“25"9)(4@( T ))

257 257 PEID 5n

t
> (35)
25n

¢
>o,, (— ).
’y(4a”¢(2§n)>

From (3.7) we derive that the fourh term also approaches to 1 when n approaches
to oo, achieving h is quintic. |

Theorem 3.2. Let f be a function from Z into a CMP @—normed space (Y, v, Thr),
Z be a real vector space with f(0) =0 and let ® : Z? — D be a function with the
property 3 a € (0,¢(2%)) Vz,y € Z,t > 0 such that

Doz 0y = D, 4 (2). (3.8)
If
Vf(243y)—6f(242y)+15f (24y)—20f (2)+15f (2—y)—6 f (2—2y)+ f (2—3y) =720 f (v) (t)
> o, () (3.9)
and
. " 1
limy, oo @™ o0 =0 (3.10)

then the formula h(z) = lim,— oo f(;;z) defines one and only one sextic function
h:Z =Y such that vy (t) > ©. .(Mt) where
 p(64) -«
 p(64)p(135)
Proof. By putting z =y in , we obtain
V(4 8y)~6 (= 2y) 115 (-+y)~20f (2) 115 (z—)~6 £ (z—2y)+ F (z—3y)~ 720 () (1)
>, 1)

hence

V (2+3y)— 61 (2+2y)+15f (-+y)—20f (2)+15f (2—y)— 6 £ (—2y)+ f (s—3y)—720f (3 (1)
t
Z (I)z,z () .
o(133)

Let G(Z,t) =0, ., %
’ o( 128)
function h : Z — Y in such a way that h(2z) = 26h(z), for all z € Z and
p(2°) —a >
©(2%)¢(155) /)
f(2"2)

Moreover, limy oo “5sn—- The proof of the fact that h has a sextic function is
similar to the proof of the linearity in the preceeding theorem. (I

). From theorem it follows the presence of a unique

Vh(z)—f(2)(t) = ‘I’z,z(
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4. PARTICULAR CASES

For specific choices of ¢, ® and v, one can acquire stability theorems for different
functional equations in RN-spaces or in linear normed spaces.

Theorem 4.1. Let (Y,v,Th) be a CMP ¢— normed space, Z be a real vector
space and ® be a function from Z2 to DT in such a way that, for some (0 < o <
32), Do, oy (at) > @, ,(t) for all z € Z,t > 0. If f : Z — Y is a function with
f(0) =0 and
Vi (248y) ~5 f (2-+2y)+10f (=-+y) ~10f (2) 45 (=)~ F (z—2y) 120 (3) (1) = Pz ().
then there exists one and only one quintic function h : Z — 'Y in such way that
Vf(z)—h(z)(t) Z ©z70(2(32 — Oz)t).
Proof. The completion follows by assuming  ¢(«) = || in theorem 3.1{(we observe

(32)—a I . n 1 o .
that ;Tw(g%) = ¢(2(32 — @))). The condition lim, e & @(25) = 0 is fulfilled,
. a\"

as it diminishes to

Theorem 4.2. Let (Y,v,Ty) be a complete RN-space, (Z,].||) be a real normed
linear space and q be non negative real number. If f : Z — 'Y is a function in such
a way that

O

V§(2+3y)— 5 (++2y)+10f (2+1)— 10 £ (2)+5F (2—y)— F (2—2y)—120£ (3) ()
¢

2 -

t+ 1zl + [l

and 1 < q < b, then there exists one and only one quintic function h : Z =Y in
such a way that

(4.1)

(329 — 2)t
320 — 2)t + 2 z[|9)

Proof. Cosider the function ® : Z2 — D™ defined by

t
o, =—
=) = T Tl

and let o(t) = [t} (¢t € R), where 1 < ¢ < 5, @ = 32. It is instant that
0<32< (,0(32), @2272y(at) > (I)Z,y(t) and

Vi(z)—h(z)(t) > T Vze Z,t > 0. (4.2)

1
Ly oo @0 —— | = limp_oe 3200797 = 0.
32n
Now the completion follows from theorem [3.1] 0

Theorem 4.3. Let (Z,||.||) be a real normed vector space, (Y,v,Tpr) be a complete
RN-space and q be non negative real number. If f : Z — Y is a function such that

VF(2+3y)—5f (2+2y) +10f (5+y) —10f (2)+5f (2—1) — f (+—2y) — 120 (3) (1)
¢

> (4.3)
t+ 2l + llylle
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and % < q < 1, then there exists one and only one quintic function h : Z —'Y such
that

v (t) > (827 — 2)t
1E=hEW = (390 — 2)t + 2-4]2[|9)

Vz € Z,t>0. (4.4)

Proof. Cosider the function ® : Z2 — D™ defined through

t

o, ()= —
v = R Tl

and let o(t) = [¢|9, (t € R), where £ < ¢ < 1,0 = 2. It is instant that 0 < 2 <
©(32), Pas 9y(at) < O, 4 (1) Vz € Z,t >0 and

1 : —5q)n
32”) = llmn*)oo 2(1 59) =0.

Uiy — 00 a"go(
Now the completion follows from the theorem [3.3] a

Corollary 4.4. ([16:Theorem 2], with § = 0,6 = 2) Let + < q < 1 be fized and
f:Z =Y be a function between real Banach spaces that satisfies the inequality

1f(z 4 3y) = 5f(2 +2y) +10f (2 +y)

—10f(2) +5f(2 —y) — f(z — 2y) — 120f(y)
< lz[7 + [lyll?

for all z,y € X, then there exists one and only one quintic function h: Z —'Y in
such a way that

9—4a
— < i
1)~ hE < sl Vaez
Proof. Consider the induced RN-space (Z,v,Tyr), where v.(t) = ; +HtZHQ' Then
([4.3) is equivalent to

1f(z+3y) = 5f(z +2y) + 10f(z +y) — 10f(2)
+5f(z —y) — f(z = 2y) = 120f (y)|
< =2l + llyl®,
while is identical to
24
329 — 2

1/(2) = h(2)]| <

Iz]]-
O

Theorem 4.5. Let (Y,v,Ty) be a CMP o— normed space, Z be a real vector space
and ® be a function from Z* to DT in such a way that, for some (0 < o < 64),
Do, oy(at) > O, y(t). If f: Z =Y is a function with f(0) =0 and

Vf (48y) 6] (242y)+15 (+y) ~20] (2) 415 (=) 6 (:~29) + f (=3y) ~ 720 () (t) = P2 (£)-

then there exists one and only one sextic function h : Z — 'Y in such a way that

Vf(z)—h(z)(t) > (I)Z70(2(64 — Oé)t) Vz € Z,t>0.
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Proof. The completion follows by assuming ¢(«) = || in theorem [3.1] (we observe
that —280=¢ _ — ,(2(64 — a))). The condition

p(64)p( 1;8)
. n 1
limg, oo™ @ 26m =0

is fulfilled, as it diminishes to lim, <&) =0. O

Theorem 4.6. Let (Y,v,Ty) be a complete RN-space, (Z,]].]]) be a real normed
vector space and q be non negative real number. If f : Z —'Y is a function in such
a way that

V§(2+3y)— 61 (2+2y)+15f (2+y)—20 £ (2)+15f (2—1) —6 £ (s—2y)+ (=~ 3y) 720 (3) (1)

t
> (4.5)
t+ |zl + [l
and 1 < q < 6, then there exists one and only one sextic function h : Z — Y in
such a way that
(647 — 2)¢
— t) >
100 2 (g )+ 20
Proof. Cosider the function ® : Z2 — D™ defined by
t
() = e e
! t {217+ [lyl|®
and let o(t) = [t|]2 (t € R), where 1 < ¢ < 6, a = 64. It is instant that
0 <64 < p(64), @o, 9y(at) > D, ,(f) and

Vz € Z,t>0. (4.6)

1 , o
64n> = limy, o 640797 = .

Now the completion follows from Theorem [3.2 O

limp 0o Q™ (

Theorem 4.7. Let (Y,v,Ty) be a complete RN-space, (Z,].||) be a real normed
vector space and q be non negative real number. If f : Z —'Y is a function in such
a way that

V(2 48y)— 6 (2+2y) 115 (=) 20 (2)+ 15 f (z—y) 6 £ (z—2y)+ F (=—3y)~720 £ (3) ()

t
> (4.7)
t+ |zl + Iy
and % < q < 1, then there exists one and only one sextic function h : Z — 'Y in
such a way that
(649 — 2)¢t
2)—h(z)(t) =
e (T T S F
Proof. Cosider the function ® : Z? — D¥ defined by
t
d,,(t)=——F———
= = o+ ol

and let ©(t) = [t|?, (¢t € R), where § < ¢ < 1, = 2. It is instant that 0 < 2 <
0(64), Po, oy(at) < @, ,(t) and

Vze Z,t>0. (4.8)

1
limn%wan@(m) = limy, 00 2(176(1)" =0.
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Now the completion follows from the theorem [3.2 ([

Corollary 4.8. ([16:Theorem 3], with 6 = 0,6 = 2) Let ¢ < q < 1 be fized and
f:Z =Y be a function between real Banach spaces that satisfies the inequality
1/ (z+3y) = 6f(2 +2y) + 15f(z +y) — 20f(z)
+15f(z —y) = 6f(z — 2y) + f(z — 3y) — T20f (y)]|
< [z 017+ [lyll®

for all z,y € Z, then there exists one and only one sextic function h : Z — 'Y in
such a way that

17~ < cpsllzl VzeZ
Proof. Consider the induced RN-space (Z,v,Tyr), where v,(t) = tHrZHq' Then
is equivalent to
1f(z+3y) = 6f(z+2y) + 15/ (2 +y) — 20f(2)
+15f(z —y) = 6f(z = 2y) + f(z = 3y) = 720/ (y)|
< [lz)1* + llyll?
while is identical to || f(z) — h(2)| < %Hz\\ O
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