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ON THE SOLVABILITY OF A SEMILINEAR SECOND ORDER
PARABOLIC EQUATION WITH INTEGRAL CONDITION

AMEUR MEMOU, CHAHLA LATROUS, ABDELHAK BERKANE AND MOHAMED
DENCHE

ABSTRACT. In this paper we study a semilinear second order parabolic equa-
tion with mixed nonlocal boundary condition combined integral with another
two-point boundary conditions of the Neumann type. First, we study the
unique solvability of the associated linear problem by using the energy in-
equality method, then via an iteration process we prove the existence and
uniqueness of the weak solution of the stated problem.

1. INTRODUCTION

Many phenomena of modern natural science often lead to nonlocal problems on
mathematical modeling, and nonlocal models turn out to be often more precise that
local conditions; see [3, 8, [0 [12]. These nonlocal boundary conditions appear when
the data on the body can not be measured directly, but their average values are
known. For instance, in some cases, describing the solution (pressure, temperature,
etc.) pointwise is not possible, because only the average value of the solution can
be estimate along the boundary or along a part of it. Nonlocal problems form
a relatively new division of differential equations theory and generate a need in
developing some new methods of research and the importance of these problems
have been also pointed out by Samarskii [3I]. The studies of nonlocal problems with
integral conditions originated with the papers by Cannon [7] and Kamynin [20].
Recently various nonlocal problems for partial differential equations are actively
studied and one can find a lot of papers dealing with them; see [2] [l [4, [0} [7, 111
191 201, 2T, B2} 36l [©, 23| 24, [34], B2] and references therein for parabolic equations,
and [5] 27, 28] 291 [30L 35] for hyperbolic equations, and in [I3}, 14} [15] [16] 17, 22 25]
for mixed type equations. Problems for elliptic equations with operator nonlocal
conditions were considered by Mikhailov and Gushchina [I§], Skubachevskii [33],
Paneyakh [26]. In this article, we focus our attention on nonlocal problems with
integral conditions for parabolic equations. It is a continuation of previous studies
of this type of problem with the difference in non-local boundary conditions and
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the equation itself. (case of the semi-linear equation). We establish the existence
and uniqueness of the weak solution for the semi-linear second order parabolic
equation with nonlocal boundary conditions combined integral with another two-
point boundary conditions of the Neumann type. Firstly, we study the solvability
of the associated linear problem by using an energy inequality method. Then we
prove the unicity of the strong solution by using an a priori estimate, the existence of
the strong solution is based on the density of the operator range. Using the results
obtained for the associated linear problem and basing an iterative process, we prove
the existence and the uniqueness of the weak solution of the stated problem. This
paper is organized as follows: In Section 2, the problematic studied in this paper
is formulated with the corresponding hypotheses. In Section 3, we state and pose
associated the linear problem and introduce the function spaces used throughout
the paper as well and present an abstract formulation of the posed linear problem.
In Section 4, an a priori bound from which we deduce the uniqueness of the strong
solution is then established by energy inequality technique. For the solvability of
the associated linear problem, the density of the operator range of the operator
generated by the considered problem is proved in Section 5 . Finally, in Section 6 ,
on the basis of results obtained in Sections 4 and 5, by using an iterative process,
we prove the existence and uniqueness of the weak solution of the considered semi-
linear problem.

2. STATEMENT OF THE PROBLEM

In the rectangle = (0,1) x (0,7, with T' < +o00, we consider the equation

ou 0 ou
- | = 1
% D2 (a($7t)ax> [z, t,u), (2.1)
with the initial condition
lu=u(z,0)=¢(z), VYze(0,1), (2.2)
the boundary condition
ou ou
—(0,t) = —(1,¢t t T 2.
8@'(0’ ) 81]( ) )3 v 6(07 )’ ( 3)
and the integral condition
1
/ u(z, t)dx =0, vt € (0,T). (2.4)
0

In addition, we assume that the function a(z,t) and its derivatives satisfies the
conditions
0<ag<a(z,t)<ay V,teQ,
da
C1 S a(zﬂf) SC% V$7t697
Oa
—(x,t
5 & t)
al1,1) # a(0, 1),
Here, we assume that the known function ¢ satisfies the compatibility conditions
given by (2.3) and (2.4), and there exists a positive constant d such that

|f($7t,w1)—f(a?,t,w2)| §d|w1_w2" (26)

(2.5)
<b,
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3. ASSOCIATED LINEAR PROBLEM

In this section we study a linear problem related to (2.1)-(2.4)) and establish the
existence and uniqueness of a strong solution. Thus we consider

ou 0 Ju
5 o (ategh) = s (3.1)
with the initial conditions
lu=u(z,0) = (z), x € (0,1), (3.2)
the boundary condition
ou ou

and the integral condition

1
/ u(z,t)dr =0, te(0,7). (3.4)
0
The problem (3.1)-(3.4) can be considered as a solving of the operator equation
Lu = (£u,lu)=(f,¢) = F, (3-5)
where the operator L has domain of definition D(L) consisting of functions u €

ou ou 0%u 9*u

L?(Q) such that vt “ € L?(Q) and satisfying the conditions l}
at’ dx’ Hxdt’ dx?

and ([3.4).

The operator L is an operator defined on FE into F', where F is the Banach space
of function u € L?(2), with the finite norm

1
||u||§5:/ |u(x,t)|2d:cdt+sup/ lu(z, t)|* de. (3.6)
Q t 0

F is the Hilbert space of functions F =(f, ), f € L*(Q), ¢ € H'(0,1) with the
finite norm

1
1% = /Q (@, O dedt + / o[ dz. (3.7)
0

4. AN ENERGY INEQUALITY AND THEIR RESULTS

The following a priori estimate gives the uniqueness of the solution of the posed
problem ({3.1))-(3.4).

Theorem 4.1. There exists a positive constant K, such that for each function
u € D(L) we have

lullp < K[| Lull g - (4.1)

Proof 1. Taking the scalar product in L? (Q°) of equation and the integro-
differential operator

Quecth(t)l Ot/dC/ dTlJralt/dC/Cau ]

h (t) = a(]-vt) - a((),t),

where
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Integrating over Q° = [0,1] x [0, s] with 0 < s < T, and taking the real part

O (u,u) = Re/ e f(x,t)Qudrdt

s

—re [ e Squdsd e [ e (o0 3 ) Quasar. (12)

From conditions , and the integral condition and integrating by
parts with respect to x, and t, we can evaluate each integral term on the right-hand

side of , as follows
¥ Ou
=—d¢
/0 ot

Re/ e~ fQudxdt = h2(t)e
Qs
oh Oa

Qs
2h (t) —a+h?(t) — —ch? (t)a
_ / ot 5 ot e~ |u|® dzdt
Q

Lr2(0)a(x,0
[ e ey,
=s 0

2
dzdt (4.3)

1
+ 7/ B2 (t) ae= u)” dx
2 Jo

2
da T ou
2 —ct
+Re / W2 (1) e u/o 5 dCdudt.

Using Cauchy e— inequality, we obtain

Oa T ou
_ 2 7 —ct =
Re/s h= (t) 9 u/o 5 d¢dxdt

</2 9a 2h2(t) —tul*d dt+ h2 (t) e~ /ma“czCQd dt, (4.4)
= Joo \ 0z ¢ ey . <), ot s

—ct £y 2 —ct 2 1 2 —ct “ou ?
Re [ e fQudxdt < af e~ |f|” daedt + = h*(t)e —d(| dxdt.

Qs Qs 4 Qs 0 at
(4.5)
Combining and with , we get
da da\*\ ., oh
/ e |u|” dedt
s 2
1 ! 2 —ct 2 h2 (t) —ct Iau 2
—1—5/0 h* (t) ae™ " |u|” dzx t:S—f—/S 5 € /0 ad@ dxdt
172
g4a§/ e—ct|f\2dxdt+c2/ MW@ (4.6)
s 0
We suppose that
§ < h3(t),

and

D020 = |2h) S hr)| = 20h0)]| S h()| < 4y max {ler] [es])

dt B dt B dt = famasal e

Choosing c such that

8a? , 262
> ai max{|c1|,|c2|} +cz+
5@0 apn

; (4.7)
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and then last two terms in the left-hand side in (@ are non negatives, hence

1 1
/ u|® dedt + / |ul? da <m (/ |f\2dacdt+/ o] dm) ,
Q 0 t=s Q 0

B max (4(1%, Qa%)

where

o151 (cap—ca2—2b2)§—4ay max{|ci|,|c2]}) ~
min(5d, 56ao, 5 { }

By taking the least upper bound of the left side with respect to s from 0 to T, we
get the desired estimate with K = \/m.

Remark. It can be proved in a standard way that the operator L: E — F is
closable. Let L be the closure of this operator, with the domain of definition D (L)

Definition 4.2. The solution of the operator equation Lu = F is called a strong
solution of problem -.

Remark. The a priori estimate can be extended to strong solutions after
passing to limit, that is we have the inequality

Jullp < ¢|Lul| ., Vue D (L).
This last inequality implies the following corollaries.

Corollary 4.3. If a strong solution of — erists, it is unique and depends
continuously on F = (f, ).

Corollary 4.4. The range R (L) of L is closed in F and R(L) = R (L).

5. SOLVABILITY OF PROBLEM ([2.1])-(2.4))

Corollary shows that, to prove that problem (3.1])-(3.4) has a strong solution
for arbitrary F, it sufficient to prove that the set R (L) is dense in F'. The proof is
based on the following lemma.

2

are bounded.

tox
Let Do(L) = {u € D(L),u(x,0) =0}. If, for u € Do(L) and for some function
v € L?(Q), we have

/Q (?f; - 3% (a(x,t)gz)) vdzdt = 0. (5.1)

Then v vanishes almost everywhere in ; that is v = 0.

Proof 2. From (-) we have

/—*dxdt /aax <a(x,t)gz> vddt, (5.2)

AN ) 9\~
We introduce the smoothing operators J-* = ([ —e— and (J71) =1+ 5) ,

Lemma 5.1. Suppose that a(x, t) and its derivative

ot ot
with respect to t, then, these operators provide the solution of the problems:
0
Ue () — e 2= = u(t), ue (0) =0,
4 (5.3)
vi(t)+e—=-=v(t), vz (T) = 0.
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We also have the following properties: for any g € L?(0,T), the functions J 1g,
(J_l)*g e W3 (0,T). If g€ D(L), then J-1g € D(L) and we have

l1mHJ g gHLZ(OT =0, fore =0,
) g g’ (5.4)

hmH =0, fore—D0.

L2(0,T)

Substituting the function u in (n by the smoothing function u. and using the
relation

A(t)ue = JQIA(t)u - nglBe(t)us,

where Be(t) = 313( ) .. We obtain
/ Ve dzdt = / At)uvdzdt — e/ B (t)uv}dzdt. (5.5)
Q Q
The operator A(t) has a continuous inverse in L*(0,1) defined by

[T odC (€ Td
Aty = [ 25 [amansain [ Esran.  6o)

where
a0
Cilt) = mfo ndn

Co(t) = —Ci(t) fom _foﬁ z [y 9(n)dn

)

(5.7)

Then we have fol A=Y (t)u = 0, hence, the function J7u = u. can be represented
in the form

ue = JTPATH () A(t)u.
The adjoint of B.(t) has the form
B0y =+ (1) %y 4 Glg)(@) + CLC)), (5.9

a

1
[ gy e, 100 (0
Gl = [ [0 e e 0 (5)] ac
Consequently, equality (5.5 , becomes

/ Ve dxdt / A(t)uh.dzdt, (5.9)
ot 0

where

where he = v} — eBX(t)v}

€

The left hand side of (-) 18 a continuous linear fonctionel of u, hence the function

%he , %h € L?(Q) and the following condition are satisfied
x
{ a(L,t) he ( t) =a(0,t) he(0,1),
e _ Ohe
1,t) =0.
"< 0. = 2 (1 =0

From the equality

8h5 o 1 1\ * da 8’0:
or [Iea (/) <8t>} or’
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and since the operator (J;l)* is bounded in L*(Q), for sufficiently small €, we have
1 * Oa
Z(J 1 =

S (5)

Oa
ot

< 1.
L2(Q)

1
Hence, the operator I — € (J ) ( ) has a bounded inverse in L*(Q). We

conclude that % %233 . € L%(Q), and the following condition are satisfied
a(l,t)vi(1,t) =a(0,t) vi(0,1)
{ %f (0,8) = % (1,6) =0 (5.10)
Putting
"y /t ctir (/\1 /x av? (,1) dn + Aav? (2,8) + & (t)) , (5.11)
mn , we obtaino i
/ ()\1 /z av? (n,t)dn + Xov} (z,t) + k (t)) vdzdt
/A uv*dmdt+5/ At dedt (5.12)

where

k() == [y (1= 2)a+ ) vf (a,t) da,
Ay > 8|)\1|a1 + 2.

By integrating with respect to x and using condition , we get

8 ovr
am- 8xd xdt.

Using , the last equality can be represented as

_ a _.,0u d%u A1 5 0u
Re | A(tyuvidedt = —Re | —e ' ———dzdt + R 2 ——vidxdt.
e/g()uvaac e/Q)\Qe D2 Dadi +e/Q)\2 75V de
Integrating with respect to t, we get

1
Re/ At)uvidzdt = 7/ a(m,T)ech
Q 0 2A2

a,—ca _ .
+/ e
Q 22

Using e— inequalities, we have

Re/ A(t)uvidzdt = — Re
Q

@
833

(z,T)

oul?

ox

dz dt+Re/ iaQﬁ Fdudt.

Re/ A(t)uvidzdt
Q
1 2 2 2
a(z,T) _.r|0u / a; — ca [Az] 9\ _o|0u
< - er |22 d 9 (122 ot | OU
= /0 e o\ Tan TN ) 1)

a (|MN — 2 2
+ -t () / e [0F —v|” dadt +/ e |v]” dxdt (5.13)
4\ A2 ) Q

dxdt

(z,T)




SOLVABILITY OF A SEMILINEAR PARABOLIC EQUATION 53

By integrating with respect to x, t and using the condition , we get

2
5Re/A() O it = eRe [ a0 et 4 e Re 8a8u8v€d dt.
Q

Bt " 920t 0w o 0t 0z O
Hence
6R6/A() 66d dt
o at "
9% |? oul? ovr |2
< —_— < .
< ¢ (a1 + max (Je1], cQ))/QOawt - ‘83: dedt,  (5.14)

Now from and , we deduce that

Re/ A(t)uﬁdzdt+eRe/ A(t)u(%E dzdt

1

ag. ou ca — caq |A1] 2 ou?
[ |2 e [ (2 (I ) o2
; Dy . (z,T) dx+ ; h + . aile o dxdt
2 2

+/ et |v|2dxdt—|—ﬁ (|/\1|> ﬁ—vﬁdmdt

Q 4\ A Q

u | oul® o

+z€(alerax(|c1|,|cQ|))/Q (‘8:1681& + Iz + 8:; dxdt. (5.15)

From the left-hand side in , we have

Re/ %Edmdt
/)\ e Ju]? —|—Re/ AleCtvdxdt/ av (n,t)dn
—/\1Re/ "tdt/ vdm/ (1-2x) avxtdm—)\gRe/ “tdt/ vdaj/

—Re/ Aoeto (v} —v)dccdt—i—Re/ Ale“vdﬂcdt/ a (vl (n,t)—v(n,t))dn

—AlRe/ Ctdt/ vd:z:/ (1—2)a (v (n,t) —v(n,t))d. (5.16)

It is easy to show that

Re/ Aled@dxdt/ av (n,t)dn < |)\1\a1/ et v dadt,
Q 0 Q
1 1
—Re/ AleCtdt/ Edm/ av (n,t)dn < \)\1|a1/ e |v]? dadt,
Q 0 0 Q
: A . A :
—Re/ Aoet (vF —v) vdrdt < —2/ e |v|? dadt + —2/ e vt — vf® ddt,
Q 2 Ja 2 Ja

A
—Re/ AleCtdt/ vdx/ (v —wv)dn < |/\1|a1/ o) dodi+ = L / e |v¥ — vf® dadt,
Q Q 4 Q

v A
Re/ AleCt@dacdt/ a(vl—v)dn < |)\1|a1/ et o|® dedt+ 1 L1 / e vt — vf® dadt.
Q 0 Q 4 Jo
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From we have

—t 7
v (x,t) = —e € ecv(x,7)dr
t
Then
T 1 1
— A2 Re/ e“dt/ de/ vl (z,t) dx
0 0 0
2t 2 T 2
)\ T 1 )\ 2 T T 1
=22 ec / vdz| dt + 22 (c— )/ e(c_g)tdt/ e€dr / vdx
2e Jo 0 2e € 0 t 0

By integrating with respect to t, we have

A 9 T | a1 T 2 2 2t
22 (c— )/ 6(072)75/ / e€vdrdx
2e € 0 : 0

N, (T 1 e
2 / vdr| |e —ee | dadt.
0
Therefore,

dt = =
2
T 1 1 A [T 1
—A2 Re/ eCtdt/ Ed:r/ vl (z,t)de = 22 et / vdr
0 0 0 2¢ Jo 0

€ Jo
If, we choose ¢, such that
2 2
[62 v () ] <
ap  ap \ A2
Then from the previous inequalities and , we have
)\ A T 1
/ (2 —4|M|ay —l—l) e ol + —2/ et / vdt
< & 4 A1 + Cﬁ M ’ / ect |v* — v|2dxdt
- 2 2 4 Ao Q €
o%u |* |0 vz |°
+¢ (a1 + max (Jea], |cQ|))/ ( u u Ve ) dudt.
Q 896

Ox0t o
By passing to the limit as € — 0, we conclude that v = 0. The proof of lemma is
now completed.

2

2

2

"

Now, we give the main result in this section.
Theorem 5.2. The range R (Z) of the operator L coincides with F.
Proof 3. Since F is a Hilbert space, we have R (f) = F if and only if the relation
1
/ fgdxdt—&—/ luprdr =0, (5.17)
Q 0
for arbitrary uw € D (L) and (g, p1) € F, implies that g =0 and p; = 0.

Putting v € Do (L) in , we conclude from the Lemma[5.1] that g = v = 0, a.e.
Taking w € D (L) in yields

1
/ luprde = 0.
0
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Since the range of the trace operator | is everywhere dense in Hilbert space with
the norm fol |lu|2 dz, see ([1]). It follows that w1 = 0. The proof of theorem is
completed.

6. STUDY OF THE SEMILINEAR PROBLEM

In this section, we prove the existence, uniqueness and continuous dependance
of the solution on the data of the problem —.
If the solution of problem — exists, it can be expressed in the form u =
w + U, where
U is a solution of the homogeneous problem

ou 0 ou
U(z,0) =¢(z), (6.2)
ou ou
1
/ U(x,t)dz =0. (6.4)
0
And w is a solution of the problem
ow 0 ow
Lw = 5 D2 (a&r> =F (z,t,w) , (6.5)
w (x,0) =0, (6.6)
ow ow
1
/ w (2,t) dz = 0, (6.8)
0

where F (z,t,w) = f (z,t,w) and satisfied the condition
|F(x,t,u1) — Fx, t,ug)| < dJuy —us| forall x, t € Q. (6.9)

According to Theorem and Lemma the problem (6.1])-(6.4)) has a unique
solution that depend continuously on ¢ € L? (0,1) where L? (0, 1) is a Hilbert space

with the scalar product

1
(w, 0) 20,1 :/ uvdz,
0

and with associated norm

1
2 2
00y = / fuf? da.

We shall prove that the problem l) has a weak solution by using an ap-
proximation process and passage to the limit.
Assume that v and w € C' (Q2), and the following conditions are satisfied

v(z,T) =0, fol v(z,t)dr =0,

w ow (6.10)
w (z,0) =0, 87(0,75) = a—x(l,t).
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Taking the scalar product in L? (Q) of equation (6.5) and the integro-differential

operator
z ¢ 1 ¢
Muv = h(t) <a(0,t)/ d§/ vdn+a(1,t)/ dC/ vdn),
0 0 @ 0

by taking the real part, we obtain

H(w,v) = Re/ F (2, t,w) Mvdzdt

ow 0 [ Ow\-—
=Re L ot — Muvdzdt — Re/ 2 <a89c> Muvdzdt. (6.11)

Substituting the expression of Mw in the first integral of the right-hand side of
(6.11)), integrating with respect to ¢, using the condition (6.10)), we get

oW ——
RG/QEMU
_ —Re/ﬂw <a (0,4) h(t) /O dg/gg:dnm(u)h(t) /1 dg/gg:dn> dadt
_Re/gwl(h()gt (0,4) + a(0, t)gt>/ dg/ vdn+<h()gt 1, t>+a(1,t)‘?)’t’) /mldc/ocvdn].

(6.12)

Substituting the expression of Mv in the second integral of the right-hand side of
(6.11)), integrating with respect to x, using the condition (6.10), we get

0 ( ow ) da [T B
—Re / (%U( o )Mvdacdt Re/gh (t)w (830/0 vd77+av> dzdt. (6.13)

Insertion of (6.12)), (6.13]) into (6.11)) yields

H(w,v)zRe/ﬂh(t)a (a(l,t)/mldC/OCF(n,t,w)dn—a(O,t)/Ode/:F(n,t,w)dn>,
(

6.14)

where

H (w,v)

_Re/h2() (gz/:vdwrav) dadt
e [ o) ( 00 [ ac [ Ty sa [ac [ dn)dzdt
_Re/Qw[(h()g (0,) + a(0, t)gh>/oxd</0 vd77+<h( )%(1 £) + a(l, )/ dc/ vdn]

(6.15)

Definition 6.1. By a weak solution of problem (6.5 — we mean a function
w e L*(0, T:L*(0, 1)) satisfying the identity and the integral condition
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We will construct an iteration sequence in the following way.
Starting with wo = 0, the sequence (wy,), ¢y is defined as follows: given w;,,_1, then
for n > 1, we solve the problem

ow, o0 Owy,\
£wn - at - % <a 8$ > - F(l’,t, wn—1)7 (616>
wy, (z,0) =0, (6.17)
8wn awn

e (0,t) = B (1,¢), (6.18)

1
/ wy, (x,t) dz = 0. (6.19)

0

From Theoremand Lemma we deduce that for fixed n, each problem (6.16))-
(6.19) has a unique solution w, (x,t). If we set V,, (z,t) = wny1 (z,t) — wy (2, 1),
we obtain the new problem

ov, 0 oVn\
V, (2,0) =0, (6.21)
6V oV,
= (0.0) = S (L1), (6.22)
/ Vo (z,t)dz =0, (6.23)
where
On—1 = F(x,t,w,) — F(x,t,wp_1). (6.24)

Lemma 6.2. Assume that the condition holds, for the linearized problem
-(6-23), there exists a positive constant k, such that

HVn”L?(o, T: L2(0,1)) <k HVn%HL?(o,T: L2(0,1)) - (6~25)

Proof 4. We denote by

QVn=a(0,t)h t/dC/CavdnJralt (t)/;dg/ocav

We consider the quadratic form obtained by multiplying equation by et QV,,
with the constant c satisfying ([4.7), integrating over Qs = [0,1] x [0,s], with 0 <
s < T, taking the real part, we obtain

o (Vn7 Vn) = Re/ UnleVndl'dt
Q

s

oV ——
=R —ct n -
e/Qse )

RE/ e‘di (aa n
Q ox x

s

) OV dudt,
(6.26)
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By integrating with respect to x, t and using the conditions , and

we get
0 oV \ ——
- R ot a==" ) QV,dxdt
e/QS e o (a o ) QV,dx
1 0 (ah?(t 1 1
:f/ —M+cah2(t) e*cf\vnﬁdxdtju/ ah?(t)e= |V, |? da
da oV,
R et R3(t fvn/ —"d(dxdt. 6.27
whe [ ey, [ (627
By integrating with respect to x and using the condition , we get
) /A v, |°
Re/ e QVndxdt:/ h2(t)e dxdt. (6.28)
Q. ot Q. ot

Combined and with , we obtain

. oh Oa ’ 9a 2 —ct 2
2 1 19
+ 1 / hQ(t)e_Ct oV dxdt + / Me—ct |Vn|2 dz
2 Ja, o 2

< Re/ e on,_1QV,dxdt. (6.29)

t=s

Following the same procedure done in establishing the proof of Theorem we
have

Re / e o 1QV,dxdt

2

1 oV,
< Saf/ exp(—ct) |on_1|* dudt + = h? (t) exp(—ct) / —"d¢| dxdt.
s 2 Qs 0 at
(6.30)
Combining the previous inequalities with , using we have
2 2
Vallzz0:220,1y) < K IVa-1llZ20,7:22(0,1)) - (6.31)
where
2 16d%a? ocT

min(dag, (cag — ca — 20%) § — 4aj max {|c1], |c2|})

Since Vy, (x,t) = wpy1 (x,t) — wy, (z,1), then the sequence wy, (x,t) can be written
as follows
k=n—1
wy, (x,t) = Vie + wo (z,1) .
k=

=

The sequence w, (z,t) converge to an element w € L? ((), T:L?(0, 1)) if

2 < min(dag, (cag — ¢z — 2b?) — 4ay max {|c1|, |c2|})

67CT
16a2
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Now to prove that this limit function w is a solution of the problem under consid-

eration (6.20)- , we should show that w satisfies and .

For problem -(6.19), we have
H (w, —w,v) + H (w,v)

= Re / dC/ (n,t,wp—1) — F (n,t,w)dn) dzedt

J
—Re/Q
+/Qa(1,t)h() /dg/ (n,t,w) dn — a(0,)h( /dC/ (n,t, w) d.

(6.32)

(1,
a(0,t)h / dC/ (n,t,wp—1)dn — F (n,t,w)dn) dxdt

From the equation , we have

H (w, — w,v)

:Re/ﬂa(wgt_w) (a(o,t)h(t)/Ode/OCVndn—i—a(l,t)h(t)/zldg/jvndn> dudt
_Re/Q;x <aw> <a(o,t)h(t)/:dg/o< Vndn+a(1,t)h(t)/:dg/ocvndn> dudt.

Integrating with respect to t and x, using the conditions , we obtain

H (w, —w,v)

:Re/Q% a(OJ)h(t)/Ode/Cl (w, — w) (1, 1) dy + a(1,£)h / dg/ t)dn> dudt
+Re/ﬂ@ d(a(oél?h(t))/omdg/cl(wn—w)(mt)dn—kd((lt/ d(/ t)dn)dwdt
+Re/ﬂh2(t)a(wnfw)ﬁdxdtJrRe/ h3(t )gz( Wy — w) /Oz vd¢dwdt. (6.33)

Each terms of the left-hand side of is controlled by

e f 5 (w000 [ [ o)yttt onty [ [* o )
1 1
oot ]

where

2
2
v dxdt) , (6.34)

ot

ki = sup {a(0,t)h(t),a(l,t)h(t)} .
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And

Re/ﬂv<d<<0t/ ¢ [ o) Gy OO [ [ )50
< ks (/Q lwn — wl|? dmdt) (/ v|? dmdt) (6.35)

where

l\.')\)—l

d
ko = Sup { o a(0,t)h(t), dta(Lt)h(t)} ,
And the last term by

da
&v

< sup (anh(0), D20 ( / |(wn — w))? dmdt) ( / o? dmdt); (6.36)

From -[6-36), we deduce that

Re / (0, — w) ot + Re [ 12052 (= ) / " vdCdudt
Q 0

DN | =

ovl?

H(w, —w,v)| <Cl||lw, —w ) / -
|H ( )l [ ||L2(0,T.L2(o,1))< Lot

+ |v2dazdt> ., (6.37)

where
C = 3max (kl, ko, sup (a1h®(t), th(t))> .
t

Integrating with respect to x, using , we obtain
Re/ga(l,t)h(t)v/1 d¢ /C (F (n,t,wp—1) — F (n,t,w) dn) dxdt
—Re/Q a(0,t)h 5/ dC/ (n,t,wp—1) — F (n,t,w) dn) dxdt
= Re/@a(l,t)h(t) [F (2, t, wn—1) (x,t,w / dn/ vdCdxdt
+Re/ﬂa(0,t)h(t) [F (2, t, wn_1) (x,t,w) / dn/ vd(dxdt.

Using the condition and the Cauchy-Schwartz inequality, we obtain
1 ¢
Re/ G(Lt)h(t)@/ dC/ (F'(n,t, wn—1) = F (0, t,w) dn) dedt
Q T 0
1 ¢
+Re/ a(l,t)h(t)a/ dg/ (F (.t wn 1) — F (.1, w) diy) davdt
Q P 0

l\D\»—l

< 2kid |wn — w20 712(0,1) (/ |v]? dxdt) (6.38)
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From , and passing to the limit in as n — +o0o, we deduce that

H(w,v):/Qa(l,t)h() /dg/ F (0, £, w) dn—a(0, )} / dg/ (0,4, w) dn.

Now we show that holds. Since lim||wn, — wl| 2o 1.12(0,1y) = 0, then

n—-+o00
1 1
lim /(wn—w)dx < lim / lwp — w|?dz — 0. (6.39)
n—-+o00 0 n—-+oo 0

From we conclude that fol wdzx = 0.
Thus, we have proved the following

Theorem 6.3. If condition (-) is satisfied, then the solution of problem -
(6.8) is unique.

Proof 5. Suppose that wy, wy € L? (O, T : L?(0, 1)) are two solution of —,
the function v = wy; — woy 15 in L? (O, T :L?(0, 1)) and satisfies

% - (,% <ag;> =G (x,t), (6.40)
v (z,0) =0, (6.41)
g—; (0,t) = % (1,%), (6.42)

1
/ vdx =0, (6.43)
0

where G (x,t) = F (x,t,wy) — F (z,t,w2).
Taking the inner product in L? () of equation and the integro-differential
operator

Qu=a(0,t)h t/dg/ D +a1,t)h /dc/@‘av

where A > 2a1 and following the same procedure done in establishing the proof of

Lemma[6.3, we get

2 2 2
vl 7200,m:220,1)) < K IVllz200,7:22(0,1)) -

where )
2 16a7 T

~ min(bag, (capg — ez — 2b2) § — 4ay max {|c1|, |e2|})
Since k? < 1, then v = 0, which implies that w; = wy € L? (O,T : L2(0, 1).
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