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MULTIDIMENSIONAL SUMMABILITY PROCESS ON
BASKAKOV-TYPE APPROXIMATION

JAE-HO LEE, RICHARD F PATTERSON

ABSTRACT. In 1973 Bell presented a notion of convergence that is weaker than
the usual notion and a series of theorems and summability methods using
his notion. Following Bell’s work Aslan and Duman extended this notion to
approximation theory and likewise presented a series of natural results. In
this paper we extended Aslan and Duman results to double sequences via four
dimensional summability matrices. To accomplish this extension we begin
with the notion of Pringsheim convergence. Using Pringsheim convergence
the authors presented a series of multidimensional approximation theorems.
These approximation results are natural extends and improvements of both
Baskakov and Korovkin notions of approximation.

1. PRELIMINARIES

Throughout this article, we will use the following notations and definitions. Let
x = [zk,] be a complex double sequence and let A denote an infinite four dimen-
sional matrix with complex entries. Then Ax is the transformed double sequence
whose mn-th term is (A%)mn = Y 1.1 Gmn.ki Tk, Additionally, we let ¥ and A
denote single dimensional sequences :i:md’ordinary Summability matrix, respectively,

with the following transformation (A%)n = e Uk Tk

Definition 1.1 (Pringsheim [II]). A double sequence x© = [xy,] has Pringsheim
limit L, denoted by P-limx = L, provided that given € > 0 there exists N € N such
that |z, — L| < € whenever k,l > N. We shall describe such an x more briefly as
“P-convergent.”

Definition 1.2 (Patterson [10]). The double sequence y is a double subsequence
of the sequence x provided that there exist two increasing double index sequences
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BASKAKOV-TYPE APPROXIMATION 13

{n;} and {k;} such that if z; = xn, 1, then y is formed by

Z1 %2 25 Z10
Z4 23 Ze @ —
Z9 28 27—

Definition 1.3 (Patterson [10]). A number 3 is called a Pringsheim limit point of
the double sequence x© = [z, ] provided that there exists a subsequence y = [yn k] of
[ k] that has Pringsheim limit (3, that is, P-limy, = S.

Remark. The definition of a Pringsheim limit point can also be stated as follows:
B is a Pringsheim limit point of x provided that there exist two increasing index
sequences {n;} and {k;} such that lim; z,, , = 5.

Definition 1.4 (Patterson [I0]). A double sequence x is divergent in the Pring-
sheim sense (P-divergent) provided that x does not converge in the Pringsheim sense
(P-convergent).

The following is an example of an unbounded double sequence with three Pring-
sheim limit points, namely —1, 0, 1:

k, if =1,
T, = (—1)k, if 1>1,
0, otherwise.

In 1926 Robison presented a four dimensional analog of the Silverman-Toeplitz
theorem [§] for the regularity of double sequences in which he added an additional
assumption of boundedness. This assumption was made because a double sequence
which is P-convergent is not necessarily bounded. The definition of the regularity
for four dimensional matrices will be stated next, followed by the Robison-Hamilton
characterization of the regularity of four dimensional matrices. The reader can refer
to e-book [2] which contains the chapter entitled Double Sequences, and the recent
monograph [3] devoted to the spaces of double sequences and four dimensional
matrices.

Definition 1.5 (Patterson [10]). The four dimensional matriz A is said to be
RH-regular if it maps every bounded P-convergent sequence into a P-convergent
sequence with the same P-limit.

Theorem 1.6 (Hamilton [7], Robison [12]). The four dimensional matriz A is
RH-regular if and only if

RHy: P-limy, p, Gmonk; =0 for each k and [;

RHy: P-limy, , ZZ?[SH Akl = 1;

RH3: P-limy, , 220:1 |G k1| =0 for each l;

RHy4: P-limy, , Z?il |@m . ki| =0 for each k;

RH;5: Zzol’: 1 @mon.k1] is P-convergent; and

RHg: there exist finite positive integers A and B such that

Z | ket] < A

kI>B
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Definition 1.7 (Patterson [9]). A double sequence x is of bounded variation pro-
vided that there exists a positive integer B such that
00,00

§ |xm,n - 'rm—r,n—s| < B,
ki=1,1

where r and s = 0 and/or 1.

Using the following notions presented by Bell in [4] we will present a series of
multidimensional analog of Aslan and Duman results.

Definition 1.8 (Bell []). Foru =1,2,..., let A* = [ay ] be an infinite complex
matriz and let A denote the sequence of matrices {A"}. Let Z = {Z4} be a sequence
of real numbers. Define the double sequence AT = {(AZ)"} by

o0
(AZ)y ="l %
k=1

Then AZ is called Z-tmnsfor@ of x whenever the series converges for all n and
u. We say the sequence T is A-summable to L if lim, .. (AT)Y = L uniformly in
u € N.

In [4] Bell established the following Silverman-Toeplitz type characterization of
two dimensional summability matrix.

Theorem 1.9. The transformation A = {A"} = {lay 1]} (k,n,u € N) is regular if
and only if

(1) Timy_ oo a

& = 0 uniformly in u;
(2) limy—yo0 D opey ay . = 1 uniformly in u; and
(3) for nyu € N, 3772, [ag | < oo and there ewist integers N, M such that

>oney la | < M forn> N and for all u € N.
In a similar manner to Definition let us consider the following notion

Definition 1.10. Let us consider the following double sequence of four-dimensional
infinite matrices A = {A“"} = {[a" ]}, where (m,n), (k,1), (u,v) € N x N,
and the real number double sequence x = {xk,}. Then the transformation

Az = {(Az);;",
define by

00,00
uv 2 : uU,v
(Ax)mm T am,n,k,lka ’
k,l=1,1

where (m,n), (u,v) € N x N, is called the A-transform of the double sequence x
whenever the series is P-convergent for every (m,n), (u,v) € N x N. We say the
double sequence x is A-summable to L if P-limm,n_)oom(Ax);‘,;f’n = L uniformly in
(u,v) € N x N.

The following is a Silverman-Toeplitz type characterization of four dimensional
summability matrix, whose proof is a multidimensional analog of Robison-Hamilton
as of such the proof is omitted.
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Theorem 1.11. The transformation A = {A""} = {[a,", ]}, (m,n), (k1),

(u,v) € N x N, is reqular provided that

g = 0, uniformly in (u,v);

2) P-limy, noo,00 Zkl 11 ?nvn ki =1, uniformly in (u,v); and

) For (u,v),(m,n) € NXN Zz 1 @t o] < 00 for each k

4) For (u,v),(m,n) € Nx N, 372 1|amnkl| < oo for each

5) For (u,v),(m,n) € NxN, Zk 1200 [ kal < 00 and there exist integers
N, M such that Zkl Lalan el < M form,n > N and for all (u,v) €
N x N.

1) P-limy, n—sco,00 @

w

(
(
(
(
(
m,n,k,l

2. APPROXIMATION TO FUNCTION IN THE FOUR DIMENSIONAL SUMMABILITY
METHODS

Let us consider the following multi-dimensional linear operators:

L/ //fxydqsklaﬁ,xy) (2.1)

where

f € Cla,b] x Cla,b], («,pB) € [a,b] x [a,b], (k,I) € NxN.
Similar to Baskakov assumption, we will assume that for every (k,l) € N x N
and for every (a, ) € [a,b] x [a,b], ¢xi(,B,2,y) is a double bounded variation
with respect to (z,y) € [a,b] x [a,b]. The following are necessary conditions that
for a given non-negative RH-regular summability method A, the double sequence
{Lk,(f)} is uniformly A-summable to f on [a,b] X [a,b], that is

00,00

P- m’nlingo’m Z Ao et L k1(f) — L|| =0, uniformly in (u,v) € N x N,

where || - || denote the sup-norm on Cfa,b] x Cla,b]. We are assuming that
00,00
Z GZ{jjn,mLk,l(f)
ke l=1,1

is bounded for each m,n,u,v € N and f € Cla,b] x Cla,b].

Definition 2.1. Let {[a,;", ;. )]}, (m,n), (k,1), (u,v) € N x N, be a non-negative
RH—regular summability methods. We say the operators (2.1) belong to the class
Eg ois,t>1 promde that, for each fix (a, B) € [a,b] X [a,b] the following integrals

Y - o d - dad
2s,2t,m,n,u,v m n,k,l Or1(a,B,225,y) L2071

kl 1,1
where a < x < a,
00,00 b b
(2)
IQS 2tmnuv - a’m nkl/ / / / dydlf’k,l(ayﬁ@‘zay) .“dx2dx1
k,l=1,1 T2s—1

where a < x < b,

00,00

Yy2s—1 b
3
I2(s)2t m,n,u,v CLm RONN) / / o / / d¢k,l(avﬁvzyy2t) e ddeyl
a a

kl=1,1
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where a <y < 3,

00,00

4
12(5)215 m,n,u,v a’m n,k,l / / / / d$d¢k 1(a,B,xy2e) ddeyl
Y2s—1

ki=1,1

where <y < b,

- B T2s—1 Y2s—1
I2s,2t,m,n,u,v - m”kl/ / / / / /

k,=1,1
Ay, 1(0B,ma0,y) * A2dT1d g, (0,8,0,y00) *** AY2dY1

where a <z < a anda <y <,

0,00

©) ) b b b b b b
_ 2 : u,v
IQs,Qt,m,n,u,’u - a’m,n,k:,l/ / o / / / o /
Yy Y1 Y2s—1 /T x1 T2s—1

ki=1,1
Aoy 1(oBmyae) ** WY2dY1de, (0,8 ,200,y) - dT2dTy

where o < x < b and f <y <b, for all (z,y) € [a,b] X [a,b] we have a well-defined
sign, which depend on (m,n), (u,v) € N x N.

This definition grants us a multi-dimensional family of positive linear operators
that is consistent with Baskakov [6] operators.

Theorem 2.2. Let {[a," I}, (m,n), (k,1), (u,v) € NxN, be a non-negative RH-
regular summability methods, and let the operators belong to the class E§4s’2t,
s, t > 1. If {Lg (e )} is uniformly A-summable to e; ; for each i = 0,1,2,...2s
and j = 0,1,2,...2t, then the sequence {Ly (f)} is uniformly A-summable to f
on [a,b] x [a,b] for all f € C**[a,b] x C**[a,b], the set of two-dimension functions
having continuous partial derivative of order 2s - 2t on the interval [a,b] X [a, b].

Proof. Let us consider the case when s =¢ =1 and p(z,y) := (x — a)(y — B) for
fix @ and B in [a,b]. Also note that this is similar for m or n grater than 1. Let us
observation that:

0,00

Z m n,k, lLk? l( )
k,l=1,1
00,00 00,00
U
< > ant iLra(ean) —ean|  + 20| Y apt  Lra(ean) —ean
kl=1,1 ki=1,1
00,00 00,00
u,v 2 u,v
+2C E Cant eiLea(ern) —ea|  + CP| D ant o Liilezn) — €20
=1 ki=1,1
00,00 00,00
2 u,v 3 u,v
+C? [ Y apt i Lka(eo2) —eo2||  + 2C Ay Lk (€0,1) — €01
El=1,1 Ei=1,1

00,00

3 4 u,v
+2C E : am’ eilri(ero) —evol| + CH| Y an® i Lra(eoo) — eoo
= ki=1,1
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The above inequality holds for each (m, n), (u,v) € NXN, where C = max {|al, |b|}.
It is clear via the Pringsheim limit and the hypothesis we are granted the following:

8

oo

P- lim aZ;jjn7k7lLk7l(p2) =0, uniformly of (u,v) € N x N.

m,n— oo

P- lim a:il”n’k)ll)k,l(p) = 0, uniformly of (u,v) € N x N.

m,n—oo

The following is obtain by partitioning [a, b] X [a, ] into the following {(u,v) : a <
p<aanda <v < B}and {(p,v) : a < p<band f < v < b} and them use
multidimensional integration by parts and obtain the following:

a B st s1 rha
Li(p*; (o, B)) 22{/ / dyda:/ / dt1d81/ / dor,i(, B, 52,12)
a a a a a a
b b b b b b
+/ / dyd;v/ / dt1d81/ / déri(a, B, s2,t2)
a Jp s Jt s1 Jt1

We transform the above sequence using the above RH-regularity A to obtain the
following:

00,00

u,v
Z mnlekl )

sup / /
(e, 8)

€la,b]x[a,b]

S1 t1
mnkl/ / dtldsl/ / dor (e, B, s2,t2) | dydx
k,l=1,1 a a
b b b b
// Z amnkl/ / dtldsl/ / déw,i(a, B, s2,t2) | dydz|.
s t s1 Jt

k,l=1,1

Clearly, it follows

1 00,00
by Z a;‘{?}n,k,lLk’l(PQ)

kd=1,1
6 0,00 S t S1 t1
< sup / / mn,k,z/ / dt1d81/ / dori(x,y, s2,t2)| dydx
(v, 8) @ |k1=1,1 a a a a
€la,b] x[a,b]

(2.2)

/ /B mnkl/ / dt1d81/ / d¢kl Z, y,SQ,tg) dydl‘

k,l=1,1
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Since the Pringshim limit of the last equation of the inequality (2.2]) we are granted
that

Z a’mnlekl )

k,l=1,1

P- lim = 0, uniformly in for all (u,v) € N x N.

m,n—o0

One should also observe that for f € C3[a, b] x C3[a, b] we are granted the following
multidimensional Taylor series expansion

£ = Sl )+ D00 gy 4 OB,

& f(,f) (x — )y — B) +82f<a,5> (z—a)”

axay 2 Ox? 2
2 Y 83

yaB

3 / / W@y x—n>2<y—§>dnd£
yaB

+3// (%8?} (z —n)(y — )*dnde

T / /5 ' agay;@ — €)%dnde.

Therefore, for each (m,n), (u,v) € N x N the above expansion grants us the follow-
ing:

a?r;,vn7k,lLk7l(f7 (O‘aﬁ)) - f(avﬂ) = f(a7ﬂ) Z (117;?)”7k,l[1k,[(6070 : (OL, 5)) — €0,0
El=1,1 ki=1,1
10%f(0,8) N ww af(a,B) X
5 Tay 2 msalnaps (@) + == 3 al (e — o (a,B)
Ei=1,1 ki=1,1
) ’ 00,00
+ f(ao; ) Z a’mnlekl( :(aaﬁ)) 8.’E2 Z mnk.lLkl .’I,‘—OZ)QZ(OGB))
k,l=1,1 =
o2 ’ ) w,v
+ {:9(0;6) Z amnlekl(( —a) Z amnklelOlﬁ)
Yy ki=1,1 k=11
where

Ria(o, ) = / / U /yasang U)3dﬁd€}d¢k,l(aaﬂvﬂ%y)
3 / / I /ya;my (o= 00~ €)dnde] (e, ..1)
i3 / / [ /va;xay Dy~ ands | dova. )
A [ L e (0.5,
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Similar to the partition above we can write Ry ;(c, 3) as follows:

/ /ﬁ 33883 {/ / dtldsl/sl /“ d¢k7l(a,ﬁ,327t2)}d3dt
// 83333 {/ / dtldsl/ / do, aﬁ,32,t2)}dsdt]
// 3528t {//dtldsl/ / dp,(a ﬁ,SQ,tz)}dsdt
// 852815 {/ / dtldsl/ /t1 d¢kzaﬁ,82,t2)}d8dt]
/a a 8581,‘2 {//dtldsl/ /t1d¢kl 5782,t2)}d5dt
N T S
/ / 838t3 {/ / dtldsl/ / dcbkzaﬂ,sQ,tg)}dsdt
// 833153 {/ / dtldsl/ / dor aﬁ,sz,m)}dsdt]

Thus for each (m,n), (u,v) € N x N we are granted the following:

Ry (o

+3

00,00

2: mnkl

B 0,00 tl
<M sup {3 // mnkl{//dtldsl/ / dor.i(a 5752,t2)} dsdt

(a7ﬁ)
€la,b] x[a,b] kii=1,1

///3 7nnkl{/ / dtldsl/ / dgbklaﬂ,sz,tg)} dsdt]
k,l=1,1
+3[/ /aﬁ oy mnkl{/ / dt1d51/ /t1d¢kzaﬂ,52,t2)} dsdt

k,=1,1

//5 m"kl{//dtld*ﬂ//d¢kzaﬁ,52,t2)} dsdt]
kl=1,1
+3[/ /aﬁ = mnkl{//dtld51/ / d¢k1aﬁ,52,t2)} dsdt

k,1=1,1

b b b b
/ / { [ o [ [ dm,l(a’ﬁ,@,m} dsdt
Bolki=11 s Jt 51/t



20 J.-H. LEE, R. F. PATTERSON

+3 / /aﬁ 3 mnkl{//dtldsl/ /tldqbklaﬁ,sz,tg)} dsdt

kJd=1,1
b b b b
/ / it [ [ dndsy [ [ dovitansssta) fdsar|
ﬂ k}l 11 S t S1 tl
z+jf
where M = maX{H 550 ‘:i—i—j:i’)}. Therefore
_TI’L]TILIEOO 21 mon ki Bk,|| = 0 uniformly in (u,v) € N x N.

Additionally, observe that

00,00 00,00

Z al,:{?)n’k,lLk,z(f) —fll £ M Z aZ;f)n,k}lLk,z(eo,o (o, ) — €00
k=1,1 ki=1,1

00,00 00,00

+ Mz | Y ant gl —as (@) + Ms | Y ant i Lealp: (o 5)
ki=1,1 kd=1,1
00,00 00,00

+ M,y Z A e Lt (Y — 2 (o, )| + Ms Z O (G a)?: (o, B))
ki=1,1 ki=1,1
00,00

+ Mg Z Ao e Lt ((y — @)?: (a, 8))| + Z Aot i B (s B
ki=1,1 ki=1,1

Thus

00,00

P- lim Z wt wiLra(f) = L|| = 0, uniformly in (u,v) € N x N.

Therefore Ly ;(f) is uniformly A-summable to f on [a,b] x [a,b]. O

Remark. The above theorem is identical to Aslan and Duman’s Theorem 2.2 in
M if s ort is zero.

Remark. Similar to Aslan and Duman’s observation, Theorem reduces to the
two dimensional classical Korovkin theorem if A = A%Y = {I}, the four dimen-
sional identical matriz with (k,1) € NxN, (z,y) € [a,b] X [a,b], and ¢y, (e, B, x,y)
is a non-deceasing function in both x and y.

In addition, the following theorem is a multi-dimensional analog of Swetits’ The-
orem 1 in [I3] and the proof follows in a manner to that of Theorem 2.1.

Theorem 2.3. Let {Ly,} be a double sequence of positive linear operators for
C?[a,b] xC?[a,b]. Let { AS*} be a double sequence of four-dimensional matrices with
non-negative real entries, with ||Am n(Coo)l < co. Then for f € Cla,b] x Cla, ]



BASKAKOV-TYPE APPROXIMATION 21

and m,n=1,2,3,.

0
1 = A < 171 1A (c00) I||+H / H Mn(er0) — 1]

+H"2 n) 1 Amn(ero) = Il +1(ES, ) - | Am.n(eo0) = 11,

\ VA (e0.) = I+ TIER ) - A (€00) — I

where
[Amn(f) — fIl = sup ( sup |ASE () — f(fv,y)|> ,
(&n) \{(z,y)€la,b]x[a,b]}
= [[|[Amn((z — ) (y — B)Il,
= H‘Am n((@— 0‘)2)H )
n — H‘Am,n Yy— /8)2)
and I1 denotes the modulus of the function f.
Corollary 2.4. Let A = {[a" 1}, where (m,n), (k,1), (u,v) € Nx N be a non-

negative RH-regular summability method and let (2.1)) belong to Eé‘;!gt where s,t >
1. If for each i =1,2,3,...2s and/or j =1,2,3,...,2t

mnk:l

-m nlirglo . Z Uy e [ L (€i,5) — €ijl| = 0, uniformly in (u,v) € N x N,
kyl=1,1

then {Lyi(f)} is uniformly A-summable to f on [a,b] x [a,b] for f € C?*[a,b] x
C?"[a,b).

The proof follows in a similar manner to Aslan and Duman proof. Thus the
proof is omitted. The following is a multidimensional analog of [I, Theorem 2.4].

Theorem 2.5. Let A = [a,", ;] be a four dimensional summability method and
Ly, and two-dimensional operator that satisfy

bopb
/ / |dor (e, B,2,y)| < M for all (x,y) € [a,b] X [a,b] and (k,1) e Nx N

where M is an absolute positive constant. Then for f € Cla,b] x Cla,b] it follows
that {Ly1(f)} is uniformly A-summable.

Proof. Tt is also well known that for f € C? x C? there exists
2s,2t

Z bz y!

k=11
such that ||f — P|| < e for all € > 0. Therefore

Z Ll =P) <l -P] S amnkl//|d¢>k,z<a,5,x,y)|
= k,l=1,1 a a
00,00
< Me T:r;j}n,k,l
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Thus, form the RH-regularity of A we know that
00,00
u,v
Z am,n,k,l
k,l=1,1

is finite for each (m,n) and (u,v) in N x N. Also observe that for the linearity of
Ly, we are granted the following:

00,00 2s,2t 00,00
u,v _ . u,v .
§ : am,n,k,lLkvl(P) - § : bz:] E : am,n,k,lLkal(e%J)'
k,0=1,1 4,7=0,0 k,0=1,1

Thus

t ,00

00,00 25,2 o)
u,v s u,v P R
2 : am,n,k,lLk,l(P) -P < ¢ E : § : a‘m,n,k,lLk’l(em) €ijl|»
k,l=1,1 4,7=0,0 || k,l=1,1

where C' = max {|b; ;| :4=0,1,2,3,...,25;5 =0,1,2,3,...,2t}. The last two in-
equalities grant us the following for each (m,n), (u,v) € N x N:

00,00
S alt i Lea(f) — f

k=11

00,00 00,00
< Z a}rtr;f)n,k,lLkvl(f - P)|| + Z agrif)n,k,zlfk,l(P)) —P|+e

k,0=1,1 k,=1,1
00,00 25,2t 00,00
u,v ~ u,v SN .
< M 2 : am,n,k,l —1|e+C § : E : am,n,k:,lLk:l(e%]) €i,j
k,=1,1 4,7=0,0 || k,l=1,1

The last inequality and the RH-regularity of A grants the following

00,00
P- lim > ant i Lea(f)) = f|| =0, uniformly in (u,v) € N x N.

m,n— 00,00
k,l=1,1

The result follows. O
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