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FIXED POINT THEOREMS IN STRONG
PARTIAL B-METRIC SPACES

NEELAM KUMARI, SAVITA RATHEE, PRATEEK MOR

ABSTRACT. The objective of this research is to provide some fixed point find-
ings for kannan type contractions in strong partial b-metric spaces (SPbMS),
which is a generalisation of strong b-metric space and metric space. Exmaples
are also given to support our results.

1. INTRODUCTION

Many fields of mathematics use the Banach contraction principle [7] as a common
tool to solve existence issues (for eg, [13],[2I]). Extensions of this concept were
achieved by either expanding the mapping’s domain or the contractive condition on
the mappings [[5],[9],[17],[25],[28]]. Ran and Reurings [26] are the first to examine
and apply the presence of fixed points in ordered metric spaces. After that, a
number of findings have been supported by evidence in the context of ordered metric
spaces ([, [3],[4],[10],[16],[18],[24],[27]). As an extension of metric spaces, Bakhtin
[6] and Czerwik [II] invented b-metric spaces. They developed the contraction
mapping principle in b-metric spaces, which expanded on the well-known Banach
contraction principle in those spaces. After that, a number of studies have addressed
fixed point theory in b-metric spaces for single-valued and multivalued operators
(21,181, [12] [14],[15],[19],[20]). In 2021, Doan [14] proved some generalisation of fixed
point results for single valued and multivalued mappings on complete strong b-
metric spaces. In [23], the notion of SPbMSs was introduced. They also discussed
the relationship between strong b-metric and SPbMSs.

In this paper, we prove some fixed point results for kannan type contractions in
SPbMS, which is generalisation of strong b-metric space and metric space. Some
examples are also included to support the results.

2. PRELIMINARIES

Here, we provide the relevant definitions and findings for different spaces
that will be helpful for further explanation.
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Definition 2.1. [22] “A partial metric on a set E is a function d : E x E — RY
such that for all u,v,c € E, the following conditions hold:

(PM1) v=v & d(u,u) = d(v,v) = d(u,v);

(PM2) d(u,u) < d(u,v);

(PM3) d(u,v) = d(v,u);

(PM4) d(u,v) < d(u,c)+ d(c,v) —d(c,c).

v
Then (E,d) is called a partial metric space.”

Definition 2.2. [20] “A map d: E x E — R is a strong b-metric on a non empty
set E if for all u,v,c € E and o > 1 the following conditions hold:
(SB1) w=v iff d(u,v) =0;
(SB2) d(u,v) = d(v,u);
(SB3) d(u,v) < d(u,c)+ ad(c,v).
The triple (E,d,«) is called a strong b-metric space.”

Definition 2.3. [23] “A map d : E x E — R{ is a strong partial b-metric on a
non empty set E if for all u,v,¢c € E and a > 1 the following conditions hold:
(SPbMS1) v =v < d(u,u) = d(v,v) = d(u,v);
(SPbMS2) d(u,u) < d(u,v);
(SPbMS3) d(u,v) = d(v,u);
(SPbMS4) d(u,v) < d(u,c¢) + ad(c,v) — d(c,c).

The triple (E,d,«) is called a Strong Partial b-Metric Space (SPbMS).”

Remark 2.4. [23] “Every metric space is a strong b-metric space but converse is
not neccessarily true. Every strong b-metric space is a SPbMS but not conversely.”

Definition 2.5. [23] “ Let (E,d,«) be a SPbMS. Then

(i) A sequence {u,} in (E,d,a) converges to a pointu € E if d(u,u) = lim, d(up,u) =
lim,, d(ty,, uy,).

(i1) A sequence {u,} in (E,d, a) is Cauchy if the lim,, , d(wy,, un) exists and finite.”

3. MAIN RESULTS
Let F be the class of functions which satisfy

]-':f:(O,oo)—>[O,%):f(zn)—>% = 2z, = 0asn— oco.

Theorem 3.1. Let (E,d, «) be a complete SPbMS and S : E — E be a self map.
Suppose, 3 f € F such that for all u,v € E, with u # v,

d(Su, Sv) < f(d(u,v)){d(u, Su) + d(v, Sv)}. (3.1)
Then, S has a unique fixed point in E.

Proof. Let ug € E be any arbitrary point. We introduce a sequence {u,} in E,
Upt1 = Su, V0 > 0.
Suppose, there exists n > 0 such that u,41 = uy, then obviously u, is a fixed
point of S. So, assume that w,1+1 # u, ¥V n > 0.
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Now, define D,, = d(uy41,u,) V n > 0. By inequality (3.1)), we get
Dyt1 = d(unt2, un+1)
— d(Stuns1, Sun)

< fld(untr, un) ) {d(tng1, Stngr) + d(un, Sun}

1
< §{d(un+1, Stpt1) + d(up, Sun}

1
= §{Dn + Dn+1}-

Clearly, D, 41 < D, ¥V n > 0. Hence, {D,} is a monotonically decreasing and
bounded below sequence. So, 3 5 > 0 so as

lim D, = 0.

n—oo

Now, assume 3 > 0. Then, by inequality (3.1]), we get
d(un+27 un+1) < f(d(unJrh un)){d(unJrh un+2) + d(unv Un+1)}§
that is
Dn+1 S f(Dn){Dn+1 + Dn}
That implies
Dn+1
Dn+1 + Dn
Applying n — oo, we get % < limy— 00 f(Dy), but % > limy, 00 f(Dy), because
f € F. Which is a contradiction. So, lim, (D) =8 = 0.
We demonstrate that {u,} is a Cauchy sequence in E. Let m < n. So, by inequality
(1), we get
d(um+1a un+1) S f(d(uma un)){d(um7 Sum) + d(una Sun)}

1
< i{d(uma uerl) + d(u’ru unJrl)}’-

As m,n — 00, d(Upm, Um+1) and d(tp, tunt1) = 0. So, d(Umt1,Unt1) = 0 as n —
00.

So, {u,} is a cauchy sequence. Now, {S™ug} is a Cauchy sequence and by hypothesis
E is complete. So, 3 u* € F such that

lim S™ug = u*.
n—oo

< f(Dp) V0= 0.

Now, by (SPbMS4)
d(Su*,u*) < d(Su*, Su,) + ad(Sup, u™) — d(Suy, Suy,)

< fld(u®, upn)){d(u*, Su*) + d(un, Sun)} + ad(unt1, ) — d(Unt1, Un+1)

< fldw*, up){d(u*, Su™) + d(un, Sun)} + ad(up1, u™).
So,

d(Su®, u*)(1 = fd(u", un))) < f(d(u”, un))d(un, Sun) + ad(uni1,u”),
which implies
- fd(u”, un)) a
d <

(Su% ) < T ) 2 T Fdt

As n — oo right hand side of is zero. So,
d(Su*,u*) = 0. (3.3)

Now, by (SPbMS2) d(Su*, Su*) < d(Su*, u*).
Since, S : E x E — [0,00) and d(Su*,u*) = 0. So, d(Su*, Su*) = 0. Similarly, we
can show that d(u*,u*) = 0. Thus, we get d(u*,u*) = d(Su*,u*) = d(Su*, Su*).

D, +

))d(un-‘rlaU*) (32)
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So, by (SPbMS1) Su* = u*. Hence u* € F is a fixed point of S.
Uniqueness: If possible, let v* be any other fixed point of S. So, Sv* = v*.
Using inequality , we get
d(u*,v*) = d(Su*, Sv*)

< fld(u”, 0")){d(
By using equation (3.3]), we have d( *v*) = 0.
Now, d(u*,u*) = d(v U ) 0. [ d(u*,u*) < d(u ,v*) and d(v*,v*) < d(u*,v*).]
So, d(u*,u*) = d(u*,v*) = d(v*,v*). Hence u* = v*. Thus, S has unique fixed
point u* € E. (I

u®, Su*) + d(v*, Sv*)}.

Corollary 3.2. [14] “Let (E,d,«) be a complete strong b-metric space and S :
E — FE be a self map. Suppose, 3 f € F such that for all u,v € E with u # v,
d(Su, Sv) < f(d(u,v)){d(u, Su) + d(v, Sv)}.
Then, S has a unique fixed point in E and for any v € F, the sequence of iterates
{S™(u )} converges to u*.”
Corollary 3.3. [I5] “Let (E,d, @) be a complete metric space and S : E — E be
a self map. Suppose, 3 f € F such that for all u,v € E with u # v,
d(Su, Sv) < f(d(u,v)){d(u, Su) + d(v, Sv)}.
Then, S has a unique fixed point in E and for any v € F, the sequence of iterates
{5™(u )} converges to u*.”

Example 3.4. Let E={0,1,2} and d: E x E — [0,00) be defined by
d(0,0) = d(2,2) = 0,d(1,1) =

»MH

d(1,0) = % = d(0,1),

d(1,2) = 6 = d(2,1),
d(2,0) = 8 = d(0,2).
Here d(u,u) < d(u,v) Vu,v € E. And
d(0,1) <d(0,2) + ad(2,1) — d(2,2), ¥V a > 1,
d(1,0) < d(1,2) + ad(2,0) — d(2,2), ¥ a > 1,

d(0,2) < d(0,1) + ad(1,2) — d(1,1), ¥ a > ‘;’i
d(2,0) < d(2,1) + ad(1,0) — d(1, 1), ¥ a > g
d(1,2) < d(1,0) + ad(0,2) — d(0,0), ¥ a > 1,
d(2,1) < d(2,0) + ad(0,1) — d(2,2), ¥ a > 1.

So, (F,a,d) is a SPbMS, for « = 5 but it is neither metric nor strong b-metric
space, because d(1, 1) =10
So, above corollary (3.2 and corollary (3.3]) can’t be apply.
Let S: E— E be a self map defined by SO0 =0,51=0,52=1 and f € F defined
by
1 _:
f(z) = 56_5 for 2 > 0 and f(0) € [0, =).
Then
1
d(S0,51) = d(0,0) =0 < Ze1

el

= 0.23 = f(d(0,1)){d(0, S0) + d(1, S1)},
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d(S1,52) = d(0,1) = + < 1136—1 11927 = £(d(1,2)){d(1, S1) + d(2, S2)},

O

8

d(50,52) =d(0,1) = 3 < 3e”6 =0.7908 = f(d(0,2)){d(0,50) + d(2,52)}.
Therefore, S meets all the condition of theorem (3.1). Here S has unique fixed
point u* = 0.

Exzample 3.5. Let E ={0,2,4} and d: E x E — [0,00) be defined by
d(0,0) = d(2,2) = d(4,4) =0,

(

d(0,2) = 3= d(2,0),

d(0,4) =8 =d(4,0),

d(2,4) =5=4d(4,2).

Here, we can see that

d(0,2) <d(0,4) + ad(4,2), Va > 1,
d(2,0) <d(2,4) + ad(4,0), Va > 1,
d(0,4) < d(0,2) + ad(2,4), ¥ a > %
d(4,0) < d(4,2) + ad(2,0), ¥V a > 6,
d(2,4) <d(2,0) + ad(0,4), ¥V a > 1,
d(4,2) <d(4,0) + ad(0,2), V a > 1.

So, (E,d,a = 6) is a strong b-metric space, but is not a metric space, because
d(0,4) > d(0,2) + d(2,4). Thus, corollary (3.3) can not be applied. Let S: E — E
be a self map defined by SO =0,52=0,54 =2 and f € F defined by

1 _: 1
fz) = Ee_§ for z > 0 and f(0) € [0, 5)
Then

4(50,52) = d(0,0) = 0 < Je~ % = £(d(0,2)){d(0,50) + d(2, 52)},

d(S0,54) = d(0,2) = % < 0.9196 = % — F(d(0,4)){d(0, SO) + d(4, S4)},

d(S2,84) = d(0,2) = % < 14719 = %e% = £(d(2,4)){d(2, S2) + d(4, S4)}.

Therefore, S meets all the condition of corollary (3.2). Here S has unique fixed
point u* = 0.

Now, we consider G is the class of functions which satisfy

1 1
g:g:(O,oo)—>[0,§):g(zn)—>§ = 2, »+0asn— oo

Theorem 3.6. Let (E,d, ) be a complete SPbMS and S : E — E be a self map.
Assume, 9 g € G such that V u,v € E, with u # v,

d(Su, Sv) < g(d(u,v)){d(u, Su) + d(v, Sv) + d(u,v)}. (3.4)
Then, S has a unique fixed point in E.
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Proof. Let ug € E be any random point. We introduce a sequence {u,} in E,
Upt1 = Su, V1 > 0.
Suppose, there exists n > 0 such that u,41 = uy, then obviously u, is a fixed
point of S. So, assume that u,4+1 # u, ¥ n > 0.
Now, define D,, = d(upn41,un) V n > 0. By inequality (3.4)), we get
Dn+1 = d(un+27un+1)
= d(Suny1,Sun)

S g(d(un-i-h un)){d(un-i-h Sun—i—l) + d(una Sun + d(un+1a un)}

AN
— W

{d(unJrlv Sun+1) + d(um Sun) + d(una Un+1)}

Clearly, D, y1 < D, ¥V n > 0. Hence, {D,} is a monotonically decreasing and
bounded below sequence. So, 3 8 > 0 so as

lim D, = 3.

n—oo
Now, suppose 3 > 0. Then, by inequality (3.4)), we have
d(Unt2,Unt1) < g(d(Un1, un)){d(un-i-lv Upy2) + d(Un, Uny1) + d(Unt1, Un)}a
that is
Dyi1 < g(Dn){Dpt1 + 2Dy}
That implies
Dn+1
Dn+1 + 2Dn
Applying n — oo, we get 3 < lim,o0 g(Dy), but £ > lim, o g(Dy), because
g € G. Which is a contradiction. So, lim,_.(D,) =8 =0.
We demonstrate that {u, } is a Cauchy sequence in E. Let m < n. So, by inequality
, we have
A1, tnt1) < gld(Uum, wn)){d(tm, Stum) + d(tn, Sun) + d(tm, us)}

<g(D,)¥n=>0.

1
< g{d(uma Sum) + d(un7 Sun) + d(uma Un+1) + Oéd('UJn+17 un) - d(un-i-h un—i—l)}

1
S g{d(um, Um+1) + d(unv un+1) + d(“”ﬂ un+1) + ad(un-‘rlv un)}
1
g{d(uma Um+1) + (U, Umny1) + AUy 1 Unt1) = d(Umt1, Umngr) + (14 @)d(un 1, un)}

IN

IN

1
g{d(uma um+1) + O‘d(um’ um+1) + d(um-‘rla un+1) + (1 + a)d(un+1’ un)}’

which means
a+1

5 {Dy + Dy}
As m,n — 00, d(Up, Um+1) and d(tn, upt1) — 0. So, d(Um41,Unt1) — 0 as n —
0.
Hence, {u,} is a Cauchy sequence. Now, {S™ug} is a Cauchy sequence and by
hypothesis, E is complete. So, 3 u* € E so that

d(um+1; un+1) S

lim S"ug = u*.
n— o0
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Now, by (SPbMS4)
d(Su*,u*) < d(Su*, Sun) + ad(Suy,, u*) — d(Suy, Su,)
< g(d(u”, un)){d(u*, Su™) + d(un, Supn) + d(u*, up)} + ad(unt1, v*) — d(Uny1, Uny1)
< g(d(u®,up)){d(u*, Su™) + d(uy, Sun)} + d(u™, up) + ad(upi1, u”).
So,
d(Su*, u™)(1 — g(d(u*, up))) < g(d(u”, un))d(wn, Sun) + g(d(u*, up))d(tn, Su™) + ad(unt1, v").
This implies

g(d(u*, un)) D, + 13(553&32)))61(“”’”*” o

T gl ) )
(3.5)
As n — oo right hand side of is zero. So,
d(Su*,u*) = 0. (3.6)
Now, by (SPbMS2) d(Su*, Su*) < d(Su*,u*).
Since, S : E x E — [0,00) and d(Su*,u*) = 0. So, d(Su*, Su*) = 0. Similarly, we
can show that d(u*,u*) = 0. Thus, we get d(u*,u*) = d(Su*,u*) = d(Su*, Su*).
So, by (SPbMS1) Su* = u*. Hence u* € F is a fixed point of S.
Uniqueness: Let if possible v* is another fixed point of S. So, Sv* = v*.
Using inequality , we get
d(u*,v*) = d(Su*, Sv*)
< g(d(u®, v")){d(u", Su™) +d(v*, Sv7) +d(u”,v")}

1

< g{d(u*, Su*) + d(v*, Sv*) + d(u*,v*)}.
and ) )

gd(u*,v*) < g{d(u*, Su*) + d(v*, Sv*).
By using equation (3.6)), we have d(u*,v*) =0
Now, d(u*,u*) = d(v*,v*) = 0. [ d(uv*,u*) < d(u*,v*) and d(v*,v*) < d(u*,v*).]
So, d(u*,u*) = d(u*,v*) = d(v*,v*). Hence u* = v*. Thus, S has exactly one fixed
point u* € E. (I

Corollary 3.7. [14] “Let (E,d,«) be a complete strong b-metric space and S :

FE — E be a self map. Suppose, 3 g € G such that for all u,v € E with u # v,
d(Su, Sv) < g(d(u,v)){d(u, Su) + d(v, Sv) + d(u,v)}.

Then, S has a unique fixed point in E and for any u € E, the sequence of iterates

* 9

{S8™(u)} converges to u*.

Corollary 3.8. [15] “Let (F,d, @) be a complete metric space and S : E — E be
a self map. Suppose, 3 g € G such that for all u,v € E with u # v,

d(Su, Sv) < g(d(u,v)){d(u, Su) + d(v, Sv) + d(u,v)}.
Then, S has a unique fixed point in E and for any u € E, the sequence of iterates

* 9

{S8™(u)} converges to u*.
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Example 3.9. Let E={1,2,3} and d: E x E — [0,00) be defined by

a(1,1) = d(3,3) = 0,d(2,2) = .
d(1,2) = % =d(2,1),
d(1,3) =3=4d(3,1),
d(2,3) =1 =d(3,2).
Here d(u,u) < d(u,v) V u,v € E. And
d(1,2) <d(1,3) + @d(3,2) — d(3,3), Va > 1,

d(2,1) < d(2,3) + ad(3,1) — d(3,3), Va > 1

1
d(1,3) < d(1,2) + ad(2,3) — d(2,2), ¥ a > 57

14
d(3,1) < d(3,2) + ad(2 (2,2), Va>—,

,1)—d
d(2,3) <d(2,1) + ad(1,3) — d(1,1), Va > 1,
d(3,2) <d(3,1) + ad(1,2) — d(1,1), Va > 1.
So, (E,d,a), for a = 5 is a partial strong b-metric space, but it is neither metric
nor strong b-metric space, because d(1,1) = 1 # 0 and d(1,3) > d(1,2) + d(2, 3).
So, above corollary (3.7) and corollary (3.8)) can’t be apply.

Let S: F — E be a self map defined by S1=1,52=1,53 =2 and g € G defined
by

g(z) = %e_i for z > 0 and g¢(0) € [0, %)
Then .
d(S1,52) =d(1,1) =0 < ge—% =0.2914 = g(d(1,2)){d(1, S1) + d(2, 52) + d(1,2)},
d(S1,83) =d(1,2) = = < ge%s = 0.6298 = g(d(1,3)){d(1,T1) 4+ d(3,T3) + d(1,3)},

= N

d(S2,53) =d(1,2) = 3 < 3e76 = 0.6490 = g(d(2,3)){d(2,52) + d(3,53) +d(2,3)}.
Therefore, S meets all the condition of theorem (3.6). Here S has unique fixed

point u* = 1.
Now, we consider ® is the class of functions which satisfy

O ={¢:(0,00) = [0,k): ¢(zn) > k = 2z, — 0asn — oo}, where k € (O,%).

Proposition 3.10. Let {u,} be a sequence in a SPbMS and suppose
Zd(uj7uj+1) < 0.
j=1

Then {u,} is a Cauchy sequence.

Proof. If for any € > 0, there exists N € N such that for n > N
n+k

Z d(’l,bj7 Uj+1) < €.
j=n
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So, V k,n € N with n sufficiently large

n+k n+k—1 n+k
A(Up, Untkt1) < @ Z d(uj,ujp1) — Z u; < a Z d(uj,ujp1) < ae.
j=n j=n+1 j=n
Hence {uy} is a Cauchy sequence. O

Theorem 3.11. Let (E,d, ) be a complete SPbMS and S : E — E be a self map.
Assume, 3 ¢ € &y, such as for all u,v € E, with u # v,

1
— <
. 1d(u, Su) < d(u,v)
implies
d(Su, Sv) < ¢(d(u,v)){d(u, Su) + d(v, Sv)}. (3.7)
Then, S has a unique fixed point in E.

Proof. Let ug € E be any arbitrary point. We define a sequence {u,} in E,
Upt1 = Su, V0 > 0.
Suppose, there exists n > 0 such that w,41 = u,, then obviously u, is a fixed
point of S. So, assume that u,4+1 # u, ¥ n > 0.
Now, define D,, = d(upn+1,un) V n > 0. Since,

- Jlr 1d(un,5’un) = %Hd(un,unﬂ) < d(tn, Upt1),
and according to our assumption, we get
Dpi1 = d(un+2a un+1)

= d(Sunt1,Sun)

< d(d(unt1, un) {d(Un1, vn1) + d(tn, Sun}

< k{d(unt1, Stnt1) + d(up, Su,}

=k{Dp+ Dpi1}.
So, D41 < 122D, = bD,,, where b = t£- € (0,1). Clearly, D,, < b"Dy V n > 0.

Hence,
> D<) b < oo
n=1

n=1

By above proposition, we have {u,} is Cauchy sequence in E and by hypothesis,
E is complete. So, 3 u* € E such that lim,, ., u, = u* € E. We prove that for all
n > 0 either

1
s 1d(un,Sun) < d(up,u”), or o
Let if possible 3 n € {0,1,2, ...} such that

d(Sup, Stny1) < d(Sup,u”), (3.8)

N 1
d(up,u*) < P 1d(un7sun)>
and .
d(Sup,u") < md(Sun,SunH).
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By (SPbMS4)
D, = d(unvun+1)
< d(unv U*) + ad(un+lv U*) - d(U*a U*)
1

a+1
1 «

= D, D,
a+1 +1+a +

< D,.
This is impossible. Hence, inequality (3.8) will hold. That means
d(Sup, Su™) < ¢(d(un, u*)){d(un, Su,) + d(u”, Su™)}. (3.9)

<

d(tn, Suy) + d(Sup, Stny1) — d(u*,u™)

e
1+«

or
d(Supni1, Su*) < d(d(unt1,vw)){d(wni1, Stunt1) + d(u*, Su*)}. (3.10)
Let inequality holds, then we can take an infinite sequence {uy;}, which is
subsequence of {z,}. We have
d(Un; 41, 5u") < @(d(n,, u™) {d(un;, Sun;) + d(u*, Su™)}
< k{(d(un,, u")) + ad(u®, Suy,) — d(u”, u*) + d(tn;+1,u")) + ad(Su*, Un, 11) — d(tp; 41, Un; 1)
< k{(d(up,, u")) + ad(u®, Sun,) + d(tn,11,u")) + ad(Su™, un,;41)
< %{d(unwu*) + 20d(up 4 1,u")}
Now, ;11 — u* when j — oo, so, lim; o up,;42 = Su* . Thus Su* = u*. If
inequality holds then by using similar argument we have u* is fixed point of
S

Uniquness: Let if possible v* is any other fixed point of S.
1
—d(u*, Su*) =0 < d(u*,v")
e
and
d(u*,v*) = d(Su*, Sv*) < o(d(u*, v™)){d(u*, Su*) + d(v*, Sv*)} = 0.
Thus, d(u*,v*) = 0, which implies «* = v*. Hence, S has only one fixed point
u*. ([

Corollary 3.12. [14] “Let (E,d,a) be a complete strong b-metric space and S :
FE — E be a self map. Assume, 3 ¢ € ®;, such that for each u,v € E, with u # v,
%_Hd(u, Su) < d(u,u)
implies
d(Su, Sv) < ¢(d(u,u)){d(u, Su) + d(v, Sv)}.
Then, S has a unique fixed point in E.”

Corollary 3.13. [15] “Let (E,d,«) be a complete metric space and S : E — F
be a self map. Assume, 3 ¢ € & such that for each u,v € F, with u # v,
%Hd(u’ Su) < d(u,v)
implies
d(Su, Sv) < ¢(d(u,v)){d(u, Su) + d(v, Sv)}.
Then, S has a unique fixed point in E.”
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Example 3.14. Let E={-1,0,1} and d: E x E — [0,00) be defined by
d(1,1) = d(=1, 1) = 0,d(0,0) = i
d(0,1) =d(1,0) = =
d(0, 1) = d(~1,0) = 4
d(1,-1) = d(~1,1) = 1.
Here d(u,u) < d(u,v) V u,v € E. And
d(1,-1) <d(1,0) + ad(0,—1) — d(0,0), ¥V a > 1,
d(—1,1) <d(-1,0) + ad(0,1) — d(0,0), V a > 1,
d(1,0) <d(1,-1) + ad(-1,0) = d(—-1,-1), Va > 1,
d(0,1) <d(0,-1) + ad(—1,1) —d(-1,-1), Va > 1,
d(0,—1) < d(0,1) + ad(1, —1) — d(1,1), ¥ a > g

(
d(—1,0) <d(—1,1) + ad(1,0) — d(1,1), V a > 6.
So, (E,d,a = 6) 1s a SPbMS, but it is neither strong b-metric nor metric space,
because d(0,0) = 3 ;é 0 and d(0,—1) > d(0,1) +d(1,-1).
So, above corollary (3.12) and corollary can’t be apply.
Let S: E — FE be a self map defined by S(—-1) = 0,50 =1,S1=1and ¢ € ®
defined by

o(z) = 167é for z > 0 and ¢(0) € [0,

4 )

4
So, ¢ € (I)%. Now,

7 = 7d-LS(-1) < d(-1,0),
forve E—{-1} and

d(S(-1),50) = d(0,1) = €72 =0.6823 = ¢(d(—1,0)){d(—1,S(—1)) + d(0, SO},

OO\©

d(S(-1),51) =4d(0,1)==-<e T =0.8824 = d(d(—1,1)){d(-1,8(-1)) + d(1,51)}.
So, we get

LA(-1,S(-1) € d(-1,0) = d(S(-1), 5v) < 6(d(~Lw){d(~1, S(-1)) + d(v, Su)},
for all v € E — {—1}. Again, since

M\»—l w\r—x

1 1
73 = 74(0,8(0) < d(0, ),

for v e E— {0} and

d(S(0),S(-1)) =d(1,0) = €77 =0.6823 = #(d(0, (—1))){d(0, S0) + d(—1,S(-1))},

M\»—t
OO\KD

d(S0,51) =d(1,1) =0<0.1174 = et =(.8824 = #(d(0,1)){d(0,S0) 4+ d(1,S1)}.
So, we get

;d(O, 5(0)) < d(0,v) = d(S0, 5v) < ¢(d(0,v)){d(0, S(0)) + d(v,v)},

1
8
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for all v € E — {0}. Similarly
0= %d(l,S(l)) <d(1,v),
for ve E— {1} and
d(S(1),50) =d(1,1) =0< %e_%ﬁ =0.1174 = ¢(d(1,0)){d(1, S(1)) + d(0, S0)},

d(S1,5(-1)) =d(1,0) = % <e® =0.8824 = o(d(1,-1)){d(1,51) + d(-1,5(-1))}.
So, we get
1

=d(1,5(1)) < d(1,v) = d(S(1), Sv) < $(d(1,v)){d(1, 5(1)) + d(v, Sv)},

for all v € E — {1}. Therefore, S meets all the condition of theorem (3.6). Thus,
S has unique fixed point u* = 1.

Theorem 3.15. Let (E,d,«) be a complete SPbMS with coefficient @ > 1 and
S : E — E be a self map, which satisfy

d(Su, Sv) < fmax{d(u, Su),d(v, Sv),d(u,v)}, (3.11)
where 3 € [0, é) Then, S has a unique fixed point in E.

Proof. Let ug € E be any arbitrary point. We define a sequence {u,} in E,
Upt1 = Su, V> 0.
Suppose, 3 n > 0 so as up+1 = Uy, then obviously u, is a fixed point of S. So,
assume that up41 # up ¥V n > 0.
Now, define D,, = d(up+1,un) V n > 0. By inequality , we get
Dyy1 = d(unt2, uny1)
= d(Sup+1,Sun)
< Bmax{d(unt1, Stnt1), d(tUn, Stp), d(tni1,un)}
=p max{d(un-i-l? un+2)7 d(un’ un-‘rl)’ d(uTw un+1)}
= fmax{d(tnt+1,Unt2), d(Un, Unt+1)}
If, max{d(un+1,Un+2), d(tUn, Unst1)} = {d(Unt1, Unt2). Then,
Dypi1 = d(un+27un+1) < ﬁd(un+27 un+1) < d(un+27un+1)-
This contradiction means max{d(t,+1,Un+2), d(tUn, Up+1)} = d(tn, py1). Thus
we get
Dpy1 = d(unt2, uny1) < Bd(un, upy1)-
By repeating same process, we have
d(un+17un+2) < Bn+1d(u0,u1),
that is
AU, Unt1) < Bd(ug, ur) (3.12)
Let n,m € N, where n > m, then

AU, n) < AW, Umnt1) + ad(Wmg1, Un) — d(Umt1, Umt1)
< d(Um s Upy1) + a{d(um+1, um+2> + ad(um+2, un) - d(um+2, um+2)} - d<um+1> um+1)
< AU, Ums1) F ad(Upm g1, Umo) + 2d(Um o, Un)
< AUy Umi1) F Qd (U g1 Umt2) + @2 d(Um o, Umss) + o + " Hd(up 1, un).
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By using inequality (3.12))
d(tm, un) < B d(ug, ur) + B d(u, ur) + o B 2d(ug, ur) + ... + @B d(ug, ua)
<M1+ aB+a?B 4+ "B Y d (ug, u)
< P
T l-«o
AsBe(0,1)and a > 1, so
(U, upn) — 0 as m,n — 0.

ﬁd(uo,ul).

So, {u,} is a Cauchy sequence in E. Now, E is complete. So, 3 u* € E such that
lim d(up,u”) = lim d(up,um)=du",u*)=0. (3.13)
n,m—oo

n—oo
Now, we prove u* is a fixed point in E. So, for any n € N, we have

d(u*, Su*) < d(u*, upt1) + ad(Unt1, Su™) — d(tng1, Unt1)
< d(u*, upt1) + ad(upsr, Su*)
< d(u*, upt1) + af max{d(un, u"), d(un, Su,), d(u*, Su*)}
< d(u*,uny1) + afd(uy, u”)
Using equation (3.13) we get d(u*,Su*) = 0. So, Su* = u*. Thus, u* is a fixed
point of S.
Uniqueness: Let if possible v* is another fixed point of S. So, Sv* = v*.

Using inequality , we have
d(u*,v*) = d(Su*, Sv™)
< Bmax{d(u”,v"),d(u*, Su*),d(v*, Sv*)}
= Bmax{d(u*,v"),du*,u*),dv*,v*)}

= Bd(u*,v")

<d(u*,v").
This contradiction implies d(u*,v*) = 0. Hence u* = v*. Thus, S has exactly one
fixed point u* € F. O

Corollary 3.16. “Let (E,d, @) be a complete strong b-metric space with coefficient
a>1and S: E — FE be a self map, which satisfy

d(Su, Sv) < fmax{d(u, Su),d(v, Sv),d(u,v)},
where 8 € [0, é) Then, S has a unique fixed point in E.”

Corollary 3.17. “Let (E,d,a) be a complete metric space with coefficient o > 1
and S : F — E be a self map, which satisfy

d(Su, Sv) < fmax{d(u, Su),d(v, Sv),d(u,v)},
where 8 € [0, é) Then, S has a unique fixed point in E.”

4. APPLICATION

Here, we apply theorem ([3.1)) to the first order initial value problem

) = glt,ult
U(to) = Ug

where g is a continuous function from I = [to— ()P, to+ ($)P ] x [uo — &, uo + 2]

toRand b > 1, p> 2, tg, ugp € R.
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Theorem 4.1. Consider R = {(t,u) : |t —to| < ($)P7*, |u — ug| < L}, the first
order initial value problem (4.1) and

(i) g satisfies

l9(t,u(t)) = g(t, v())] < b[%ﬂ(lﬂ(t) = Sul) = (Jo(t) = Sv])[}] (4.2)
for all (¢,u), (t,v) € R.
(ii) g is bounded as

lg(t, u)] <

m.\ X

Then intial value problem (4.1) has a unique solution on I. The solution is further
demonstrated as follows

t
u(t) =uo+ lim / g(z, un(x))dx,
n— o0 t()

where ug(t) = ug and for n =1,2,...

un(t) = uo +/ g(z, up—1(z))dz.

to

Proof. Let X = {u € C(I) : |u(t)—uo| < 2}, where C(I) be the set of all continuous
functions on I. Let us define a mapping d : X x X — RT by

lu —v|? + max{u,v} ifu#0v
d(u,v) =< u fu=v#1. (4.4)
0 ifu=v=1
Here, (C(I),d, «) is a complete strong partial b-metric space with a = 3. (X, d, 3)
is also complete strong partial b-metric space, because X is a closed subspace of

C(I).
Let f is a function from (0,00) to [0, 1), defined as
1
f(z) = 5672/6-

By integrating (4.1)), we get
t
u(t) = uo +/ g(z,u(z))dz. (4.5)

to
As an outcome, solving (4.1]) is equivalent to finding the fixed point of S : X x X
defined as
t
Su(t) = ug —I—/ g(x,u(z))dr. (4.6)
to
Since, g is continuous on R, then the integral (4.6)) exists and S is well defined for
allu e X.
The conclusion we reach is that S is a self mapping on X. Utilizing (4.3) and (4.6]),
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we get
t
[Su(t) —uol =1 [ g(x, u(x))d|
to
t

< g|t—t |

<5 0
bP 1

< — (=)t

<2

_0

=5

From (4.2)),(4.4]) and (4.6]), we get
|Su— Sv|? = | [ (z,u()) = g(x,v(x))]dz[*

/ (e u(a)) — gl oo o
< 1 0 ute) ~ Sl = o) — S0l

<[ ) — sl ~ o(e) = ol

= Pt~ tof? { {fuler) — Sul — fo(a) — S]}?

2, 1yop-2l 2
< B2())P2  Ju(w) — Sul — fo(z) - o[}
Thus,
|Su — Sv|? + max{Su, Sv} < (%)2”74%{@(:6) — Sul? + |v(x) — Sv|*} + max{u(z), Su} + max{v(z), Sv}
i(%)%*ﬂu(:c) — Sul? + max{u(z), Su} + |v(z) — Sv|* + max{v(z), Sv},
which means
d(Su, Sv) < %(%)2p74[d(u(x),5u) + d(v(zx), Sv)].

Here f(z) = (b)2p 4 where z = 6(log b)?P~*.
Wecanseethatz>0forb>1andp>2.
Choose b and p such as z # 1 and take u = v = z # 1. Hence,

d(Su, Sv) < f(d(u,v))[d(u, Su) + d(v, Sv)].
Thus all the conditions of theorem are satisfied. So, S has unique fixed point.
Using successive approximation method, we find the unique solution of problem
(4.1). For that take ug(t) = ug and

t
un (t) = ug +/ g(x, up—1(z))dz. (4.7

to
Thus,

Un—1(t) = uo +/ g(x, up—o(x))dz. (4.8)

to
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By equations and ([4.7), we have
U (t) — un—1(t) = / [9(2, un—1(2)) — g(x, up—2(z))]dx. (4.9)

to
Let us assume

U (t) = un(t) — up—1(t) and vo(t) = uo. (4.10)
So, we get

un(t) =D v;(1).
=0
By using inequality (4.2)), equations (4.9) and (4.10)), we get

0O < [ W5 llo1(@) = Stos| = -a(a) = Suy-ol})d

b

- §/t |tn—1(2) — U ()|dz — g/ |t —2 (%) — Un_1 (2)|dz

0 to
b/t b/t
= - v (x)|de — = Up—1(x)|dx
5 [ el =5 [ o)

Since these series are convergent on L. So, > 77, v, (%) is convergent to some function
u(t) as n — oo.
Now, we show that u(t) = Y77 v, (t) is the solution of equation (£.5). It means
that u(t) = > oo, vn(t) is the solution of problem also. Now, assume

u(t) = un(t) + An(t). (4.11)
From equations and , we get

u(®) = Anft) =u0+ [ (o, ula) = Apos(a))ds

to

Thus,
t

u(t) — o — / oz, u(@))dz = A (t) + / (2, (@) — An 1 (@))]de  (4.12)

to to
Using inequality (4.2) and equation (4.12]), we get
¢

ut) — o — / o, u(@))|dz = | Ay (1) + / [9((z, u(z) = Anr(x)) — gl ulz)))dal

<|An®]+ [ lg9((; ulz) = Ana(2)) — g2, u(x))|dz

< A+ g/t [lu(z) — Ap(z), S(u(z) — Ap(2))]| — |u(z) — Sul
As n — oo, lim, 00 |An(t) = 0. So,
|u(t) — ug — /t g(z,u(x))|dx = 0.
Hence,

u(t) = uo +/ g(z, u(z))dz.

to
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Thus, u(t) = Y .o, vn(t) is the solution of equation (4.5) and so of equation (4.1
also.
Finally, we seek the mathematical formulation of the answer to the first problem.

To achieve this, utilising equations (4.9) and (4.10)), we get

(1]

J =

(10]

(11]

u(t) = niovna)
=v(t) +v1(t) + ivn(t)
— o(t) o1 (6) + i[unw —a(0)
—wn(0) + i /t:[go:, un1(2) — g, un_2(2))]ds

w0+ [ glew)dn+ [ Y loGe w10 - ool

t ¢
:uo—l—/ g(x,uo)dx—l—/ 1i_>m g(m,un_l(az))dx—/ g(x, up(z))dx
+ to M0 ¢

0 0

¢
:qur/ lim g(z,up,—1(x))dzx
¢

n— oo
0
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