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EXCHANGE FORMULA FOR GENERALIZED LAMBERT
TRANSFORM AND ITS EXTENSION TO BOEHMIANS

R. ROOPKUMAR, E. R. NEGRIN

ABSTRACT. We derive the exchange formula for the generalized Lambert trans-
form, by defining a suitable product in the range of generalized Lambert
transform on &’((0,00)). We prove that the generalized Lambert transform
from &’((0,00)) into &((0,00)) is continuous. Applying the exchange for-
mula and continuity of generalized Lambert transform, we construct a new
Boehmian space which will be the range of generalized Lambert transform on
B(&'((0,00)), 2((0,00)),*, Ay). We establish that the generalized Lambert
transform on Boehmians is consistent with that on &”((0,00)), linear, one-to-
one, onto and continuous with respect to §-convergence and A-convergence.
We also obtain the exchange formula for generalized Lambert transform in the
context of Boehmians.

1. INTRODUCTION

We denote the set of all natural numbers and non-negative integers, respectively
by N and Ny. Let &((0,00)) be the space of all infinitely differentiable complex
valued functions on (0, 00) equipped with the Fréchet space topology given by the
family of semi-norms [23| p. 36],

Yr.k(6) = sup | (z)], where K C (0,00) is compact and k € Np. (1.1)
zeK

The dual space &’((0,00)) of &((0,00)) is called the space of compactly supported
distributions on (0, 00). Throughout this paper, we use strong convergence in the
space &'((0,00)) which is defined as follows: (f,,) converges to f in &”((0,00)), if
for each bounded subset B of &((0,0)),

sup [{fn — f,®)| — 0 as n — oo.
$pEB

We recall the usual convolution defined on &”((0,00)) by

(fx9,0) = (f(t),(9(s),¢(s +1))), Vo € &((0,00)). (1.2)

By 2((0,00)) and 2'((0,00)), as usual we mean the Schwartz testing function
space of all smooth functions with compact support and the space of Schwartz
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distributions respectively. It is well known that 2((0,00)) is a subset of &”((0, 00))
by the canonical identification.

Now we recall the theory of Lambert transform from the literature. Widder [22]
introduced the Lambert transform of a suitable function by

0= [0

and R. R. Goldberg [3] generalized the Lambert transform by

dt x>0, (1.3)

F(z) = /000 f@) iake"mt dt, © >0, (1.4)
k=1

where {ay} is a sequence of class C,, for » > 0. That is, A = {ay} satisfies the
following conditions.

(1) ax >0, k=1,2,....
(2) ap =O(k™ 1),k — .
(3) a1 > 0.
(4)

1, p=1
4) b,, =0 m — 0o where > agb ’
(m=%), d%dp/d {0, P=2,3,....
Observe that for ap = 1, for all £k = 1,2,..., the generalized Lambert transform

(1.4) agrees with the Lambert transform (1.3).
Negrin [I1] extended the Lambert transform to the space &”’((0, c0)) of compactly
supported distributions on (0, c0) by

Fz) = <f(t), em1_1> 2> 0. (1.5)

N. Hayek, B. J. Gonzélez and E. R. Negrin [4] extended the generalized Lambert
transform to the context of compactly supported distributions on (0, c0) by

F(x) = <f(t),2akekxt> , ©>0. (1.6)
k=1

It is proved that F' is infinitely differentiable and the inversion formula is obtained
as follows.

(f,6) = Jim <(n1!) (™ f}bmm (™ )¢(t>>, (1.7

for every ¢ € 2((0,00)).

For our convenience, we denote the generalized Lambert transform of f and the
Laplace transform of f, respectively by L4 f, f , where Laplace transform of f is
defined by

Fls) = (f(t), e, s>0. (1.8)

By equation (L7), if £Laf = Lag then f = g as members of 2'((0,00)). Since
2((0,00)) is dense in &((0,00)), the equality holds in &”((0,00)). In other words

La:&((0,00)) — &((0,00)) is one-to-one. (1.9)



36 R. ROOPKUMAR, E. R. NEGRIN

2. EXCHANGE FORMULA AND CONTINUITY

Now we define a new product ® for F' € L 4(&”((0,00))) and G € L4(&'((0,0)))
by

(F®G)(x) =) af(ke)- (k) (2.1)
k=1

where f,g € &'((0,00)) such that L4f = F and Lag = G.

We note that the above definition is well defined. Indeed, by using , we can
find unique f,g € &’((0,00)) such that F = L4f and G = Lag. Therefore supp
f C la,b], supp g C [c,d], for some a,b,c,d € (0,00). As &'((0,00)) is a subset of
Laplace-transformable generalized functions we can apply Theorem 3.10-2 of [23]
and we get

|f(kx)| < e F Py (kx), and |g(kx)| < e 5% Py(kx), (2.2)

for some polynomials P, and Ps.

Since {ay} is of class C, from the relation the series in equation
converges.

Before discussing the exchange formula for the generalized Lambert transform,
it is necessary to show that f*g € &'((0,00)) whenever f,g € &'((0,00)). We note
that every f € &'((0,00)) can be viewed as Schwartz distribution on (0, 00) with
compact support. We also note that if f,g € &((0,00)) with supp f C [a,b] and
supp ¢ C [¢, d], for some a,b, ¢, d € (0,00), with a < b and ¢ < d then the Schwartz
distribution f % g has compact support, in fact, supp f* g C supp f + supp g C
[a+b,c+d]. Hence f* g € &'((0,00)).

Theorem 2.1 ( Exchange formula).
If f,9 € &'((0,00)) then La(fxg) = Laf ® Lag.

anf(kz).

18

Proof. First we observe from Proposition 2.2 of [4] that (L4 f)(x) =

k

1
o0

Now let € (0,00) be arbitrary. Since . are™*®* converges in &((0,00)) and
k=1

o0
e ket L5(kx)} are bounded, we have the series > aze #**e=**s of functions of
{ g
k=1

s and the series Y ag(kz)e™*** of functions of ¢ converge in &((0, 00)). Therefore

k=1
@atreaN@ = {70 (s, & e str0))
- oo
— <f(t)’§_%1 ax (g(s), e~k ezm>
- g(t),kilakg(kx)e_k”>
= k; ar (f(t), g(kz)e~k=t)
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Hence the theorem follows. O

Theorem 2.2. The generalized Lambert transform L4 : &'((0,00)) — &((0,00))
18 continuous .

Proof. Since &((0,00)) is metrizable and the generalized Lambert transform is lin-
ear, it is enough to prove that L4 f, — 0 as n — oo, whenever f,, — 0 as n — oo

in &7((0,00)). We observe that the functions v, (t) = Y are™ ¥t Vvt € (0,00)
k=1

constitute a bounded subset of &((0,00)) if x ranges over a compact subset of R.

For given k£ € Ny and K C R compact, we put B = {wg(fc) : 2 € K}. Therefore from
the equality

sup |(Lafn) ™ (z)| = sup |(fn, 0)|

reK PpeEB

and by the assumption f,, — 0 asn — oo in &”((0, 00)), we conclude that L4 f, — 0
as n — oo in &((0, 00)). O

3. BOEHMIAN SPACE

J. Mikusinski and P. Mikusiniski [7] introduced Boehmians as a generalization of
distributions. An abstract construction of Boehmian space was given in [§] with
two notions of convergence. Thereafter various Boehmian spaces have been defined
and also various integral transforms have been extended on them, see [T}, 2] [6 @]
10, 12}, (13}, [14), 15, 16, 17, 21].

First we recall the construction of an abstract Boehmian space from [g].

To consider the Boehmian space we need G, S, x and A where G is a topological
vector space, S C G and x : G x S — G satisfying the following conditions.

Let a, 8 € G and (,£ € S be arbitrary.
L (+E=ExCES; 2 (ax()hE=ax(C(x); 3. (a+B)xC=axC+Bx( 4.
Ifa, Daasn—ooin G and £ € S then a, x& — ax€ as n — o0,

and A is a collection of sequences from S satisfying
(a) If (&), (Cn) € A then (&, x () € A.

(0) If « € G and (&,) € A then a* &, — ain G as n — cc.

Let 7 denote the collection of all pairs of sequences ((«,), (£,)) where o, € G,
VYn € N and (&,) € A satisfying the property

anp*&m = am*x&n, V m,n € N. (3.1)

Each element of <7 is called a quotient and it is denoted by «, /£,. Define a relation
~ on & by

an /€y~ Bn/Cn i an*(n=0m*x&, ¥V myneN. (3.2)

It is easy to verify that ~ is an equivalence relation on .« and hence it decomposes
&7 into disjoint equivalence classes. Each equivalence class is called a Boehmian
and is denoted by [, /&,]. The collection of all Boehmians is denoted by % =
HB(G,S,*,A). Every element a of G is identified uniquely as a member of £ by
[(a*&,) /&) where (€,) € A is arbitrary.

A is a vector space with addition and scalar multiplication defined as follows.

o [an /] + [Bn/Cnl = [(an % G + Bn x&n)/(§n * Cn)]-
o clan /6] = [(can)/&n].
The operation x can be extended to £ x S by the following definition.
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Definition 3.1. If z = [a, /&) € B, and ( € S then x x ( = [(an % () /E&n] -

Now we recall the §-convergence on 2.

Definition 3.2 (§-Convergence). We say that X, % X asn — oo in B if there
exists a delta sequence (&) such that X,, x&, € G, Vn,k € N, X x ¢, € G,Vk € N
and for each k € N,

Xpx& — X x& asn — oo in G.

The following lemma states an equivalent statement for §-convergence.

Lemma 3.1. X, % X asn— oo in B if and only if there exist ap i, 0 € G and
(&k) € A such that X,, = [on /€], X = [ar/Ek] and for each k € N,

O — ap asn — oo in G.
Definition 3.3 (A-convergence). We say that X, 2 X asn— oo in B if there

exists (§,) € A such that (X, — X)x&, € G for alln € N and (X,, — X)x&, — 0
asn — oo in G.

We construct a Boehmian space %1 = Z#(&”((0,00)), 2((0,00)), *, Ay) where *
is the usual convolution defined in (1.2]) and AL is the collection of all sequences
(0,) from 2((0,00)) satisfying the following properties.

(1) [on(t)dt =1, ¥n € N.
0

(2) [16n(t)|dt < M, ¥n € N for some M > 0.
0

(3) If s(6,,) = sup{t € (0,00) : 6,,(¢t) # 0} then s(d,,) — 0 as n — oo.
It is well known that &”((0,00)) is contained in %; and one can prove that % is
properly larger than &’(R), by modifying the example given in [§].
Another Boehmian space is given by

By = B(La(E((0,00))), La(£7((0,00))), @, La(A4))
where L4(A4) ={(L£4(0n)) : (0n) € AL}

4. EXTENDED LAMBERT TRANSFORM
Definition 4.1. The extended Lambert transform £a : $1 — PBs is defined by
La([fn/0n]) = [Lafn/Labn]. (4.1)

It is necessary to verify that [£L4f,/Lad,] € P2 and this definition is indepen-
dent of the representatives. Indeed, using [f,/d,] € %1, we get

frn*0m = fm *0,, Ym,n € N. (4.2)

Since fy, * 6 € &'((0,00)), we can apply the generalized Lambert transform on
both sides and we get, in light of Theorem [2.1]

Lafn® LA = LAfm @ Lady, Ym,n € N. (4.3)

Hence Lafn/LAd, is a quotient and hence [LAfn/Lad,] € PB2. Moreover, if
[fn/0n] = [gn/€n] then
fn * €m = gm * 0n, YVm,n € N. (4.4)
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Again by the same reason, we get
Lafn®Lacm = Lagm @ LaG,, Ym,n € N, (4.5)
and hence [Lafn/Ladn] = [Lagn/La€n].

Lemma 4.1. The extended Lambert transform on 981 is consistent with the gen-
eralized Lambert transform on &' ((0,00)).

Proof. Let f € &'((0,0)) be arbitrary. For any (6,) € A, f is represented by
[(f *0n)/0n] € PB1. Now

Lallf *0n)/0n] = [La(f #6n)/Ladn] = [(Laf @ Ladn)/Labn]

which represents L4 f in %;. Thus we have proved the lemma. O
Lemma 4.2. The extended Lambert transform £a : B1 — P is a linear map.

Proof. Let [fn/0n],[gn/€n] € % and «a,p € C. By using the linearity of L4 :
&'((0,00)) — &((0,00)) and by Theorem [2.1} we get

£a (a [fn/(sn] + 3 [gn/en])

= £a [((afn) * €p + (ﬁgn) * 6n)/(6n * En)]
= Lal(a(fn*en) + B(gn *6n))/(0n * €,)]
= [Lala(fn*en) + B(gn *0n))/La(n * €n)]
= [(OACA(fn * En) + ﬂLA(gn * §n))/£A(57L * en)]
= [(a(Lafn) @ (Laen) + B(Lagn) @ (Ladn))/(Ladn) @ (Lacn)]
= [a(‘CAfn)/ﬁA(sn] + [ﬁ(‘CAgn)/EAen]
= « [EAfn/EA(Sn] + 6 [‘CAgn/‘CAGn]
= afa[fn/0n] + BLaA [gn/€n]
Hence the lemma follows. O

Lemma 4.3. The extended Lambert transform £a : 1 — PBs is one-to-one.

Proof. Let X = [f,/0n], Y = [gn/€n] € $B1. If L4X = £4Y then we have

Lafn®@Laem =Lagm @ LG, Ym,n € N. (4.6)
Theorem 2] enables us to obtain
La(fn*€em)=La(gm *p), Ym,n € N. (4.7
By virtue of it follows that
fn * €m = gm * 6n, as members of &'((0,00)) Vm,n € N. (4.8)
Thus we get X =Y. |

Lemma 4.4. The extended Lambert transform L£a : 1 — PBs is onto.
The proof is straightforward.

Theorem 4.5. The extended Lambert transform £a : B1 — PBs is continuous with
respect to the d-convergence.

Proof. Let X,, % X asn — 0o in %71. Then by Lemma there exists fy i, fr €
&'((0,00)), Vn,k € N and (d) € A4 such that X,, = [fn x/0k], X = [fr/0k] and
for each k € N,

Jnk — frasn — oo in &'((0,00)). (4.9)
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Applying Theorem [2:2] we get that for each k € N,

Lafnr — Lafr asn — oo in &((0,00)). (4.10)
Being for each n € N, £4X,, = [Lafni/Ladk] and L4 X = [Lafi/Ladk], again by
Lemma [3.1] it follows that £4X,, — £4X as n — oo in %s. O

It is interesting to note that the operations * and ® can be extended as binary
operations on %, and %, by

[fn/0n] % [gn/€n] = [(fn*gn)/0n * €n],
[Frn/Ladn] ® [Gn/Lacn] [(Fn, ® Gp)/(LAbn @ Laey)].

As a consequence of Theorem the exchange formula of generalized Lambert
transform holds in the context of Boehmians as follows.

Theorem 4.6. If X, Y € B, and f € 2((0,0)) then (1) L4(X*Y) = L4aXRLAY;
(2) La(X * f) =LaX ®LaS.

Theorem 4.7. The extended Lambert transform £4 : B1 — PBs is continuous with
respect to the A-convergence.

Proof. Let X, 5 Xasn — ooin 2,. Then there exist (4,) € Ay and f, €
&'((0,00)) such that (X, — X) * &, = [(fn*0k)/0k], Vn € N and f, — 0 as
n — oo in &’((0,00)). Using the continuity of the generalized Lambert transform
on &”((0,00)), we get Laf, — 0 asn — oo in &((0,00)). Using Theorems [2.1]
[4:6] for each n € N we obtain

(SAX,L—EAX)@EAén = EA((anX)*(sn)
= [La(fn *0k)/LA0kK]
= [(EAfn X £A6k)/6k] )
and hence £4 X, A LaX asn — oo in HAs. O
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