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NEW GENERALISATIONS OF GRUSS INEQUALITY USING
RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS

ZOUBIR DAHMANI, LOUIZA TABHARIT, SABRINA TAF

ABSTRACT. In this paper, we use the Riemann-Liouville fractional integrals to
establish some new integral inequalities of Gruss type. We give two main re-
sults; the first one deals with some inequalities using one fractional parameter.
The second result concerns others inequalities using two fractional parameters.

1. INTRODUCTION

In 1935, G. Gruss [3] proved the well known inequality:

bla/abf(x)g(x)dx—bla (/abf(x)d:c) (bla/abg(@dx)

(M—m)(P—p)
4

(1.1)
<

provided that f and g are two integrable functions on [a,b] and satisfying the
conditions

m< flx) <M, p<glx)<P; m,M,p,P R,z € [a,b]. (1.2)

The inequality has evoked the interest of many researchers and numerous
generalizations, variants and extensions have appeared in the literature, to mention
a few, see [I, 4, B [0, [7] and the references cited therein.

The main aim of this paper is to establish some new generalizations for by
using the Riemann-Liouville fractional integrals. We give two main results; the first
one deals with some inequalities using one fractional parameter. The second result
concerns another class of inequalities using two fractional parameters.

2. BASIC DEFINITIONS OF THE FRACTIONAL CALCULUS

Definition 1. A real valued function f(¢),£ > 0 is said to be in the space
C,,p € R if there exists a real number p > p such that f(t) = ¥ fi(t), where
f1(t) € C([0, o0]).

Definition 2. A function f(¢),t > 0 is said to be in the space Cjj,u € R, if
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n
™ e,

Definition 3. The Riemann-Liouville fractional integral operator of order a > 0,
for a function f € C,, (n > —1) is defined as

JOF(t) = w57 Jo (=77 f(r)drs @ >0, >0,

JOA(0) = 1), @1)

where T'(@) == [;° e “u*"'du.

For the convenience of establishing the results, we give the semigroup property:
JUIPf () = JPf (), 02 0,820, (2:2)
which implies the commutative property
JEJP () = JPTf(t). (2.3)

More details, one can consult [2].

3. MAIN RESULTS

Theorem 3.1. Let f and g be two integrable functions on [0, 0] satisfying the
condition on [0,00.[ Then for allt > 0,a > 0, we have:

)I‘(ofj— 1)

e 2
I fgt) = 7 f (1) 1°9(0)] < ( ;) (M =m)(P=p). (31)

M(a+1

We need the following lemma

Lemma 3.2. Let u be an integrable function on [0,00[ satisfying the condition
on [0,00[. Then for allt > 0,a > 0, we have:

F(atiil)JauQ(t) - <Jo‘u(t))2
= (M = 2u(®) (F2ut) = mecry) (3.2)

—F(;iil)Jo‘(M —u(t))(u(t) — m).

Proof. Let u be an integrable function on [0, co[ satisfying the condition (1.2)) on
[0, 00[. For any 7, p € [0, 00[, we have

(8 = u(p) (u(r) = m) + (M = u(r)) (ulp) — m)
- (M - u(T)) (u(f) - m) - (M - u(p)) (u(p) - m) (3.3)
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a

Multiplying l) by %; 7 € (0,t),t > 0 and integrating the resulting identity
with respect to 7 from 0 to ¢, we get

(M — u(p)) (Jo‘u(t) - mF(%j—l)) + (Mf(ofij—l) — J"‘u(t)) (u(p) — m)
—g (M = @) (u(t) = m)) = (M = u(p)) (u(p) = m) gy

= Ju(t) + u2(p)r(;7j_l) —2u(p)Ju(t).

(3.4)
Now, multiplying 1D by (t}’z):)il; p € (0,t) and integrating the resulting identity
with respect to p from 0 to ¢, we have
(77000~ mi o ) ey [ 20
Tla+1)/T@) o ° poar
(Mg = Tou(t) ) sy St = )™ (ulp) — m)dp
« t a— (35)
7 (M = () (u(t) = m) ) g5 fo (¢ = p)*~Hdp
a t .
Ty Ty Jo (t = P)* 1M — u(p)) (ulp) — m)dp
= g /WP () + TR () gy — 20 u(t) T u(t)
which gives (3.2)) and proves the lemma.
O

Proof of Theorem[3.1. Let f and g be two functions satisfying the conditions of
Theorem [B.11
Define

H(r,p) == (f(r) = f(p))(9(7) = 9(p)); T, p € (0, 1), > 0. (3.6)
Then, multiplying 1' by %; 7,p € (0,t) and integrating with re-
spect to 7 and p over (0,t)?, we can state that

L ' ' 77_0471 _ ya-—1 T -
w0 para

(3.7)
= 207 falt) — 207 (1)),
Applying Cauchy Schwarz inequality, we have
feY 2
(mflfg(t) - Jaf(t)Jag(t)>
(3.8)
< (e 7 P20 = (727 0)) (e 722 (0) — (J29(0)?)
Since (M — f(x))(f(z) —m) >0 and (P — g(x))(g(z) — p) > 0, we have
SO~ F)(F(E) ~ m) > 0 (39)

MNa+1)
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and
F(Ofiil)Ja(P — 9(t))(g(t) —p) > 0. (3.10)
Therefore
to N N 2
e ERCE G0
a ) (3.11)
< (Mm - J“f(t)) (Jaf(t) - mr(éﬂ))
and
e, a )
e AACk (J g(t))
(3.12)

< (Presen = 790 (7°9(0) ~ priiery )
By Lemma and the inequalities (3.8]), (3.11)), (3.12), we deduce that

e . . . 2
(mj fa(t) —2Jf(t)J] g(t)>

< (3 ) (0750 ) (Prey - 2200) (70 - ).

(3.13)
Now using the elementary inequality 4rs < (r + 5)?,7, s € R, we can state that

I‘(ofio—;—l) D) (70 mF(oztj— 1)) < (r(oi M= m)>2
(3.14)

4 (M
and

s 7)) < (e ) - 69

Using (3.13)), (3.14) and (3.15) we get (3.1). O

4(P

Remark. Applying Theorem for o = 1, we obtain the inequality (1.1)) on [0, ¢].

Our next result is the following theorem, in which we use two real positive
parameters.

Theorem 3.3. Let f and g be two integrable functions on [0,00] satisfying the
condition on [0,00[. Then for allt > 0,a > 0,3 > 0, we have:



NEW GENERALISATIONS OF GRUSS INEQUALITY 97

T fglt) — o FO9(0) — I F0).19(0)

te th
(Fr 0+ i

a+1)

< |:(MF((X+1) JUf(t )) (Jﬁf( ) — mr(é;n) + (J"‘f(t) - mr(iil)> (Mr(éil) _ Jﬁf(t)):|

<[ (Presy = 720(0) (729(0) = priesy) + (72000 = e ) (Prckiry — 7%0(0) |-
(3.16)

To prove Theorem [3.3] we need the following lemmas:

Lemma 3.4. Let f and g be two integrable functions on [0,00.[ Then for all
t>0,a>0,8>0, we have:

a B 9
(ﬁﬂfg(t) + mﬂfg(w — I ()T g(t) — I F ()T g(0))

t?

< (e 2120 + ey I (1) — 20 ()11 (1)

< (e 1760 + iy 7°6(0) — 27°9() 79 (1)).
(3.17)

Proof. Multiplying 1) by %; 7,p € (0,t), integrating with respect
to 7 and p over (0,t)?, then applying the Cauchy-Schwarz inequality for double

integrals, we obtain ([3.17). O

Lemma 3.5. Let u be an integrable function on [0, 00| satisfying the condition
on [0,00[. Then for allt > 0,a > 0,3 > 0, we have:

8
rB+1)

= (M = 7o) (Fult) = mechery ) + (M = 7u(®)) (Tou(t) - mectrs )

— iy TP (M = () (u(t) = m) = by 7 (M = u(®)) (u(t) —m).

tO{

Farn” VO +

Jou2(t) — 2J%u(t) JPu(t)
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Proof. Multiplying l) by %; p € (0,t) and integrating the resulting iden-
tity with respect to p from 0 to ¢, we have

(7u(t) - mr(of—il)) ﬁ / (t— p)" "M (M — u(p))dp

+ (M sy = Tou(®)) v fy (= 9" (ulp) — m)dp
72 (M = w®)ult) = m) ) s Ja e = ) dp (3.19)

— e v Jo (t = p)P LM = u(p)) (ulp) — m)dp

= ey PR (1) + TP () il — 27%u() TP u(t).

Lemma [3.5]is thus proved.

Proof of Theorem[3.3. Since (M — f(z))(f(xz)—m) > 0 and (P—g(x))(g9(z)—p) > 0,
then can write

t B8 .
“Tarn M =IO = m) = Fgy I = FO)(f(E) —m) <0
(3.20)
and
T(a+1) A (I 9(t))(g(t) —p) < 0.

(3.21)

Applying Lemma to f and g, then using Lemma and the formulas ((3.20)),
(3.21)), we obtain (3.16)). O

Remark. (i) Applying Theorem for « = 8 we obtain Theorem [3.1
(#i) Applying Theorem for « = = 1, we obtain the inequality (1.1)) on [0, ¢].
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