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SUBORDINATION AND SUPERORDINATION FOR FUNCTIONS
BASED ON DZIOK-SRIVASTAVA LINEAR OPERATOR

RABHA W. IBRAHIM AND MASLINA DARUS

ABSTRACT. In this article, we obtain some subordination and superordina-
tion results involving Dziok-Srivastava linear operator and fractional integral
operator for certain normalized analytic functions in the open unit disk.

1. INTRODUCTION AND PRELIMINARIES.

Let H(U) denote the class of analytic functions in the unit disk
U:={z €C, |z| <1}.
For n positive integer and a € C, let
Hla,n) :={f € HU): f(2) =a+ anz" + apns 12" + ..., 2 €U},

and A, = {f € HU) : f(2) = 2 + an2" + apnp12" ™ + ..., 2 € U} with 4 = A.
A function f € H[a,n] is convex in U if it is univalent and f(U) is convex. It is
well-known that f is convex if and only if f(0) # 0 and

2f"(2)
f'(2)

Definition 1.1. [1] Denote by Q the set of all functions f(z) that are analytic and
injective on U — E(f) where

E(f):={C €U :lim,¢f(z) = o0}
and are such that f'(¢) # 0 for ¢ € U — E(f).
Given two functions F' and G in the unit disk U, the function F' is subordinate to
G, written F' < G, if G is univalent, F'(0) = G(0) and F(U) C G(U). Alternatively,
given two functions F' and G, which are analytic in U, the function F' is said to be
subordinate to G in U if there exists a function h, analytic in U with

h(0) =0 and |h(2)| <1 forall z €U

R{1+

>0, z €U

such that
F(z)=G(h(z)) forall z €U.
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16 R. W. IBRAHIM, M. DARUS

Let ¢ : C2 — C and let h be univalent in U. If p is analytic in U and satisfies
the differential subordination ¢(p(z)),zp’'(2)) < h(z), then p is called a solution of
the differential subordination. The univalent function ¢ is called a dominant of the
solutions of the differential subordination, if p < ¢. If p and ¢(p(2)), zp'(2)) are
univalent in U and satisfy the differential superordination h(z) < ¢(p(z)), zp'(2)),
then p is called a solution of the differential superordination. An analytic function
q is called subordinant of the solution of the differential superordination if ¢ < p.

We shall need the following results:

Lemma 1.1. [2] Let ¢ be univalent in the unit disk U, and let # and ¢ be analytic
in a domain D containing ¢(U) with ¢(w) # 0 when w € ¢(U). Set Q(z) :=

2 (2)6(a(2), h(2) = B(q(2)) + Q(z). Suppose that
1. Q(z) is starlike univalent in U, and

2. REE > 0 for 2 € U.

If 6(p(2)) + 2p'(2)d(p(2)) < 0(q(2)) + 2¢'(2)¢(q(2)), then p(z) < ¢(z) and ¢ is the
best dominant.

Lemma 1.2. [3] Let ¢ be convex univalent in the unit disk U and ¢ and v € C with
R{1+2L (z) —l—%} > 0. If p(z) is analytic in U and ¥p(z)+v2zp'(2) < ¥q(2)+72¢'(2),

q'(2)
then p(z) < ¢(z) and ¢ is the best dominant.

Lemma 1.3. [4] Let g be convex univalent in the unit disk U and ¢ and ¢ be
analytic in a domain D containing ¢(U). Suppose that

1. 2¢'(2)p(q(2)) is starlike univalent in U, and

2. R{ 1:((3((5))))} >0 for z € U.

If p(z) € H[g(0),1] N Q, with p(U) C D and 9(p(2)) + zp’(2)¢(z) is univalent in

U and 9(q(2)) + 2¢'(2)p(q(2)) < 9(p(2)) + 2p'(2)(p(2)) then ¢(z) < p(z) and ¢ is
the best subordinant.

Lemma 1.4. [1] Let ¢ be convex univalent in the unit disk U and « € C. Further,
assume that {7} > 0. If p(z) € H[q(0),1] N Q, with p(z) + vzp'(2) is univalent
in U then q(2) + v2¢'(2) < p(2) + v2zp/(z) implies ¢(z) < p(z) and q is the best
subordinant.

For two functions f(z) = z+> -, a,2™ and g(z) = 2+ .-, b,2", the Hadamard
product (or convolution) of f and g defined by

(Frg)(z) =2+ Y anbuz" =: (g% f)(2).

n=2
Fora; € C (j=1,2,...,1) and 8; € C\{0,-1,-2,...} (j =1,2,...,m), the gener-
alized hypergeometric function ; F,, (@1, ..., aq; 81, ...0m; z) is defined by the infinite
series

ey S @),
lFm(a17 ...,al,ﬁl, ...7ﬁm72) = HEZ:O (Bl)n(ﬂm)n n!

(I <m+1:I,meNy:={0,1,2,...})
where (a), is the Pochhammer symbol defined by

_Tla+n) 1, (n=0);
(@)n = T { ala+1)(a+2)..(a+n—-1), (necN).
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Corresponding to the function
h(ag, oy aq; By B 2) i= 21 F (o, ooy a5 B, - B 2),5

the Dziok-Srivastava operator (see [5-7]) H:n(al, ey Q3 By . ) 1s defined by the
Hadamard product

an(ozl, w013 B1y o B ) F(2) := (g, ooy ap; 81y oo B 2) x f(2)

=z (O‘l)nfl---(al)nfl anz
i Z (B)n—1-(Bm)n—1 (n—1)!

n

We can verify that
2(Hy,[en]f(2)) = arHy,[on + 1] f(2) = (a1 = 1) Hy,on] f(2)-

Special cases of the Dziok-Srivastava linear operator include the Hohlov linear op-
erator [8], the Carlson-Shaffer linear operator L(a, ¢) [9], the Ruscheweyh derivative
operator D"[10], the generalized Bernardi-Libera-Livingston linear integral opera-
tor [11] and the Srivastava-Owa fractional derivative operator [12]:

Definition 1.2. The fractional derivative of order « is defined, for a function f by

a _ 1 d [* f(C) .
D2 f(z) = 7F(1*0‘)£/0 7(270(1(1(, 0<a<l,

where the function f is analytic in simply-connected region of the complex z-plane
C containing the origin and the multiplicity of (z — )~ is removed by requiring
log(z — ¢) to be real when(z — ¢) > 0.

Definition 1.3. The fractional integral of order « is defined, for a function f, by
1 z
127) = s [ 1OG-0°dG a0,
I'(a) Jo
where the function f is analytic in simply-connected region of the complex z-plane
(C) containing the origin and the multiplicity of (z —¢)*~! is removed by requiring

log(z — ¢) to be real when(z — ¢) > 0.

Remark 1.1. [12]

I(p+1) _
DY}y = ——— {2}, u>-1;0<a<l1
S T s G N <
and ( )
(e +1
I¢{zMy = ——C 2 _ [t s 1 a > 0.

The main object of the present paper is to find the sufficient conditions for certain
normalized analytic functions f,g to satisfy

1oH, Jalgr (), I2HL ] f(2)
S

I8 H} lea]ga(2)
Pa(z)

=< 1~

and
I2H} ] f(2)
pa(2)

q1(2) = | * < q2(2), palz) #0, z €U
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where © > 1, ¢; and ¢o are given univalent functions in U. Also, we obtain the
results as special cases. Further, in this paper, we study the existence of univalent
solution for the fractional differential equation

D2 pa(z)u(z) = Hy, ] f(2), (1.1)
subject to the initial condition «(0) = 0, where u : U — C is an analytic function
for all z € U, p: U — C\{0} is an analytic functionsin z €¢ U and f: U — Cis a
univalent function in U. The existence is obtained by applying Schauder fixed point

theorem. Moreover, we discuss some properties of this solution involving fractional
differential subordination. The following results are used in the sequel.

Theorem 1.1. (Arzela-Ascoli) (see [13]) Let E be a compact metric space and
C(E) be the Banach space of real or complex valued continuous functions normed
by

/1] == supiep|f(t)
If A= {f,} is a sequence in C(F) such that f, is uniformly bounded and equi-
continuous, then A is compact.

Let M be a subset of Banach space X and A : M — M an operator. The operator
A is called compact on the set M if it carries every bounded subset of M into a
compact set. If A is continuous on M (that is, it maps bounded sets into bounded
sets ) then it is said to be completely continuous on M.

Theorem 1.2. (Schauder) (see [14]) Let X be a Banach space, M C X a nonempty
closed bounded convex subset and P : M — M is compact. Then P has a fixed
point.

Recently, the subordination and superordination containing the Dziok-Srivastava
linear operator are studied by many authors [15].

2. SUBORDINATION AND SUPERORDINATION.

In this section, we study some important properties of the fractional differential
and integral operators D% I%, given by the authors [16] which are useful in the
next results of the subordination and superordination.

Theorem 2.1[16] For «, € (0,1] and f is a continuous function, then

() o . p_ 4
ra /O + DI D= T

22D f(2) = DIIZf(2) = [f(2).

1 - DI f(z) =

But, first we consider the subordination results involving Dziok-Srivastava linear
operator and fractional integral operator as the following:

I¢Hy loalg(2)
Pa(z)

that %?;)]g(z) # 0 and z([%}“)’ be starlike univalent in U. If the

subordination

Theorem 2.2. Let f,g be analytic in U. | ]* be univalent in U such

2I¢TH [oq]f(2)] zp/(=
G e

I2Hy ] f(2)
Pa(?)

[
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I2H}[aa]g(2),, 22 [Hloag(2)] 20/ (2)
RO 7 A e e
holds and 2C'(2) C()pu(2)
Mo e R )~ * €
where
o T2 Hbfoalg(2)
W=e
e L/ (), T2 Hbloalg(2)
[HL [nlf () I2HY [aulg(2)
N S N R
and [w]“ is the best dominant.
Proof. Setting
e H [en]f(2),, ) I8 H), [aa]g(2),,
p(Z) _[ pa(z) ] ’ q( )_[ Pa(Z) ]
Our aim is to apply Lemma 1.1. First we show that R{1 + Zq,”(z)} > 0.
2q" () _ 2G'(2) G(z)pa(?)
R{1 + 70 P=R{1+ Gl + (pu— 1)IaHl T loalg(z )}>0.

Assume that
O(w) :=w and ¢(w) =1,
it can easily be observed that 6, ¢ are analytic in C. Also, we let
Q(2) = 2q'(2)(2) = 24/ (2),
h(z) = 0(q(2)) + Q(2) = q(z) + 24/ ().

By the assumptions of the theorem we find that @ is starlike univalent in U and
that

zh'(2), 2q" (z)
Qe =R iy 120
By using Theorem 2.1, a computation shows

B IgHy ] f(2),, A [ Hyloa] f(2)) 2/ (2)
pE e = T T e B ) ) )

faHl mloa]g(2) 2 Hylon]g(2)]' zp'(2)
R E R A e RTE R

=q(z )+ZQ'(Z :

)
Thus in view of Lemma 1.1, p(z) < ¢(z) and ¢ is the best dominant.

Corollary 2.1. Let f,g be analytic in U. [%%C)g]“ be univalent in U and

z( [%%C)g]“)’ be starlike univalent in U. If the subordination
IgL(a,c)f(2),, 2IZ[L(a, ) f(2)]"  zp'(2)
e U e e )
I7L(a,)9(2),, 22 [L(a, 0)g(2)]  2p'(2)
e TR T e )
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holds and o o
R * 0 Vit 70 = €0
where
_ 12L(a,0)g(2),,

G(z) =] PRE I

then 1L, f(2),,  19Lia,c)g(2)
R E R NC

and [I?Lé%)g]“ is the best dominant.

Proof. By putting l =2,m =1,a; =a,as =1 and #; = ¢ in Theorem 2.2.

Corollary 2.2. Let f,g be analytic in U, [ngg

%?;)}Q(Z) # 0 and z([lpig ]*)’ be starlike univalent in U. If the subordination

J* be univalent in U such that

I2f(2) 2Z[f(2)]  2p'(2) 129(2),, 2IZ[g(2)]  zp'(2)
e gy T P L T e
holds and
R{ ZS(S) + (n— l)zcz(;;ﬁg)(z)} >0, z €U, where G(z):= [I;a‘q(f))]’
Then
L) o),
pa(2) pa(2)

and [I/;%g]“ is the best dominant.
Proof. By putting [ =1,m =0,a; = 1, in Theorem 2.2.

Theorem 2.3. Let f, g be analytic in U, ¢ be convex univalent in U with {1 +
1" oyl
Z;I/(iz)) + %}, v € C and [IZH’;%]” be analytic in U. If the subordination
IgHy,[oa]f(2) 2 [Hy[oa]f(2)] 20 (2)

[ pa(2> ]M{l + MFY( I?H}.H[Oél]f(z) - p(2> )} = Q(Z) +'—YZ(]/(Z)
holds. Then

I2H) ] f(2)
pa(z)

[

] <aq(z)
and ¢ is the best dominant.

Proof. Setting

a rrl 2 P
p(2) = (Lm0l Z),,

pa(z)
Our aim is to applied Lemma 1.2. Let ¢ := 1, since
oy L0 G) T ]S ()
p(Z) +72p (Z) - [ ,OQ(Z) ] +7 ([ pa(z) ] )
_AgH] [0a]f(2),, 2 [Hy[a]f(2)] 20(2)
O T e e R

< q(2) + 724 ()
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then, in view of Lemma 1.2, p(2) < ¢(z) and ¢ is the best dominant.

Corollary 2.3. Let f,g be analyticin U, —1 < B < A <1, ¢q(z) := [ii‘gz]“ with

R{1+ z;;/’;g) + %}7 v € C and [I?HZZ#]“ be analytic in U. If the subordination

I2H,, [on]f(2) A2 [H[on]f(2))  2p'(2) 1+ Az, pyz(A - B)
e VU i) o ) i E M e s )
holds. Then

I,?Hvln[al}f(z) m 1+ Az noo_

[7%(2) ] <[1+Bz]’ 1<B<A<1
and [%]" is the best dominant.

Next, applying Lemma 1.3 and Lemma 1.4 respectively, to obtain the following
theorems.

Theorem 2.4. Let f,g be analytic in U,[%w

U such that %ﬁ;}g(z) # 0, z([%]“)’ be starlike univalent in U and

I2H! o
([l

J* be convex univalent in

" be univalent in U. If the subordination

apy s 2Ll ()
PO L o)~ o) )

I?Hin[al]g(z)
Pa(2)

[

*H! Taq]f(z 2ICTHL [oa]f(2)] zp'(z

=
) TeHL ol f(z)  p(2)
holds and [ ]+ T2l G ¢ 34[0,1)n Q . Then
ISan[OH]f(Z)]H
Pa(z)

12 Hj,[on]g(2)

)

P <

# is the best subordinant.

and[I?H%faﬂg]

Proof. Setting

I?an[al]f(Z)]#
Pa(?)

Our aim is to apply Lemma 1.3. By taking

p(2) = »a(z) =]
Hw) i=w and p(w) =1,
it can easily observed that 9, ¢ are analytic in C. Thus

P (a(2))
Mot

=1>0.

Now we must show that

q(2) + 2q'(2) < p(z) + 2p(2).
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a computation shows that

I H)[on]g(2),, A [Hy,lon]g(2)]"  zp'(2)

o(e) + 2 () = gy E ] 2 10)),
o (2 LG ()
e VU TR i) e )

]

)
= p(2) + 2p/ ().
Thus in view of Lemma 1.3, ¢(z) < p(z) and p is the best subordinant.

[M]u c

Theorem 2.5. Let f, g be analytic in U, ¢ be convex univalent in U, e

H[0,1] N Q and

I8 H),[aa]f(2),, 22 [Haa]f(2)) 2p'(2) _
NS A O AR G R
be univalent in U. If the subordination

a1yl 1 2
Iz ng(z)}f( )],u{l +/-VY(

A2 [H, [on] ()] 2/ (2)
I¢H), [on]f(2) p(2)

q(z) +v2¢'(z) < | )}

holds. Then l ()
I2H, o] f(z
O

and ¢ is the best subordinant.

]IL

Proof. Setting
I Hy[on]f(2)

p(z) = [T D
Our aim is to apply Lemma 1.4. Since
oy e Hylaa]g(2), ZI“[Hl [ai]g(2)]"  2p'(2)
Q(z) +’7Zq (Z) - [ (Z) ] {1 +M IaHl [ }Q(Z) p(Z) >}
o l z z zp'(z
= [I Hm[al}f(z)],u{l_Fu ( I [ [ ] ( )} _ p( ))}

Pa(2) T2 H] [oa] f(2) p(z)
= p(2) +72p'(2)

then, in view of Lemma 1.4, ¢(z) < p(z) and ¢ is the best subordinant.

Combining the results of differential subordination and superordination, we state
the following sandwich theorems.

I2H] . .
(L2 mloaldr 11 e convex univalent in U

Theorem 2.6. Let f, g1, g2 be analytic in U, o
such that ﬂ #0, z([M] ), z([%] )’ be starlike univalent

in U and let ( [I H’” [O“]f] ), [I Hay[on)g 2]# be univalent in U. If the subordination

12 HL 0ln(2) ALl () 2 (2)
O T AT O O

19HL 0)f () eI 20 (2)
o) TR RS o) )

[

<



SUBORDINATION AND SUPERORDINATION 23

~ [I?an[al]QQ(z)]u{l +‘LL(ZI?[H1Z71[Q1]92(Z)}/ o Zp/(Z))}

pa(2) I¢H] [aq]ga(2) p(2)
holds, [Fr5 #[=21Ee € 24(0,1) N Q and
R Vg ) 7O €U
where
) I8 H] [on]ga(2)
Galz) =1 pa(z) J
Then
[IzaHin[al]gl(z)]y = [IzaHin[al]f(z)}p, ~ [I.?Hrln[al]QQ(Z)]p,
pa(2) Pa(2) Pa(2)

oyl a gyl
and [Izmzw]“ and [IzH”pbw}“ are respectively the best subordinant and dom-
inant.

Theorem 2.7. Let f,q1,92 € A, q1,92 be convex univalent in U, with R{1 +

Z;g((j)) + %}, v €C, [W]“ € H[0,1] N Q, and analytic in U and

2} ealf,, 2I2[HL lea]f) zp/
RNt E N S QY (e 11 S LR B N Y E ()
(P ST (T e = ) ()

be univalent in U. If the subordination

I9H) on] f(2)

pa(z)

A2 H,, [on]f(2)) 20'(2)

TehL i) ol ) S eETral)

a1 (2)+72¢,(2) < | {1+ py(

holds. Then
I9H} on]f(2)

Pa(?)
and q1, g2 are respectively the best subordinant and the best dominant.

q1(2) = | J" < ga(2)

3. EXISTENCE OF UNIVALENT SOLUTION.

Let B := C[U,C] be a Banach space of all continuous functions on U endowed
with the sup. norm

[ull == sup-eu|u(2)]-

By using the properties in Theorem 2.1, we can easily obtain the following result:

Lemma 3.1. If the function f € A, then the initial value problem (|1.1)) is equivalent
to the nonlinear integral equation

1 / G
u(z) = H, laq] f(Q)dC. 3.1
In other words, every solution of the equation (3.1)) is also a solution of the initial
value problem (|1.1)) and vice versa.

Theorem 3.1.(Existence) Assume that m < M; M > 0. Then there exists a

univalent function u : U — C solving the problem ([1.1)).
Proof. Define an operator P : C — C

_ 1 Q! L oy
(Pu)(e) = = [ Ee— Al O (32)
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Denotes B,, := ((;;1‘))“ 11 ((ﬁo”))" 11 = 1), Our aim is to apply Theorem 2.1. First we

show that P is bounded operator:

R T CRs L
PO =1 [ o H lon] Q)|
|

\/ e Y8 1Hl ! ol £(Q)dc]

po
1
pa(z

<M1+ Z Bn|an|>|/ e

ZQ
1+ZB|an| | |)

(1 + Zn:? Bn|a"ﬂ|)
INa+1)

Thus we obtain that
M(1+ 55, Bulal) _

INa+1) ’
that is P : B, — B,.. Then P maps B, into itself. Now we proceed to prove that P
is equicontinuous. For z1, 29 € U such that zq # 29, |22 — 21| < d, § > 0 Then for
all u € S, where

1Pl <

M1+ 3,25 Balan|)

S:={ueC,:|ul < Tt D) =r,r>0}
we obtain
|(Pu)(21) = (Pu)(z2)]|
< ML+ 02, Balaa)| 7 Criy—dc - f;° %8 2

< M1+ 3200, Bulan|)| f3 1245 F(jjf“) ldc + f72 L2l aq|

= MOFYLo Bulanl) 95, 4)e 4 o8 — 50|

= T(ot1)
2M(1+ZZC: Bn‘anl)

< ot |22 = 21|”
AM(1+3% , By lan|) o

< NCESY 0

which is independent on u. Hence P is an equicontinuous mapping on S. By the
assumption of the theorem we can show that P is a univalent function (see [17]).
The Arzela-Ascoli theorem yields that every sequence of functions from P(S) has
got a uniformly convergent subsequence, and therefore P(S) is relatively compact.
Schauder’s fixed point theorem asserts that P has a fixed point. By construction,
a fixed point of P is a univalent solution of the initial value problem .

The next theorems show the relation between univalent solutions and the subordi-
nation for a class of fractional differential problem.

Theorem 3.2. Let the assumptions of Theorem 2.6 be satisfied. Then univalent
solutions u1, u, us, of the problem

Diu(z) = F(z,u(z)), (3-3)
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subject to the initial condition u(0) = 0, where v : U — C is an analytic function
forall z € U and F : U x C — C, is an analytic functions in z € U, are satisfying
the subordination v < u < us.

Proof. Setting p =1 and let F(z,u1(z)) := m",[)i%(]g(z), F(z,u(z)) = Hi"p[:izi’;(z),

and F(z,us(2)) := W where p(z) #0, Vz € U.

Theorem 3.3. Let the assumptions of Theorem 2.7 be satisfied. Then every
univalent solution wu(z) of the problem (3.3 satisfies the subordination ¢;(z) <
u(z) < g2(z), where ¢1(z) and g2(z) are univalent function in U.

Proof. Setting p =1, F(z,u(z)) := H'l”p[jié]zj;(z)
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