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CERTAIN NEW CLASSES OF ANALYTIC FUNCTIONS
DEFINED BY USING THE SALAGEAN OPERATOR

(DEDICATED IN OCCASION OF THE 70-YEARS OF
PROFESSOR HARI M. SRIVASTAVA)

SHU-HAI LI, HUO TANG

ABSTRACT. New classes of analytic functions defined by using the Salagean
operator are introduced and studied. We provide coefficient inequalities, dis-
tortion theorems, extreme points and radius of close-to-convexity, starlikeness
and convexity of these classes.

1. INTRODUCTION AND DEFINITIONS

Let A denote the class of functions of the form
f(2) :z+2?12 a;z?, (1.1)
which are analytic in the open unit disc U = {z : |z| < 1}.
Let AT denote the class of functions of the form
f(z) =2+ 227250527 (a; > 0), (1.2)
which are analytic in U.

We denote by §*(A,B) and K(A,B) (-1 < B < A < 1) the subclasses of
starlike functions and the subclasses of convex functions, respectively, that is (see,
for details, [1] and [2])

S*(A,B) = {f(z) €A 1tz (e 1<B<A< 1)}

and

KA,B) = {f(z) € A1+ 58 <12 e U-1<B<A< 1)}
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Clearly, we have
f(z) e K(A,B) < zf'(z) € S*(A, B).

A function f(z) € A is said to be in the class of uniformly convex functions,
denoted by UK (see [3-5]) if

zf"(2)

zf"(2)
Re (1+ G > |t (1.3)
and is said to be in a corresponding class denoted by US if
zf'(2) zf(2)
Re (%) > | & -1]. (1.4)

A function f(z) € A is said to be in the class of a-uniformly convex functions of
order 3, denoted by UK (c, B) (see [6]) if

Re (1 + Zf;é?) >« Zj::ég)

and is said to be in a corresponding class denoted by US(«, §) if
Re(zjf(,g)) >« Z;ES) —1‘+B(a20;0§6<1). (1.6)

It is obvious that f(z) € UK(a, B) if and only if zf/(z) € US(«, B) (see [6]). The
properties of various subclasses of functions UK (a, 8) and US(a, 5) were studied
in [7].

+0(a@>0,0<8<1) (1.5)

For f(z) € A, Salagean [8] introduced the following operator which is called the
Salagean operator:

Df(2) = f(2), D' f(2) = 2f'(2),- -+ , D" f(2) = D(D""'f(2)) (n€ N ={1,2,---}).
We note that
D f(2) =2+ Y25 j"a;2) (n€ No= N U{0}). (1.7)

Let Uy, n(a, A, B) denote the subclass of A consisting of functions f(z) which
satisfy the following inequality:

D"Lf(z) Dmf(z) 14+Az
DS —a| B 1| < B2 (@2 0,-1<B<A<LmeNne ).

(1.8)
Also let V5, ., (a, A, B) (s € Np) be the subclass of A consisting of functions f(z)
which satisfy the following condition:

f(z) €V5nla, A, B) <= D*f(z) € Unn(a, A, B). (1.9)
For s = 0, it is easy to see that
ng,n(a’ A, B) = um," (Oé, A, B)

When m = 1,n = 0 and m = 2,n = 1 of inequality (1.8), respectively, we get
two classes of functions

US(a, A, B) = {f(z) e A G

£ o Zfé(j)—1‘<1+f“z aZO,—1§B<A§1}

z 1+Bz?

and
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Uk(a, 4, B) = {f(z) e A: 1+ 8 —a |75

It is clear from two of the above definitions that

1+ Az
< a20-1<B<A<1}.

f(z) eUK(a,A,B) < zf'(2) e US(c, A, B),

us(1,1,-1)=us, UKk(1,1,-1) = UK.
By specializing the parameters «, A, B, m and n involved in the class U, (o, A, B),
we also obtain the following subclasses which were studied in many earlier works:

(1) Uro(a,1 —28,-1) =US(c, B) and Ua 1 (o, 1 — 28, —1) = UK (e, B) ( seel6] ).
(2) Upt1n(a,1 =28, —-1) =US, (e, B) ( seel9],[10] ).
(3) Umn(a, 1 =28, —1) = Upy n(, B) and Vy;, (o, 1 =26, -1) =V, (a, B)
(0<a,0 <8 <1)( see[l1],[12] ).
Let
US(a, A, B) = AT nUS(a, A, B); UK(, A, B) = At NUK(a, A, B);
Z:{m,n(a,Av B) = A" N U (e, A, B); f)rsn,n(aaAv B)=A"n v’rs?’{:"’;L(a’Aﬂ B).
Then we obtain contain relations and the close properties of integral operators.
This paper mainly studies the classes Uy, »(a, A, B) and V;, (o, A, B). We provide

coefficient inequalities, distortion inequalities, extreme points and radius of close-
to-convexity, starlikeness and convexity for the above classes.

2. COEFFICIENT INEQUALITIES FOR CLASSES U,y (v, A, B) AND

Vin(a, A, B)
Theorem 1. If f(z) € A satisfies
dieg ¢(myn, j,a, A, B)laj| < A— B (2.1)
where
¢(m,n,j, o, A, B) = (14 2a)[5™ — j"| + |Bj™ — Aj"| (2.2)

for some a > 0,-1 < B < A< 1,m € N,n € Ny = N U{0}, then f(z) €
U n(a, A, B).

Proof. Suppose that (2.1) is true for « > 0,—-1 < B< A< 1,m € N,n € Ny.
For f(z) € A, let us define the function p(z) by

Dmf(z) ‘ D™ f(z)

1)

PO = D) D)
It suffices to show that
p(z) —1

We note that

‘ p(z) —1

_ ' D™ f(z) — ae’| D™ f(z) — D" f(2)| — D" f(2)
A - Bp(2)

AD"f(z) = B(D™ f(2) — ae?| D™ f(z) — D™ f(2)])
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‘ (D™ f(z) = D" f(2)) — ae®| D™ f(z) — D" f(2)] ‘
(A= B)D"f(z) = B(D™ f(2) = D" f(2)) — ae®| D™ f(2) — D" f(2)])

S iali™ = "ag Tt — ac?| SR (" — ")ag2
(A= B) = 3272,(Bjm™ — Aj)a;zi—t — ae®| 3072, (5™ — j™)a;27 1)

Sgea ™ = 5" llagllzl " + alel 30725 15" — 5" llall2l

T (A= B) =205, B = AjrllasllzP = alel 307, i — g lagl|2l !

< Diea li™ = g lagl + a 327, 1™ = " lay
T (A-B) = X5 B — Ajrflag| — a 32T, 15 — |yl

The last expression is bounded above by 1, if

oo oo oo oo
S =i al+a Y 1= a;] < (A=B)=Y |Bi™—Aj"ajl—a Y | =" la;]
j=2 j=2 j=2

Jj=2

which is equivalent to the condition (2.1). This completes the proof of Theorem 1.

Corollary 1. If f(z) € A satisfies
Z;ig ¢(1707j7a7AaB)|aj| < A-B

where
for some o > 0,—1 < B < A <1, then f(z) € US(a, A, B).

Corollary 2. If f(z) € A satisfies
E;‘;2 ¢(27 1,j,O(7A,B)|aj| S A - B

where
for some o > 0,—1 < B < A <1, then f(2) € UK(«, A, B).

By using Theorem 1, we have

Theorem 2. If f(z) € A satisfies

Z;O:2js¢(man7jaa7AvB)‘aj‘ S A -B

where ¢(m,n,j,a, A, B) is defined by (2.2) for some a > 0,-1 < B< A<1l,mé€
N,n € Ny, then f(z) €V}, ,.(a, A, B).

Proof. From (1.7), Replacing a; by j°a; in Theorem 1, we have Theorem 2.

Example 1. The function f(z) given by

B i (A—B)(2+ ), i .
O =24 2 G Tt et g A B 0T

Jj=2
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with

4 — (A— B)(2+d)e
T GHG+H1+0)d(m,n,j,a, A B)

belongs to the class Up, n(c, A, B) for § > =2, >0,-1< B < A<1,¢; € Cand
le;| = 1. Because, we know that

A, B)|A;
];czﬁ(mnj,a )41 < ;JJF(S G140
SSu-meaY L 4
= j:29+6 j+149

Example 2. The function f(z) given by

(A—B)(2+ )¢ i j
_Z+Z s(546)( j+1+5)¢(mn],aAB —z—l—ZBz

with

(A=B)(2+0);
G+ 6)G+1+0)¢(m,n,j,a, A B)
belongs to the class V;, ,,(a, A, B) for § > =2, > 0,-1< B< A< 1,¢5 € Cand
lej| = 1. Because, we know that

B; =

oo o0

) , _ (A-B)2+45) _ ,
;‘7 d)(m’n’]’a’A’B)'BJ'S;(J’M)UHM)_A B

Theorem 3. If f(2) € Upn(a, A, B), then for |z| =7 <1

1—(A—B)r— ABr? D™f(z) D™ f(z)
1= B%? <Re{an<z> ~YDrr) ‘1‘}
1+ (A— B)r— ABr?
< 1 1_1;%2 B £0, (24)
1 —ArgRe{g:ffg)) —a gn]{e((;) - 1’} <1+ Ar, B=0. (2.5)

Proof. Janowski [13] proved that if

1+ Az
pe) < o =7 < L,
then
1— ABr? (AfB)
‘p(z) 1_ B2y2 — B2r 2’B7é0 (2.6)

Ip(2) — 1] < Ar, B =0. (2.7)
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Using the definition of the class Uy, » (e, A, B), the inequality (2.6) and (2.7) can
be rewritten in the form

D™ f(z) D™ f(2) 1—AB2| (A—B)r
‘ D”f(Z) - an(Z) N 1‘ N 1 — B2p2 1 — B2y2 ) B 7& O, (28)
D™ f(z) D™ f(z) -
Dnf(z) | D f(z) 1‘1‘<AT’7 B=0.(29)

From (2.8) and (2.9), we get (2.4) and (2.5) of Theorem 3.

Theorem 4 below follows easily from Theorem 3.
Theorem 4. If f(z) € V;, (o, A, B), then for 2| =r < 1

1—(A— B)r — ABr? SRe{sz)Sf(z) _a’DmDsf(z) _1’}

1— B2%r2 DnDsf(z) DnDs f(z)
L+ (Al—_Bl;ZT; ABr2,B £0, (210)
1— Ar < Re{gjg:;éj; ~a ‘ g:g;((j)) - 1’} <1+ Ar, B=0. (2.11)

Corollary 3. If f(z) € US(w, A, B), then for |z| =7 < 1

1—(A-B)r— ABr? z2f'(z) zf'(z) 1+ (A— B)r— ABr?
- B e SR ‘1’}§ e P70
1—Ar§Re{ZJ{;S)—a ZJJ;S) —1‘}§1+A7~, B=0.

Corollary 4. If f(z) € UK(w, A, B), then for |z| =7 < 1

1—(A-B)r— ABr? zf"(z) zf"(2) 1+ (A— B)r— ABr?
< Re{ 1 T o TR < PR A s,
2f"(2) 2f"(2) _
l—ATSRe{l—l— ) —a ) }Sl—l—Ar,B—O.

3. DISTORTION INEQUALITIES
Lemma 1. If f(2) € Z:{m)n(a,A,B), then we have

A~ B) - Z?:Q ¢(m7n7j7aaAaB)a’j

i aj < (
j=p+1 ¢(m7n7p+ 17()[,A,B)

where ¢(m,n, j,a, A, B) is defined by (2.2).

» (3.1)

Proof. In view of Theorem 1, we can write
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oS} P
Z ¢(m,n,j,a, A, B)a; < (A— B) — Z¢(m, n,j, o, A, B)a;. (3.2)
J=p+1 j=2

Clearly, ¢(m,n, j,«, A, B) is an increasing function for j. Then from (2.2) and
(3.2), we have

[e'¢) p
¢(m7n7p+ 1,OZ7A,B) Z aj é (A_ B) - Z¢(mvn7jva7AvB)aj
Jj=p+1 Jj=2

Thus, we obtain

Z . A B) Z§:2 ¢(m7naj7aaAvB)aj N
j —_—

j=p+1 ¢(m7n7p+17a7A7B) -

Lemma 2. If f(2) € U, (o, A, B), then

(A= B) = X?_y é(m.n, j,o, A, B)a,

Z jaj < — — = Bj, (3.3)
S o(m—1,n—1,p+1,a,A, B)
where ¢(m,n, j, a, A, B) is defined by (2.2).
Corollary 5. If f(z) € 1},8”7”(04,/1, B), then
s A—B)-"? _ji¢(m,n,j,a A, Ba,;
Zajg( )13J72.7¢( 1.]AB )]:Cj(3~4)
S (p+1)°¢(m,n,p+ 1,0, A, B)
and )
(A=B)=>" ,j5%¢(m,n,j,a, A, B)a;
ZJJ_ =2 I~ D;. (3.5)
(p+1)¢(m—1,n—1,p+ 1,0, A, B)

Jj=p+1

Theorem 5. Let f(2) € Z;Imm(a,A,B). Then for [z| =r <1

P P
P Y aglal — At < f@] <+ D agle + At (3.6)

=2 =2
and
P ) p )
1= jaglaf ™' = Byr? < |f(2)| < 1+ Y jasl ! + Byr? (3.7)
i=2 =

where A; and B; are given by Lemma 1 and Lemma 2.
Proof. Let f(z) given by (1.2). For |z| = r < 1, using Lemma 1, we have

oo

p p [es}
A< L2+ ailal + Y aglel <ol + ) aglel + 2P Y g
j=2

Jj=p+1 Jj=2 Jj=p+1
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p
S T+Z&j|2’|j +Aj’l“p+l

j=2
and
P (o) P [e'e)
P =12l = aglel = D ajlal =2l =D ajlal = 2P > a4
j=2 j=p+1 j=2 j=p+1

P
> — Zaj|z|j - Ajrp+1.
=2

Furthermore, for |z| = r < 1, using Lemma 2, we also obtain

p o] p [ee]
P <1+ dalP "+ Y0 daglelP ™t <1+ jagleP T 427 Y da
j=2 Jj=p+1 j=2 j=p+1
p .
<1+ jaglal Tt + Byr?
j=2
and
p oo p ] [ee]
1F() 2 1= dagl2P = Y7 gl = 1= GagleP Tt = 2P Y ja
Jj=2 Jj=p+1 j=2 j=p+1

p
>1-Y jaj|z}’~! = B;rP.
j=2

This completes the assertion of Theorem 5.
Theorem 6. Let f(z) € V;, ,(a, A, B). Then for [z =r <1

p p
r=Y ajlzl = CpPT < f(2) < v+ ) agll + CprP T (3.8)
Jj=2 j=2

and

D p
1= jalzl ™ = Dyr? < |f'(2)] S 1+ jas|=l " + Dyr? (3.9)

j=2 j=2
where C; and D; are given by Corollary 5.

Proof. Using a similar method to that in the proof of Theorem 5 and making
use Corollary 5, we get our result.

Taking p =1 in Theorem 5 and Theorem6, we have
Corollary 6. Let f(z) € Uy n(a, A, B). Then for [z =7 <1

A—-B

A-B )
o(m,n, 2,0, A, B)

o(m,n, 2,0, A, B)

r—

P<UfR) < r+
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and
2(A - B)

< |f! <1 .
P st e S e A )

Corollary 7. Let f(z) € vﬁmn(a,A,B). Then for |z| =r < 1

A-B
25¢(m, n? 27 a? A7 B)

A-B )
2 p(m,n, 2,0, A, B)

r r? <|f) < v+
and
A—-B A—-B

1-— < |f! <1 .
o Tommzads) < S e s e A B

Taking p=1,m =1 and n = 0 in Theorem 5 and Theorem 6, we also have
Corollary 8. Let f(z) € US(a, A, B). Then for |z| =7 < 1

R Y O E . et —
" 8(1,0,2,0,4,B) == G0002,0,4,B)
and
2(A— B) , 2(A— B)
— < < .
L Smozaan VOISt S s a A

Corollary 9. Let f(z) € UK(a, A, B). Then for |z| =7 < 1

AT < A E

T 1,2,0,4,B) SIETT G005 0 A B)
and

o 2A4-B) r<|f(2)] <1+ 24-8) |

4. EXTREME POINTS

The determination of the extreme points of a family f(z) of univalent functions
enables us to solve many extreme problems for f(z). Now, let us determine extreme
points of the classes Uy, (o, A, B) and Vy,, ,, (o, A, B).

Theorem 7. Let fi(z) = z and

A—-B ,
(2) = J (i =223 ...
& =t G A B =)

where ¢(m,n, j,a, A, B) is defined by (2.2). Then f(2) € Up.n(a, A, B) if and only
if it can be expressed in the form
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F() =) Nifi(2), (41)
j=1
where \j > 0 and 3377, Aj = 1.
Proof. Suppose that

f(z)= Z)\jfj<2) = Z+Z)\j¢(m,n,j,a,A,B)Zj'
j=1 j=1
Then
= A—-B s
> é(m,n, j,a, A, B) e A B 3 (A-B)A; = (A-B)(1-\)) < A-B.
j=2 s 1oy Sy Ly £ =2

Thus, f(2) € Up.n(a, A, B) from the definition of the class of f(2) € Up.n(a, A, B).
Conversely, suppose that f(z) € Uy, n(a, A, B). Since

A—-B

. =923 ...
a]_ ¢(m,n,j,a,A,B) (j Y )7
we may set
qb(m,n,j,mA,B) .
)\j: A_B aj(j:2,3,~-')
and
oo
A=1->" N
j=2
Then -
f(2) =Y Aifi(2).
j=1
This completes the proof of Theorem 7.
Corollary 10. Let g1(z) = z and
A-B ;
(2) = i(j=2,3--).
O TR AR

Then g(z) € f)fnn (o, A, B) if and only if it can be expressed in the form

oo
9(2) = D> X95(2),
j=1
where \; > 0 and 3572, \; = 1.
Corollary 11. The extreme points of Z:{m,n(Oé, A, B) are the functions f1(z) = 2
and

A-B .
- = J ) — ...
fJ(Z) i ¢(m7najva7A,B)z (] 2’3’ )
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Corollary 12. The extreme points of f/ﬁ%n(a, A, B) are the functions ¢;(z) = z
and

A—-B )
() = J(i=92.23-..).
95 = g a A B) . =B

Corollary 13. The extreme points of US(«a, A, B) are the functions fi(z) = z
and

A-B

J (=23 ...).
o0 G A By =25

fi(z)=z+

Corollary 14. The extreme points of UK (a, A, B) are the functions fi(z) = z
and

A-B

J (=923 ...).
S L AB)” UmE3)

fi(z)=z+

5. RADIUS OF CLOSE-TO-CONVEXITY, STARLIKENESS AND
CONVEXITY

We concentrate upon getting the radius of close-to-convexity, starlikeness and
convexity.

Theorem 8. Let the function f(z) defined by (1.1) be in the class Uy, n (e, A, B).
Then f(z) is close-to-convex of (0 < p < 1) in |z| < r,(m,n,j, o, A, B) where

(1_M)¢(m7nvj7a7AaB) %1 .
g2 2Bt 2 )

and ¢(m,n, j, o, A, B) is defined by (2.2).
Proof. We must show that |f'(z) — 1| <1 —pu for |z| < r,(m,n,j,a, A, B). We
have

ru(m,n,j,a, A, B) = inf{
J

1£(2) = 1] <Y gl
=2

Thus |f'(z) — 1| < 1 — p if

> (el < 1 (5.2)
= - H
By Theorem 1, we have
- (]‘ B ,u)(ﬁ(m,mj,a?A,B)
> B laj| < 1. (5.3)
j=2

Hence (5.2) will be true if
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j|z‘j_1 < (1_M)¢(m’naj7aaA7B)
l—p — Jj(A—B)

Equivalently if

(1_M)¢(m’naj’aaAvB) L
(A= B) }J7 (j=2). (54)

The theorem follows from (5.4).

|2 <{

Theorem 9. Let the function f(z) defined by (1.1) be in the class Uy, » (o, A, B).
Then f(z) is starlike of (0 < n < 1) in |2| < ry(m,n, j,a, A, B) where

(L=me(m,n,ja, A, B), 1
G-na-p 1+ 0=z2065)

and ¢(m,n,j,a, A, B) is defined by (2.2).
Proof. It suffices to show that |Z;:(S) -1l <1—nfor |z| <ry(m,n,j,a A, B).
We have

rn(m,n,j,a,A, B) = ll’lf{
J

|zf’(z) 1)< > eo(d = Dlaglz)~
f(2) T 1= el
Thus \Z}CES) —1<1l—nif
(i — Dla.llzli—1
= (1-n)

By using (5.3), (5.6), we have

(] 7”)|Z|j71 < ¢(man7jaaaAvB)
-0 -  (4-B)

or Equivalently

(1 — n)¢(m7n7j7a7Aa B)

G-m(A-DB) 1T (> 2). (5.7)

|2l < {

Theorem 10. Let the function f(z) defined by (1.1) be in the class U, n(a, A, B).
Then f(z) is convex of £(0 < & < 1) in |z| < r¢(m,n, j, «, A, B) where

(1 B £)¢(ma nvja Q, Av B)
i —&(A - B)

and ¢(m,n,j,a, A, B) is defined by (2.2).

Proof. It suffices to show that

2f"(2)
f'(z)

re(m,n, j,a, A, B) = inf{ }T (5 > 2) (5.8)
J

ZL22) < 1€ for |2] < ry(m,n,j,a, A, B). (5.9)

‘We have
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ﬁﬁa_H_wzﬁﬂo—nww*y<Zﬁﬂ@—nmmw*
f(2) L3 da27 =0 7 1= 3000 a2l !
The last expression above is bounded by (1 — &) if

1-¢)
In view of (5.9), it follows that (5.10) is true if

j(j—f)\zv_l < qS(m,n,j,a,A,B)
1= - (A—-B)

i 3 —(§)|aj||2|j_1 < 1. (5.10)

or Equivalently

(1 - §)¢(m7 ’n‘vjv «, A7 B)
i —&§)(A—B)
And this completes the proof.

2] < { }T (> 2).

Corollary 15. Let the function f(z) defined by (1.1) be in the class V;,, (v, 4, B).
Then f(z) is close-to-convex of p(0 < p < 1) in |z| < 7, s(m, n, j, o, A, B) where
1_Mjs¢m’naj7aaA7B L.
Sl .(A Ly (52 2).
j(A— B)

Corollary 16. Let the function f(z) defined by (1.1) be in the class V;,, (o, 4, B).
Then f(z) is starlike of n(0 <7 < 1) in |z| < 7y s(m,n, j,a, A, B) where

G—n(A-B)
Corollary 17. Let the function f(z) defined by (1.1) be in the class V;,, ,, (a, A, B).
Then f(z) is convex of £(0 < & < 1) in |z| < r¢ s(m, n, j, a, A, B) where

(1-=8)j%d(m,n,j,a, A, B) o
G-0@a-B) Uz

rﬂys(m7 n7j7 «, A7 B) == 1nf{
J

Tn,s(m, n,j, (e A’ B) = lnf{
J

r&ys(mv nvj» «, A; B) == lnf{
J

We remark in conclusion that, by suitably specializing the parameters involved
in the results presented in this paper, we can deduce numerous further corollaries
and consequences of each of these results.
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