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GROWTH OF SOLUTIONS OF LINEAR DIFFERENTIAL
EQUATIONS IN THE UNIT DISC

(COMMUNICATED BY FIORALBA CAKONI)

BENHARRAT BELAIDI

ABSTRACT. In this paper, we investigate the growth of solutions of higher
order linear differential equations with analytic coefficients in the unit disc
A ={z € C: |z| < 1}. We obtain four results which are similar to those in
the complex plane.

1. INTRODUCTION AND STATEMENT OF RESULTS

The growth of solutions of the complex linear differential equation

F™ a1 () F Y 4 dar (2)f 4ao(z)f=0 (1.1)

is well understood when the coefficients a; are polynomials [16} [I7, 22, 27] or of
finite (iterated) order of growth in the complex plane [7, 14, 15| 21]. In particular,
Wittich [27] showed that all solutions of are entire functions of finite order
if and only if all coefficients are polynomials, and Gundersen, Steinbart and Wang
[I7] listed all possible orders of solutions of in terms of the degrees of the
polynomial coefficients.

Recently, there has been an increasing interest in studying the growth of ana-
lytic solutions of linear differential equations in the unit disc A by making use of
Nevanlinna theory. The analysis of slowly growing solutions have been studied in
[13, [19] 25]. Fast growth of solutions are considered by [8, O] TT1, 12| 19} 20].

In this paper, we assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna’s theory on the complex plane
and in the unit disc A = {z € C: |z| < 1} (see [I8| 19, 24, 26| 28] 29]).

We need to give some definitions and discussions. Firstly, let us give definition
about the degree of small growth order of functions in A as polynomials on the
complex plane C. There are many types of definitions of small growth order of
functions in A (i.e., see [12, 13]).
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Definition 1.1. For a meromorphic function f in A let

where T(r, ) is the characteristic function of Nevanlinna of f. If D (f) < oo, we
say that f is of finite degree D (f) (or is non-admissible); if D (f) = oo, we say
that f is of infinite degree (or is admissible). If f is an analytic function in A, and

in which M (r, f) = |mlax|f(z)| is the mazimum modulus function, then we say
Z|=r

that f is a function of finite degree Dps (f) if Das (f) < oo; otherwise, [ is of
infinite degree.

Now, we give the definitions of iterated order and growth index to classify generally
the functions of fast growth in A as those in C (see [7, 21} 22]). Let us define
inductively, for 7 € [0, 1), exp; 7 := e" and exp,,,; 7 := exp (expp r) ,p € N. We also
define for all r sufficiently large in (0, 1), log; r := logr and log,, ,; 7 := log (logp r),
p € N. Moreover, we denote by expyr := r, logyr := r, log_; r := exp; r and
exp_,r:=log; .

Definition 1.2. [8, 1} 20] Let f be a meromorphic function in A. Then the
iterated p—order of f is defined by

+
pp (f) = lim sup logp T, f)

1 m (p =1 is an integer),

where logfac = log" z = max {log z, 0}, log;Hx = log™ 1og; z. For p = 1, this
notation is called order and for p = 2 hyper order [19, 23]. If f is analytic in A,
then the iterated p—order of f is defined by

logh | M (r,
lim sup D1 210 T) ( f)

pap(f) = lim sup —F=n s

(p > 1 is an integer).

Remark 1.3. It follows by M. Tsugi ([26], p. 205) that if [ is an analytic function
i A, then we have the inequalities

p1(f) < paa (f) <pr (f) +1,
which are the best possible in the sense that there are analytic functions g and h
such that para (9) = p1(g) and para (h) = p1 (h) + 1, see [13]. However, it follows
by Proposition 2.2.2 in [22] that parp (f) = pp (f) forp > 2.

Definition 1.4. (see [I1]) The growth index of the iterated order of a meromorphic
function f(z) in A is defined by

0, if [ is non-admissible,
i(f)=1< min{j € N:p; (f) < +oo} if f is admissible,
+oo, if pj (f) =400 for all j € N.

For an analytic function f in A, we also define
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0, if f is non-admissible,
ivg (f) =4 min{j € N:pp;(f) <4oo} if f is admissible,
~+00, if pmj (f) = 400 for all j € N.

Remark 1.5. If p,(f) < oo or i(f) < p, then we say that f is of finite iterated
p—order; if pp(f) = oo or i(f) > p, then we say that f is of infinite iterated
p—order. In particular, we say that f is of finite order if p1(f) < oo ori(f) < 1;
f s of infinite order if p1(f) = oo ori(f) > 1.

In [2], the author and Hamouda have proved the following result.

Theorem 1.6. [2] Let By (z),...,Bn_1(2) with By (z) #Z 0 be entire functions.
Suppose that there exist a sequence of complex numbers (Zj)jeN with ‘hI—P zj = 00
j—+o0o

and three real numbers o,  and p satisfying 0 < f < a and p > 0 such that
| Bo (2)| > exp {a|z]"}

and

Bi (25)| < exp{Bz["} (k=1,2,..n—1)
as j — +oo. Then every solution f £ 0 of the equation

™ 4B, () f" V4 4B (2)f +Bo(2) f=0

has an infinite order.

It is natural to ask what can be said about similar situations in the unit disc
A. For n > 2, we consider a linear differential equation of the form

FO 4 A ) FO Y 4 AR F F A (2) f=0 (1.2)
where Ag (2), ..., An—1(2), Ap(z) # 0 are analytic functions in the unit disc A =
{z € C: |z| < 1}. Tt is well-known that all solutions of the equation are
analytic functions in A and that there are exactly n linearly independent solutions
of (T.2), (see [19]).

A question arises : What conditions on Aq (2), ..., A1 (2) will guarantee that
every solution f # 0 of has infinite order? Many authors have investigated
the growth of the solutions of complex linear differential equations in C, see [2] [3]
4, 5] [6l 10 15, 2T), 22] 28] 29]. For the unit disc, there already exist many results
[8, 9] 111, 2] 19} 20, 23], but the study is more difficult than that in the complex
plane, because the efficient tool of Wiman-Valiron theory doesn’t work in the unit
disc.

In the present paper, we investigate the growth of solutions of the equation .
We also study the growth of solutions of non-homogeneous linear differential equa-
tions. We give answer to the question posed above and we obtain four theorems
which are analogous to those obtained by the author in the complex plane (see
[2,5]).

Theorem 1.7. Let Ao (2) #0, ..., An_1 (2) be analytic functions in the unit disc A.
Suppose that there exist a sequence of complex numbers (z;) . with lim |z;| =17
Je j—+oo
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and three real numbers o,  and p satisfying 0 < f < a and p > 0 such that

4021 e, fa (1_1|)} (13)

|Ak(zj)|<e><pp{ﬁ< ! )”} (k=1,..n—1) (1.4)

1— |z
as j — +oo, where p > 1 is an integer. Then every solution f Z 0 of the equation
satisfies py (f) = pamp (f) = +00 and ppy1 (f) = prpt1 (f) = p
Setting p = 1 in Theorem we deduce the following result.

Corollary 1.8. Let Ag(2) Z0,..., Ap_1 (2) be analytic functions in the unit disc
A. Suppose that there exist a sequence of complex numbers (Zj)jeN with 11141_1 |z;] =
j—+oo

and

17 and three real numbers o, B and p satisfying 0 < B < « and p > 0 such that

[ Ao (25)] = exp {O‘ (1—1zj|)u}

A4y ()] < exp {5 <1>H} (k=1,..n—1)

1— |z
as j — +oo. Then every solution f # 0 of the equation satisfies p1 (f) =
pu (f) = +o0 and pz (f) = pa2 (f) = p-
Theorem 1.9. Let Ay (2) £0,..., An—1 (2) be analytic functions in the unit disc A
with i (Ao) =p (1 < p < +00) and max{ppp (Ax) :k=1,....,n—1} < parp (Ao) =
p. Suppose that there exist a sequence of complex numbers (Zj)jeN with jEToo |z =

and

17 and three real numbers a, 8 and p satisfying 0 < B < a and p > 0 such that for
any given € > 0 sufficiently small, we have

40 (2))] > exp, {a (11)} (15)

| Ak (25)] < exp, {ﬁ (1)p_6} (k=1,..,n-1) (1.6)

and

1—[z]
as j — 4oo. Then every solution f # 0 of the equation satisfies p, (f) =
pup (f) =400 and ppi1 (f) = prp+1 (f) = parp (Ao) = p-
From Theorem by setting p = 1 we obtain the following result.
Corollary 1.10. Let Ag(z) £0, ..., A,—1 (2) be analytic functions in the unit disc

A with max{pp1 (Ar) : k =1,...,n — 1} < pp1 (Ag) = p < +oo. Suppose that
there exist a sequence of complex numbers (z;).. with lim |z;| = 17 and three
VS j—+o0

real numbers o, and p satisfying 0 < B < a and p > 0 such that for any given
e > 0 sufficiently small, we have

[ Ao (2))] > exp {a <1llz]>p}
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and

A (z) <exp{5(1)p_s} (=1, n—1)

1—|z]
as j — 4oo. Then every solution f # 0 of the equation satisfies p1 (f) =
par1 (f) = +oo and p2 (f) = par2 (f) = para (Ao) = p.

In the next, we study the growth of non-homogeneous linear differential equation

F 4+ A ()" + 4+ AR f A f=F(z) n>2), (L7

where Ag (2), ..., An—1(2), F (2) are analytic functions in the unit disc A = {z €
C: |z] < 1}. We obtain the following results:

Theorem 1.11. Let Ay (z),..., An—1(2) and F (z) be analytic functions in the
unit disc A such that for some integer s, 1 < s < n — 1, satisfying i (As) = p
(1 < p<o0) and max{p,(A;) (j #s), pp (F)} < pp(As). Then every admissible
solution f of with p, (f) < 400 satisfies pp (f) = pp (As) .

Setting p = 1 in Theorem [1.11} we deduce the following result.

Corollary 1.12. Let Ag(z),..., An—1(2) and F (2) be analytic functions in the
unit disc A such that for some integer s, 1 < s < k — 1 satisfying max{p, (4,)
(J#s), pr(F)} < p1(As) < +oo. Then every admissible solution f of with
p1 (f) < +oo satisfies p1 (f) = p1 (As) .

Theorem 1.13. Let Ay (2), ..., An—1 (2) and F (2) be analytic functions in the unit
disc A such that for some integer s, 0 < s < k — 1, we have p, (4;) = +00 and

max{p, (4;) (j # ), pp (F)} < 400 (1 <p < o0). Then every solution f of
satisfies pp (f) = +oo.

From Theorem [1.13] by setting p = 1 we obtain the following result.

Corollary 1.14. Let Ag(z),..., An—1(2) and F (2) be analytic functions in the
unit disc A such that for some integer s, 0 < s < k — 1, we have py (As) = +00
and max{pi (4;) (j #s), p1 (F)} < 4+o00. Then every solution f of satisfies
p1(f) = +oo.

Remark 1.15. A similar results to Theorem and Theorem |1.15 in the plane
case were obtained by the author in [5].

2. SOME LEMMAS

In this section we give some lemmas which are used in the proofs of our theo-
rems.

Lemma 2.1. ([I3], Theorem 3.1) Let k and j be integers satisfying k > j > 0, and
let e >0 and d € (0,1). If f is a meromorphic in A such that f9) does not vanish
identically, then

< ((1_1|Z|>2+ max{log 1_1|Z|,T(8(|Z|),f)}>k_j (Iz| & En),
(2.1)

‘f(’“)(Z)
D)
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where By C [0,1) is a set with finite logarithmic measure fEl 1‘1_’”7, < 400 and
s(|z]) =1—d (1 — |z|). Moreover, if p1(f) < +oo, then
f®) (2 1 (k=7)(p1(f)+2+¢)
o < (2 (12l ¢ B, (22)
while if p, (f) < 400 for some p > 2, then
£ L \eelhe
f(j)ézi Sexp,_; T (Iz] ¢ E1). (2.3)

Lemma 2.2. ([19]) Let f be a meromorphic function in the unit disc A, and let
k > 1 be an integer. Then

m (r, f;“) =S(rf), (2.4)

where S(r, f) = O <log+ T(r, f)+ log(ﬁ)) possibly outside a set By C [0,1) with
fE2 dr < too. If fis of finite order (namely, finite iterated 1—order) of growth,

m (r, f;“) —0 (log(llr)) . (2.5)

then
In the next, we give the generalized logarithmic derivative lemma.

Lemma 2.3. Let f be a meromorphic function in the unit disc A for which i (f) =
p=1andp,(f) =5 < +oo, and let k > 1 be an integer. Then for any & > 0,

(2 <0 (o (1)) )

holds for all r outside a set E5 C [0,1) with fEa dr < too.

1—r

Proof. First for k = 1. Since p, (f) = 8 < +00, we have for all r — 1~

1 B+E
T <ew,a | (2.7
By Lemma [2.2] we have
m(r fl) O<ln+T(7’ f) + In( ! )> (2.8)
f ’ 1—r ’

holds for all r outside a set F3 C [0,1) with fEJ ldfT < +o00. Hence, we have

S R R A L

Next, we assume that we have

(k) B+e
m (7’, ff) =0 (expp_2 {117”} ) , r ¢ Fs (2.10)

for some an integer k > 1. Since N (r, f(k)) < (k+1)N(r, f), it holds that
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() <) 0 )

<m(,f =) Em )+ GO N )

7 )7
( ) (E+1)T (. f)

=0 (epr_2 {1:”}5*5) +k+1)T(r,f)=0 <expp_1 {Lﬁ}ﬁﬂ)

(2.11)
By (2.8) and (2.11)), we again obtain

f(k+1) 1 B+e
m (T‘, f(k')) =0 (expp2 {l—r} > , T ¢ Eg (212)

() enlo ) (2
1 B+e
=0 (expp_2 {“} ) , ré¢ Es. (2.13)

O

and hence,

Lemma 2.4. ([I]) Let g : (0,1) = R and h: (0,1) — R be monotone increasing
functions such that g (r) < h(r) holds outside of an exceptional set E4 C [0,1)
of finite logarithmic measure. Then there exists a d € (0,1) such that if s(r) =
1—d(1—r), then g(r) < h(s(r)) for all T €]0,1).

Lemma 2.5. ([20]) Let Ay (2),...,An—1(2) be analytic functions in the unit disc
A. Then every solution f # 0 of satisfies
o p+1 (f) <Smax{prp (Ax) 1 k=0,1,..., n—l}. (2.14)

Proof of Theorem[I.7. Suppose that f # 0 is a solution of (1.2)) with p,(f) < +o0.
Then by Lemma [2.1] there exists a set £ C [0,1) with ﬁmte logarlthmlc measure
[z, 1% < +oo such that for all z satisfying |2| ¢ Ey and for k = 1,2, ...,n, we have

T—r
’f(k)(z) . (1_1| |)k<m(f)+2+e> . o1s)
if p1 (f) < 400, while if p, (f) < +oo for some p > 2, then
f 1 pp(f)+e
20 <o, {(1 ) } (el¢ B (216)
By , we can write
A S

f(n)
< 2.17
s \ (2.17)

3£

+...+’

I
f

Ao (2)
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Then from (1.3), (1.4), (2.15)), (2.16) and (2.17), we next conclude that
1 1 )n(Pl(f)""Q""E)

exp {a (1712_ )”} (1 = |7

I251

Y L\ D (DF2te)
ren{ia-o (=) H =)

1 Iz 1 p1(f)+2+e
+...+exp{(5—o¢) <1|zj|> } (1|zj|)

1 n(p1(f)+2+e) 1 W
== oo (g ) ) e
. L \eelPe
<t Ew) )
exp {,@ (ﬁ)ﬂ} 1 pp(f)te
+6XP: {a (1%)#} expp_l{(l_zj|) }
n o)} g1y
+m+expp a(l_}zjou} exppl{<1|zj> }
O {8(=)'} {(1)%(,%5} (2.19)

|
€XPp_1
1 \* P 1— |z
exp, {0 (=)' } =

holds all z; satisfying |z;| ¢ Ei as |z;| — 17, both the limits of the right hand of
inequalities and are zero as |z;| — 17. Thus, we get a contradiction.
Hence py, (f) = pap (f) = +o00.

Now let f % 0 be a solution of with p, (f) = +o0c. By Lemma there
exist s(]z]) =1 —d (1 — |z|) and a set Eo C [0,1) with finite logarithmic measure

sz 1‘1_’} < 400 such that for r = |z| ¢ Es, we have

1<

or

k
() Ly 1
< log — T : k=1,..n).
< () macfios 2 m6 00 ) = 1im)
(2.20)
By (|1.2), we can write
f) fn=1) f
|4g (z)| < ’ 7 + A1 (2)] ‘ 7 + ..+ Ao (2)] T (2.21)
Again from the conditions of Theorem [1.7] for all z; satisfying |z;| = r; ¢ Es as

|zj| = 17, we get from , , (2.20) and that

o o () e e (25
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y ((1 _1|zj>2+€ max {log 1_1|Zj|,T(s (I2), f)}) N (2.22)

Noting that a > 8 > 0, it follows from (2.22]) that

exp {Oé (1 =) exp, 4 { (1—1|z]|)u}}

n(24e)
<n(t=)  T0aD (2.23)

1 — [z

holds for all z; satisfying |z;| = r; ¢ Es as |z;| = 17, where v (0 <y < 1) is a real
number. Hence by Lemma and ([2.23)), we obtain

logh T (rj, f)
_ - I —optl” VI S
ppot1 () = parpt1 (f) Tjg?, sup “log (1—1;)

Theorem [I.7]is thus proved. O

Proof of Theorem[1.9. Suppose that f # 0 is a solution of equation (L.2). Using
the same proof as in Theorem we get pp (f) = pap (f) = +o0.

Now we prove that py+1 (f) = pump(Ao) = p. By Theorem we have
pp+1 (f) > p — €, and since € > 0 is arbitrary, we get pp+1 (f) > p. On the other
hand, from Lemma we have

> .

poit () = patper () < max{parp (A) k= 0,1,.0,n — 1}

= pup (Ao) = p-
It yields ppt1 (f) = parpt1 (f) = parp (Ao) = p. O
Proof of Theorem[I.11} Let max{p, (4;) (j;és) p (F)} = B < pp(4s) = .
Suppose that f is an admissible solutlon of Wlth p=pp(f) < +oo It follows
from ) that
F (n) (n—1) (s+1)
AS(Z):W— (L‘;(S) +An,1 (Z) ff() + .. +As+1( )ff(s)
(s—1) 4
+As1 (2) ff(s) +...+ A1 (2) fJ(c + Ao (2) f{8)>
F (n) (n—1) (s+1)
:W—st)(ff taa a0
f(sfl) f/
+A,_1(2) 7 +..+ 4 () T + Ao (z)) . (2.24)

By Lemma and , we obtain
1
T (r,A) = m(r,A) < m(r,F) +m ( f<>)

f n—1 1 pt+e
() s Emeai o (2] )

s
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n—1
<T(r,F)+T (rf(l)> +T <rf{)> +§T(T,Aj)

s

+0 <expp_2 {L}lﬁ) (2.25)

holds for all r outside a set E3 C [0,1) with ng dr < 400. Noting that

1—r

T(r,f{s)> <T(r,f)+T(r,f(15)) :T(r,f)JrT(r,f(s)) +0(1)

<(s+2T(rf)+0(T(rf)+0(1). (2.26)
Thus, by , , we have

n—1
T(r,A) <T(r,F)+cT(r,f)+ Y T (r,A)
j=0

Jj#s

+0 (expp2 { - i }p+€> (r ¢ E3), (2.27)

r

where ¢ > 0 is a constant. Since p, (A;) = «, then there exists {r;} (r;l — 1’)
such that

log;,Ir T (r;“ As>
li _— = Q. 2.28
r;ir}— —log(1—1)) @ ( )

171—7‘,”’
Set fE3 = logy < +o0. Since f,.; 4 — Jog (v + 1), then there exists a

1—r

point r,, € {7‘;“ 1-— 17”{”} — E5 C[0,1). From

7+
loe™ T A logh T (r/ A ) logh T (r/ A )
gy T, As) 080 7\ %) S (2.29)
log 1—1rn log (%) log ﬁ +log (v + 1)’
it follows that N
log) T (1, As
M — (2.30)
r,—1-  log f—
So for any given € (0 < 2¢e < a«— ), and for j # s
1 a—E€
T (T’I’HAS) > epr71 <1_Tn> (231)

1 B+e 1 B+e
T (1, Aj) < exp,_q ( > , T (rn, F) < expp,_yq < ) (2.32)

1—r, 1—r,
hold for 7, — 17. By (2.27)), (2.31)) and (2.32) we obtain for r,, — 1~

1 a—e 1 B+e
epr_l (1—’,") § nepr_l <1—r) —+ cT (7’7l,f)
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+0 <expp_2 {1_17471}[&) (2.33)

log, T (rn, f)
li —F > a— 2.34
rnf}— U T log (1 —7p) a-e (2:34)

and since ¢ > 0 is arbitrary, we get p, (f) > pp (As) = . This proves Theorem
11 O

Proof of Theorem[I.13 Setting max{p, (4;) (j # s),pp (F)} = B, then for a given
e > 0, we have

1 B+e 1 B+e
T (r,A;) < exp,_1 <“> (GJ#s), T(r,F)< exp,_1 (lr) (2.35)
for r — 17. Now by (2.24)), we have

T(T,As):m(r,As)gm(r7F)+m<r (1 )

Therefore,

i f S)
n @
o (rfy) + et S (57
J#* i#s
1 f il n £0)
<T(rF)+T (r, f(s)) +T (r, f(5)> + ngT(r, Aj) + ;m (7’7 f) . (2.36)
s s

Hence by (2.26]) and (2.36]) we obtain that

n—1 ;
T(r,As) <T (r,F)+cT (r, f) +ZT (r,Aj) +Zm(r f](:)) (2.37)

J#a J#b

where ¢ > 0 is a constant. If p = p, (f) < +o0, then by Lemma

£6) 1) ,
m(r, f) =0 epr_2{l—r} (j=1,..,n;5 #s) (2.38)

holds for all r outside a set E3 C [0,1) with fE 1= < +oo. For r — 17, we have

1 p+e
T (7"7 f) S epr_l (1—7") . (239)
Thus, by (2.35), (2.37)), (2.38) and (2.39)), we get

1 B+e 1 pte
T(r,As) < nexp,_ 1 (1—7‘) +cexp, 4 (1—7‘)

+0 (expp2 {1: }pH) (2.40)

forr ¢ E5 and r — 1. By Lemma we have for any d € (0, 1)

T (r, A) < nexp, <d<11_r)>5+s+cexpp_1 (d(ll_r))pﬁ
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1 pte
+O | exp,_ {d(l—r)} (2.41)
for r — 1. Therefore,
pp (As) <Smax{f+e, p+e} < +oo. (2.42)
This contradicts the fact that p, (As) = +00. Hence p, (f) = +oc. O
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