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DETERMINATION OF THE n—DUAL OF SOME CLASSICAL
SETS OF n-SEQUENCES OF FUZZY NUMBERS

(COMMUNICATED BY NAIM BRAHA)
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ABSTRACT. The main aim of the present paper is to introduce the notion of
n—dual for sets of n-sequences of fuzzy numbers and compute the n—dual of
some classical sets of n-sequences of fuzzy numbers.

1. INTRODUCTION

The concepts of fuzzy sets and fuzzy set operations were first introduced by
Zadeh [23] and subsequently several authors have discussed various aspects of the
theory and applications of fuzzy sets such as fuzzy topological spaces, similarity
relations and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathematical
programming. Matloka [15] introduced bounded and convergent sequences of fuzzy
numbers and studied their some properties. Later on sequences of fuzzy numbers
have been discussed by Diamond and Kloeden [11], Nanda [16], Esi [9], Dutta [4,5,6]
and many others.

A fuzzy number is a fuzzy set on the real axis, i.e., a mapping v : R — [0, 1]
which satisfies the following four conditions:

(i) w is normal, i.e., there exists an z¢ € R such that u(zg) = 1.

(ii) w is fuzzy convex, i.e., u[Ax + (1 — N)y] > min{u(z),u(y)} for all z,y € R and
for all A € [0,1].

(iil) w is upper semi-continuous.

(iv) The set [u]p = {x € R : u(z) > 0} is compact, where {z € R : u(z) > 0} denotes
the closure of the set {z € R : u(x) > 0} in the usual topology of R.

We denote the set of all fuzzy numbers on R by E! and called it as the space of
fuzzy numbers. A—level set [u]) of u € E' is defined by

[y ={t € R:ut) > A}, (0<A<1),
—{te R u(t) > AL, (A=0).

The set [u]y is a closed, bounded and non-empty interval for each A € [0, 1] which
is defined by [u]y = [u=()\),u"()\)]. R can be embedded in E!, since each r € R
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can be regarded as a fuzzy number
Ft)y=1,t=r,

=0, t#r.

Let W be the set of all closed bounded intervals A of real numbers such that
A = [A4, As]. Define the relation d on W as follows:

d(A, B) == max{|A1 - Bﬂ, ‘AQ - BQI}

Then (W, d) is a complete metric space (see Diamond and Kloeden [10], Nanda
[16]). Then Talo and Basar [18] defined the metric D on E' by means of Hausdorff
metric d as

d(u,v) = sup d([u]x,[v]x) = sup maz d(ju”(A) — v~ (V)] [u"(X) = vT(V)]).
A€[0,1] A€[0,1]

Lemma 1.1. (Talo and Basar[18]) Let u,v,w,z € E* and k € R. Then
(i) )(EY, D) is a complete metric space.

(i) D(ku, kv) = |k| D(u,v).

(i) D(u + v, w +v) = D(u,w).

(iv) D(u+v,w+ z) < D(u,w) + D(v, 2).

(v) |D(u,0) — D(v,0)| < D(u,v) < D(u,0) + D(v,0).

Lemma 1.2. (Talo and Basar[18]) The following statements hold:
(i) D(uv,0) < D(u,0)D(v,0) for all u,v € E'.
(1) If upy — u, as k — oo then D(uy,0) — D(u,0) as k — oo.

Let n > 2 be an integer. Then we define a fuzzy n-sequence is an m-infinite
array of fuzzy real numbers. We denote a fuzzy n-sequence by (@, ms...m,, ), where
Gmymes...m, are fuzzy real numbers for each mq,ma,...,m, € N. For n = 2, we
known it as double sequence of fuzzy real numbers. The initial works on double
sequences of real or complex terms is found in Bromwich [1]. Hardy [12] introduced
the notion of regular convergence for double sequences of real or complex terms.
The works on double sequence was further investigated by Basarir and Solancan [2],
Moricz [17], Tripathy and Dutta [21], Tripathy and Sarma [22] and many others.
Talo and Bagar [18] introduced the notion of a—, 8— and y—dual of single sequences
of fuzzy numbers and computed a—, f— and y—duals of some classical sets of
sequences of fuzzy numbers. Recently Dutta and Surender Reddy [8] has computed
a—dual for some sets of sequences of fuzzy numbers defined using on Orlicz function.

Let us denote the set of all n-sequences of fuzzy numbers as ,w’ .

Definition 1.1. Let (G, my...m, ) € nw!. Then the expression >, > ... S am,ms..m,

mi m2 Mn
is called a series corresponding to the n-sequence (Gmmymy,...m, ) of fuzzy number. De-
note

k1 ko Ky
Sk1k2~~~kn = Z Z Z Amims..mpy
mi=1 mo=1 my=1
for all k1, ka, ..., k, € N. If the sequence (Sk,ky..k,) converges to a fuzzy number
u, then we say that the series >, > ... Y Gmims..m, converges to u and write
mi mo My

Z Z ce Za’Whmg...mn =u.

mi1 msa My,
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We denote by ,cs™ and ,bs?, the set of all convergent and bounded series of
fuzzy numbers respectively.

We define the classical sets ¢, ¢, 0F, n€57 W5 of and nw{f consist-
ing of the convergent in Pringsheim’s sense, null in Pringsheim’s sense, absolutely
summable, p-absolutely summable, bounded, eventually alternating and strongly
p-Cesaro summable n-sequences of fuzzy numbers, as follows:

ngoFo = {(@mimz..m,) € nw' buP D(amyms...m,,0) < oo},

mi,ma;...,Mp
ng;f = {(@mims...m,) € nu’ : Z Z ZD Amyms...m, s 0)7 < 00},
F

nC = {(@mymy..m, ) € nw’ : D(amlmzmmn, L)= 0, as min(my,ma, ..., My) — 00,

for some fuzzy number L},

ncg = {(@myms...m,,) € awt D(amymy...m,,,0) =0, as min(ml,mg, ey My) —> 00},

in

nwzf‘ = {(amlmz...mn) € nwF N lim Z Z Z amlmg...mnvL)p = 0}7

i1,82,...,Tn —00 2122

mi1=1mo=1 my,=1
F= i = my >1
n0 = {(amlmgu.mn) € pw Amims..myn, — —Ami+1,ma,....m, fOT att my =2 l1,...,
Umima..m, — ~Omyi,ma,...;mp+1, fO’/‘ all My > ln}

An Orlicz function is a function M : [0, 00) — [0, 00) which is continuous, non-
decreasing and convex with M (0) =0, M(x) > 0, for z > 0 and M(x) — o0, as
T — 00.

Lindenstrauss and Tzafriri [14] used the Orlicz function and introduced the sequence
space £, as follows:

EM:{(mk)Ew:ZM<|x;|> < 00, forsomep>0}.

k=1
They proved that ¢,; is a Banach space normed by

||<xk>n_mf{p>o S () gl}.

k=1
Now we further generalize the above spaces using an Orlicz function as follows:

D mi1mso...MmM 76
nﬂfo(M) = {(amlm%_mn) e wl: sup M ( (a 12 )> < 00, for some p > O} ,

my,ma,..., P

— p
nfg(M) = {(am1m2~~~mn € ' : Z Z Z < ( aml?“'m"’o))) < o0, for some p > O} ,

mo

D (avmmz..-mn»L)
p
for some fuzzy number L and p > 0},

ncF(M) = {(@myms...m, ) € 2wt M ( ) =0, as min(my,ma,...,Mm,) — 00,

D (aml ma...Mp > O)
P
and for some p > 0},

ncg(M) = {(@myms...m, ) € 2wl o M ( ) =0, as min(my, ma,...,my) —> 00
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nw;:(M) = {(@mymy...m, ) € nw? lim - zl: 22: z":

1,82, in—00 11,12, ..., 0n il a1 1
=1 mo= =

D (mymy...mns L)\ \°
(M( (@mymg..ms, >>) =0, for some p> 0},
P

Let r > 1. Then we define n—dual, f—dual and y—duals of a set ,EF C ,w’
which are respectively denoted by {, EX}", {,, E¥'}8 and {,E¥}", as follows:

( {nEF}a )Z {(amFﬂ}ann) S nwF : (amlmz...mnbmlmg...mn) € n€f7 fOT all
bmlmz...mn € nE )

{nEF}ﬁ = {(am}%mgu.mn) S nwF . (amlmg...mnbmlmgu.mn) S nCSFa fOT all
(bm1m2~~-mn) € TLE }7

( {TLEF}’Y ): {(aml%’ingmn) S ’nwF . (am1m2~~mnbm1m2~.mn> S nbsF, fO’l" all
bmlmz...m" E nE .

For r = 1, we write {, Ef'}" = {,, EF'}*, a—dual of the set ,, E". The notion of
n—dual for classical sets of single sequence of scalars was introduced by Chandra
and Tripathy [3] and extended to classical sets of double sequences of scalars by
Sarma [19].

The proof of the following results is obvious in view of the definition of n—dual
of n-sequences.

Lemma 1.3. Let ,EF and ,,ZF be any two non-empty subsets of ,w'. Then
(i) {,EF}" is a linear subspace of ,w.

(ii) B C ,ZF implies {,ZF}" c {,EF}".

(iii) , B C {,EF}m.

2. MAIN RESULTS

In this section we give n—, 8— and y—duals of the sets ,cf'(M), ,c' (M),
nefo(M)a no!” and nwg(M) N nggo(M)
Lemma 2.1. Let (G my...m, ) be any element belong to any one of the sets ,cf' (M),
ned (M), 05 (M) and nwf(M) N lE (M). Then (amymy..m, ) € nlL.

Proof. Let (Gmyms...m, ) belongs to any one of the sets of the statement of the
Lemma. Then there exists some p > 0 such that

Sup M (D (a7n1m2...mn50)> < 00

mi,ma,.. P

It follows that

D amm ..m 76
M( (@mms. . )><oo, for all mi,ma,...,m, € N
)

Since M is an Orlicz function (M (z) — oo, as £ — 00), we have
D (amymy...m,»0) < oo for all my, ma,...,my € N. Thus (@myms...m,) € nlh. O
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Theorem 2.2. Let M be any Orlicz function. Then the n—dual of the sets ,cb (M),
nc (M) and 4 (M) of n-sequences of fuzzy numbers is the set £~ .

Proof. Since the proof is similar for the sets ,,cf' (M) and ,,ct' (M), we give the proof
only for the set , /£ (M). Let (am,my...m, ) € 5 (M). By Lemma 2.1, there exists
a K > 0 such that D (amyms...m,,0) < K for all my,mg,...,m, € N. Now we

have

Z Z Z amlm’z-..mnbmlmg...mn,6)]T S

my1 mo
Z Z Z amlmz'“mn’ﬁ)]r [D (bm1m2...mny < KTZ Z Z mlmg...mnaﬁ)}r
mi ma 'y e

If (bmlm...mn) € ofF, then from the above inequality we have (bmlmz_“mn) €
{néfo(M)}n Hence ,¢F C {JOFO(M)}" Conversely let (bymymy...m, ) € {nffo(M)}n

Ifwe consider the n-sequence (@, my...m,, )s Where G, my. m, = 1, forallmy, ma,...,m, €
. Then

Z > Z (mims.ems 0)]" =323+ D2 [P (@mims cm, brasma.cm 0) ] < 00

m1 Mo m1 ma2 Mn

Thus (b, my...m,,) € nfE.. Hence {néfo(M)}n C .¢F. This completes the proof of

the Theorem. [l

Taking M (z) = « for all z € [0, 1] in Theorem 2.2, we get the results for the sets
ncg, nef”and 0L .

Corollary 2.3. The n—dual of the sets ,c&, .ct' and 05 of n-sequences of fuzzy
numbers is the set ,0F.

Theorem 2.4. The n—dual of the sets o of n-sequences of fuzzy numbers is the
set 0.

Proof. We have 0% C 05 . Hence ,¢F = {5 }" C {,,07"}". For converse part,
let (bmymg...m,) € {no™}". Then

Z Z Z amlmg...mnbmlmg...mn76)]r < oo for all (amlmg.“mn) S nO'F-

mi1 Mma
Consider amymy...m, = 1 = —Qm,+1,maromn = *** = —Qmymo,...mn+1, for all
my,ma,...,My € N. Then (Gm,ms...m,) € not and
= T

20 - Z (Brmsma.m,,0)] < 00

mi1 M2
This implies that (b ms..m,) € nf5. Hence {nJF}n C o fF. Thus {nJF}” =
nlf O

Theorem 2.5. Let M be any Orlicz function. Then the n—dual of the set nwg (M)N
W5 (M) of n-sequences of fuzzy numbers is the set 0L .

Proof. Since ,wZ (M), 5, (M) C o5 (M), we have ,0F C {,wl (M) N, 05 (M)}
Conversely, let (@m,m,..m,) & nfE, then we can write

)OO DT Z (s, 0)]” = o0,

mi1 Mo
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Consider the n-sequence (b, ms...m,, ), defined by byymy,. .m, = 1 for allmy,ma,...,m, €
N. Then (by,my...m,) € nwh (M) N nl5 (M), but

SN DD (amimamnbmyma..m, 0)] = oo

mi Mo My,
Hence (@, my...m, ) §Z {nwl (M)N nEF }". It follows that {,w) (M) N 05 (M }n C
20F. Thus {nw )N b5 (M }n

Corollary 2.6. The n—dual of the set nwp N lE of n-sequences of fuzzy numbers
is the set L.

Taking r = 1 we get the following Corollary.

Corollary 2.7. Let M be any Orlicz function. Then the a—dual of the sets
nch (M), nct(M), nl5, (M), ot and ywl (M) N W5 (M) of n-sequences of fuzzy
numbers is the set , 0¥ .

Again taking M (x) = x for all € [0, 1] in Corollary 2.7, we get the next result.
Corollary 2.8. The a—dual of the sets ncf', nct', 4L and nwg N WL of n-
sequences of fuzzy numbers is the set {1 .

Definition 2.1. A set ,Ef C ,wf is said to be solid if (bmymy..m,) € nEF
whenever D (bmlmz___mn,ﬁ) <D (amlm,“___mn,ﬁ) for all my,mo,...,m,, € N and
(@myms...m, ) € nET. Therefore we can conclude that the a—, 3— and y—duals of
a set of n-sequences of fuzzy numbers are identical if it is solid.

Proposition 2.9. The sets ncf (M), n05, (M) and ywl (M) N 05 (M) are solid.

Proof. We given the proof only for the set ,cf' (M) and for other sets it will follow
on applying similar arguments. Let (am,my..m,) € nch (M). Then

D mimsa...m ’6
lim M( (@mims . )>=0, for some p > 0.

M1,M2,.. 14

Now suppose that for some (byymy..m,, ) € 2w we have

D (bmlmz,_lmn,O) <D (amlmQ,,,mn,O) for all my,mo,...,m, € N. Since M is
non-decreasing, we have

lim M <D(bm”’”“'m”’0)> < lim M (D(am1m2“'m“"0)> =0.

m1,m2;...,Mn P mi,maz,... P

It follows that (byymy. m, ) € ncd (M). Thus ,cb' (M) is solid. O

Hence we have the next Proposition.

Proposition 2.10. Let M be any Orlicz function. Then the B— and v—duals of
the sets ncf (M), ol5 (M) and nwf (M) N, 05 (M) of n-sequences of fuzzy numbers
is the set 1.

Corollary 2.11. The — and y—duals of the sets nct', 4% and nwf N5 of
n-sequences of fuzzy numbers is the set 0%
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