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ABSTRACT. The purpose of this paper is to prove some coupled fixed point
theorems for mappings having the mixed monotone property in partially or-
dered metric spaces depended on another function. These results are exten-
sions of the main results of Bhaskar and Lakshmikantham [T.G. Bhaskar, V.
Lakshmikantham, Fixed point theorems in partially ordered metric spaces and
applications, Nonlinear Anal. TMA 65(2006) 1379 - 1393]. We also give some
examples to show that our results are effective.

1. INTRODUCTION

Existence of fixed points for contraction type mappings in partially ordered met-
ric spaces has been considered recently by many authors (see, for details, [2]- [5], [7]-
24]) .

In [10], Bhaskar and Lakshmikantham introduced notions of a mixed monotone
mapping and a coupled fixed point and proved some coupled fixed point theorems
for mixed monotone mappings and discuss the existence and uniqueness of the so-
lutions for periodic boundary value problems. Afterward, some coupled fixed point
theorems in partially ordered metric spaces were established by Lakshmikantham
and Ciric [14], Luong and Thuan [15], [16], B. Samet [22] and others. The notions
of mixed monotone mappings and coupled fixed points state as follows.

Definition 1.1. ([10]) Let (X, <) be a partially ordered set and F': X x X — X.
The mapping F is said to have the mized monotone property if F(x,y) is monotone
non - decreasing in x and is monotone non - increasing in y, that is, for any
z,y € X,

z1,29 € X, w1 Xz = F(21,y) X F(22,y)
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and

yherXa yljy?éF(xayl)tF(x7y2)

Definition 1.2. ([10]) An element (z,y) € X x X is called a coupled fized point
of the mapping F: X x X — X if

= F(zx,y) and y = F(y,z)

The main results of Bhaskar and Lakshmikantham in [10] are the following cou-
pled fixed point theorems

Theorem 1.3. ([10]) Let (X, =) be a partially ordered set and suppose there exists
a metric d on X such that (X,d) is a complete metric space. Let F: X x X = X
be a continuous mapping having the mixed monotone property on X. Assume that
there exists a k € [0,1) with

d(F(x,y), F(u,v)) < g[d(x,u) +d(y,v)], for each x = u andy < v. (1.1)

If there exist xg,yo € X such that
zo X F(zo,y0) and yo = F(yo,zo)
then there exist x,y € X such that
x=F(z,y) and y= F(y,z)

Theorem 1.4. ([10]) Let (X,d, =) be a partially ordered set and suppose there
exists a metric d on X such that (X, d) is a complete metric space. Assume that X
has the following property:

(i) if a non-decreasing sequence {x,} — x, then x, < x for all n,

(#) if a non-increasing sequence {yn} — y, then y <Xy, for all n.
Let F : X x X — X be a mapping having the mixed monotone property on X.
Assume that there exists a k € [0,1) with

k
i[d(x,u) +d(y,v)], for each x> u andy < v.
If there exist xg,yo € X such that

d(F(z,y), F(u,v)) <

zo 2 F(z0,90) and yo = F(yo,zo)
then there exist x,y € X such that
v =F(z,y) and y=F(y,x)

Definition 1.5. Let (X,d) be a metric space. A mapping T : X — X is said to be
ICS if T is injective, continuous and has the property: for every sequence {x,} in
X, if {Tzy,} is convergent then {x,} is also convergent.

In this paper we give some coupled fixed point theorems for mappings having the
mixed monotone property in partially ordered metric spaces depended on another
function which are generalization of the main results of Bhaskar and Lakshmikan-
tham [10].
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2. THE MAIN RESULTS

Let @ denote all functions ¢ : [0,00) — [0,00) which satisfy ¢(¢) < ¢ and
lim, ;40 (r) < tforallt > 0.

Theorem 2.1. Let (X, =X) be a partially ordered set and suppose there exists a
metric d on X such that (X,d) is a complete metric space and T : X — X s
an ICS mapping. Let F': X x X — X be a mapping having the mized monotone
property on X such that there exist two elements xg,yo € X with

zo 2 F(z0,50) and yo = F(yo, o)
Suppose there exists ¢ € ® such that

A(TF(z,9), TF(u,v)) < 5 (d(Ta, Tu) + d(Ty, Tv)), (21)

for all x,y,u,v € X with x = v and y < v. Suppose either
(a) F' is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then x, < x for all n,
(i) if a non-increasing sequence {yn} — y, then y <Xy, for all n.
then there exist x,y € X such that x = F(x,y) and y = F(y,x), that is, F has a
coupled fized point in X.

Proof. Let zg,yo € X be such that o < F(z0,y0) and yo = F(yo,xo). We construct
the sequences {z,} and {y,} in X as follows

Tnt1 = F(xn,yn) and yni1 = F(yn,x,), for alln > 0. (2.2)
‘We shall show that
Ty 2 Tpqq foralln >0 (2.3)
and
Yn = Yn41 foralln >0 (2.4)

Since xg = F(zo,0) and yo = F(yo, o) and as x1 = F(xg,y0) and y1 = F(yo, zo),
we have ¢ < 27 and yo > y1. Thus (2.3) and (2.4) hold for n = 0.

Suppose now that (2.3) and (2.4) hold for some n > 0. Then, since z,, < ;41
and Y, = Yn+1, and by the mixed monotone property of F', we have

Tpy1 = F(Tp,yn) 2 F(Tnt1,yn) and F(Yni1,Tn) 2 F(Yn, Tn) = Ynt1 (2.5)

and

Tnt2 = F(Zni1,ynt1) = F(@ni1,9n) and Fyni1,2n) = F(Yni1, Tni1) = Ynt2
(2.6)
Now from (2.5) and (2.6), we obtain z,41 =< Zp12 and Ypi1 = Ynt2
Thus by the mathematical induction we conclude that (2.3) and (2.4) hold for
all n > 0. Therefore,

o221 22 X . Ty X Tl e (2.7)

and
Yor Y1 Zm Y2 Z e Yn T Yl 7 e (2.8)
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Since x,, = Tp—1 and y, =X yp—1, from (2.1) and (2.2), we have
d(T-Tn+1aTxn) = d(TF(mnayn)aTF('rn—hyn—l))

1
< 550 (d(Txn, Txpn-1) + dTYn, Tyn—1)) - (2.9)

Similarly, since y,_1 = y, and x,_1 = x,, we have

d(TymTyn—H) = d(TF(yn—hxn—l)aTF(ynaxn))

1
< §<p (d(Tyn—1,Tyn) + d(Txp_1,Txy)). (2.10)

Adding (2.9) and (2.10), we obtain
d(Txp, Txni1) + d(TYn, Tyns1) < @ (d(Tzp—1,T20) + d(TYn-1,Tys)) . (2.11)
Set dy, := d(Txp, Txpt1) + d(TYn, Tyn+1), we have
dn < @ (dn-1) (2.12)

Since () < t for all ¢ > 0, it follows from (2.12) that {d,} is a decreasing sequence
of positive real numbers. Therefore, there exists some d > 0 such that

lim (d(Txp, Txni1) + d(TYn, Tynt1)) = li_)m dy, = d+

n—

Assume that d > 0, taking n — oo in two sides of (2.12) and using the property of
©, we have

d= lim d, < lim ¢(d,—1) = lim +g0(dn,1) <d

n—oo n—oo dp_1—d
which is a contradiction. Thus d = 0, that is,

lim (d(Txpn, Txni1) + d(TYn, TyYnt+1)) = le d, =0 (2.13)

n—oo

In what follows, we shall prove that {Tz,} and {T'y, } are Cauchy sequences. Sup-
pose, to the contrary, that at least of {Tx,} or {Ty,} is not a Cauchy sequence.
Then there exists an € > 0 for which we can find subsequences {Txn(k)} , {Txm(k)}
of {Tz,} and {TYnk)}  {TYm@) } of {Tyn} with n(k) > m(k) > k such that

d (Txn(k.), Txm(k)) +d (Tyn(k)7 Tym(k)) > € (214)

Further, corresponding to m(k) , we can choose n(k) in such way that it is the
smallest integer with n(k) > m(k) > k satisfying (2.14). Then

d (T2 k)—1 TTm)) + A (TYn)—1, TYmr)) <€ (2.15)
Using (2.14), (2.15) and the triangle inequality, we have
e<re = d(Tznu) TZmk)) + & (TYn) TYm))
< d(Tany, Trn@—1) + d (TTni—1, TTmk))

+d (TYn(k)s TYn)=1) + & (TYne)—1 TYm))
d (Txn(k)v Txn(k)—l) +d (Tyn(k)a Tyn(k)—l) +e
Letting k — oo and using (2.13)

lim ry = Wm [d (T2 T2mr)) + d (Tyni), Tym)] = e+ (2.16)

k—o0

IN
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By the triangle inequality
e = d(T2nm), TTm@) + d (TYny: Tym))
< d(Tangy, Tongyn) + 4 (T2ny 41, T 1) + 4 (T2my 11, Tom))
+d (Tyn)s Tyny+1) + 4 (TYniey+1 Tymy+1) + & (TYm+1> Thmr))
= dui) + dne) + 4 (T20)+1, Ty 1) + & (TYn)+1 TYmy+1)  (2.17)
Since n(k) > m(k), Ty = Tmk) a0d Ynk) = Ym(r), from (2.1) and (2.2), we have

ATTny11, TTmiy 1) = ATF(@nky, Ynk))s TE(Tm(k)s Ym(k)))
1
< §<P(d(T33n(k;), TZm)) + AT Ynk)s TYm(k)))
(2.18)
Similarly,
A(TYny+1: TYmiy+1) = ATFWYnky Tnk))s TEYm(r)s Tm(k)))
1
< iw(d(Tyn(k), TYm)) + AT Ty, TTmr)))
(2.19)

From (2.17), (2.18) and (2.19), we have

7t < () H i) F9 (AT T (k) TTn(ky) + AT Yn(rys TYmk))) = iy iy (15
Taking k — oo, and using (2.13), (2.16) and the property of ¢, we have

o < .
¢= lim rp < lim (dnr) + dimery + ¢ (15)) Tklggrsﬁ (re) <e

which is a contradiction.
Therefore, {Tz,} and {Ty,} are Cauchy sequences in X. Since X is a complete
metric space, {Tz,} and {Ty,} are convergent sequences.
Since T is an ICS mapping, there exist x,y € X such that
lim z, =z, and lim y, =y. (2.20)
n—oo n—oo
Since T is continuous, we have
lim Tz, =Tz, and lim Ty, =Ty. (2.21)
n—roo

n—oo
Suppose that the assumption (a) holds. By (2.20), (2.2) and the continuity of
F, we get

x = nlgr;o Tpt1 = nh_)n;o F(xp,yn) = F(nILH;O Ty nh_)rréo yn) = F(x,y), (2.22)
and
y= lm yop1 = lim Fly,,zn) = F( im y,, lim z,) = F(y, ). (2.23)

From (2.22) and (2.23), we get x = F(x,y) and y = F(y, )

Suppose that the assumption (b) holds. Since {z} is non-decreasing and z,, —
and as {y,} is non-increasing and y,, — y, by the assumption (b), we have z, < x
and y, = y for all n. We have

d(T:U,TF(.%,y)) < d(Tzann—H) + d(T$n+1,TF(.T,y))
d(Tx, Teps1) + d(TF(2,y), TF(Tn, yn))

1
< d(Ta, Tann) + 59 (A(T2, Tan) + d(Ty, Typ))
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So taking n — oo yields d(Tx, TF(x,y)) < 0. Hence Tx = TF(z,y)

Similarly, we can show that Ty = TF(y, )

Since T is an injective mapping, we have x = F(z,y) and y = F(y, ).

Thus we proved that F has a coupled fixed point. (I

Corollary 2.2. Let (X, =) be a partially ordered set and suppose there erists a
metric d on X such that (X, d) is a complete metric space. Let F : X x X — X
be a mapping having the mired monotone property on X such that there exist two
elements xg,yo € X with

zo 2 F(z0,90) and yo = F(yo, o)
Suppose there exists ¢ € ® such that

A(F (), F(u,0)) < 5 (dlaru) + d(y. )

for all x,y,u,v € X with x = u and y < v. Suppose either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then x, < x for all n,
(ii) if a non-increasing sequence {y,} — y, then y <y, for all n.
then there exist x,y € X such that x = F(z,y) and y = F(y,x), that is, F' has a
coupled fized point in X.

Proof. In the Theorem 2.1, taking Tz = xz, for all z € X, we get Corollary 2.2 [

Corollary 2.3. Let (X, =) be a partially ordered set and suppose there exists a
metric d on X such that (X,d) is a complete metric space and T : X — X s
an ICS mapping. Let F': X x X — X be a mapping having the mized monotone
property on X such that there exist two elements xg,yo € X with

zo 2 F(x0,y0) and yo = F(yo,Zo)
Suppose there exists k € [0,1) such that

d(TF(z,y), TF(u,v)) < = (d(Tx,Tu) + d(Ty, Tv)), (2.24)

| F

for all x,y,u,v € X with x = u and y < v. Suppose either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x, then x, = x for all n,
(i) if a non-increasing sequence {yn} — y, then y <y, for all n.
then there exist x,y € X such that x = F(x,y) and y = F(y,z), that is, F has a
coupled fized point in X.

Proof. In the Theorem 2.1, taking ¢(t) = kt, for all ¢t € [0,00), we get Corollary
2.3 O

Remark 2.4. In Corollary 2.3, taking Tx = z, for all x € X, we get the main re-
sults of Bhaskar and Lakshmikantham [10] (Theorem 1.3 and Theorem 1.4). There-
fore, Corollary 2.3 is a generalization of Theorem 1.3 and Theorem 1.4 and so are

Theorem 2.1 and Corollary 2.2.
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Now we shall prove the uniqueness of the coupled fixed point. Note that if (X, <)
is a partially ordered set, then we endow the product X x X with the following
partial order relation:

for (z,v), (u,v) € X x X, (z,y9) < (u,v) <=z < u,y = v.

Theorem 2.5. In addition to the hypotheses of Theorem 2.1, suppose that for every
(x,y), (2,t) € X x X, there exists a (u,v) € X x X that is comparable to (x,y) and
(2,1), then F has a unique coupled fized point.

Proof. From Theorem 2.1 the set of coupled fixed points is non-empty. Suppose
(x,y) and (z,t) are coupled points of F, that is x = F(z,y),y = F(y,x),z = F(z,1)
and t = F(¢,z), we shall show that x = z and y = ¢.

By assumption, there exists (u,v) € X x X that is comparable to (z,y) and (z,t).
We define the sequences {uy} and {v,} as follows

Uy = Uy, Vg =V, Upt1 = F(Un,v,) and vpp1 = F(vp,uy,), forall n
Since (u,v) is comparable with (z,y), we may assume that (z,y) 2 (u,v) = (ug, vo).
Now we shall prove that

(xay) 2, (unvvn)v for all n (225)

Suppose that (2.25) holds for some n > 0. Then by the mixed monotone property
of F', we have
Upt1 = Fup,v,) 2 F(z,y) =z,
and
Upt1 = F(vn,un) = F(y,z) =y,
that is, (z,y) 2 (t4n+1, Vnt1). Therefore (2.25) holds.
From (2.1), we have

1
d(Tz, Tuy) = d(TF(z,y), TF(up—1,0n-1)) < 2% (d(Tz, Tup—1) + d(Ty, Tvp-1))
and
1
d(Tvn, Ty) = d(TF(vn-1, tn-1), TF(y,2)) < 59 (d(Tvn-1,Ty) + d(Tun-1,Tx))

Adding to the above inequalites, we get
d(Tz,Tuy,) +d(Ty,Tv,) < ¢ (d(Tz, Tup—1) + d(Ty, Tvp_1)) (2.26)

Set §, = d(Tz,Tuy) + d(Ty,Tvy,). It follows from (2.26) and the property of ¢
that {0, } is a monotone decreasing sequence of positive real numbers. Therefore
there is some § > 0 such that

lim 6 = lim [d(Tz, Tuy,) + d(Ty, Tv,)] = 6+

n—oo n—oo
Suppose that § > 0, taking n — oo in (2.26), we have
0= lim d(Tx,Tu,) +d(Ty,Tv,) < lim o (d(Tz,Tup—1)+ d(Ty,Tv,—1))
n—o00 n—o0
- 5n,1¥35+(p (On-1) <0
which is a contradiction. Thus § = 0. Therefore,

lim [d(Tx, Tuy) + d(Ty, Tv,)] =0

n—oo
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This implies
lim d(Tz,Tuy,) = lim d(Ty,Tv,) =0 (2.27)

n—r oo n—roo

Similarly, one can show that

lim d(Tz Tu,) = lim d(Tt, Tv,) =0 (2.28)
n—r oo n—oo
From (2.27) and (2.28), we have Tz = Tz and Ty = Tt which imply z = z and
y =t (since T is injective) O

Theorem 2.6. In addition to the hypotheses of Theorem 2.1, suppose that xg,yo
are comparable then x =y, that is, x = F(x,x) or F has a fized point.

Proof. Let us assume that xy <X yg. We shall show that
Tp = Yn, forall n. (2.29)

where z,, = F(xn—la yn—l)a Yn = F(yn—laxn—l)a n=123,...
Suppose that (2.29) holds for some n > 0. Then by the mixed monotone property
of F', we have

Tnt1 = F(@n,yn) X F(Yns Tn) = Ynt+1
Thus (2.29) holds. From (2.29) and (2.1), we have

A(TF (Yn, 2n), TF(Tn,yn)) < 59 (2d(Tyn, Ty))

N | =

By the triangle inequality,

ATy, Tz) < d(Ty,Tynt1) + d(TYns1, Tons1) + d(Txp40, T2)
= d(TF(yn’ an), TF(xn7 yn)) + d(Tya Tyn-l-l) + d(T$n+1, TJ?)

1
< 590 (2d(Tyna Tzn)) + d(Ty7 Tyn—H) =+ d(Tmn-&-la Tx) (230)
Taking n — oo in the above inequality, we have
1

which implies d(Ty,Tx) = 0 or Ty = T'z. Since T is injective, we get = y. O

The following example shows that Corollary 2.3, and Theorem 2.1 are both
indeed proper extensions of Theorem 1.3 and Theorem 1.4.

Example 2.7. Let X = {0, 1, 2,8} with the metric d(z,y) = |x—y|, for allz,y € X.
On the set X, we consider the following relation:

for zyyeX, <y x=yor (z,y €{0,1,2} and z <y),

where < 1s the usual ordering.

Clearly, (X,d) is a complete metric space and (X, =) is a partially orderd set.
Moreover, X has the property:

(i) if a non-decreasing sequence {x,} — x, then x,, < x,

(ii) if a non-increasing sequence {yn} — y, then y =< yy,.
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Set A:={(2,0),(2,1)} and B := {(8,0),(8,1),(8,2)}
Let F: X x X — X be given by

1, if(z,y)ed

F(z,y) =<8, if(z,y)€B

0, if(z,y) € X?—-(AUB)

Obviously, F' has the mized monotone property. Also, we have
0=<0=F(0,2) and 2=1=F(2,0),
i.e. there exist xg = 0 and yo = 2 such that
xo = F(x0,%0) and yo = F(yo, o)
The condition

AP (), P, 0) < Sld(e,u) +dy,v)] Vo =y <o,

in the Theorem 1.3 and Theorem 1.4 is not true for every k € [0,1). Indeed, for
r=2,y=1,u=1,v =1, we have

g[d(x,u) +d(y,v)] = g[d(z 1) +d(1,1)] = g <1 = d(F(z,y), F(u, ),k € [0, 1).

So we can apply neither Theorem 1.3 nor Theorem 1.4 to the mapping F.
If we define the mapping T : X — X as follows:
T0=0,T1=1,T2=8,T8 =2

then T is an ICS mapping.
Now, we show that F' and T satisfy the condition (2.24) with £ = 4/7. We have
the following cases:

Case 1. (z,y), (u,v) ¢ {(2,1),(2,0)} or (z,y) = (u,v) or (z,y) = (2,0), (u,v) =
(2,1), we have
d(TF(z,y), TF(u,v)) =0 < —[d(Tz,Tu) + d(Ty, Tv)]

Case 2. (xz,y) = (2,1), (u,v) € {(2,2),(1,1),(1,2),(0,1),(0,2)}, we have
d(TF(z,y), TF(u,v)) =d(T1,70) = d(1,0) = 1

E\»ﬁ

and
144 (T, Tw) + d(Ty, Tv)] = [|T2 Tul +|T1 = To|] > i4 T—2>1
}?‘136 3. (z,y) = (2,0), (u,v) € {(2,2),(170),( ;1),(1,2),(0,0),(0,1),(0,2)}, we
d(TF(z,y), TF(u,v)) =d(T1,7T0) =d(1,0) =1,
and
(T, Tw)+d(Ty, To)) = 2 T2~ Tul +/T0-Tv] = 2[8~Tul+|Tv]] > 2.8 > 1

Consequently, for all z,y,u,v € X with z = u and y =< v,
4
d(TF(z,y), TF(u,v)) < ﬁ[d(Tx, Tu) + d(Ty, Tv)],

Therefore, applying Corollary 2.3, we can conclude that F' has a coupled fixed point
in X.
Notice that since there does not exist any (z,y) € X x X such that (z,y) is
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comparable with (0,1) and (0,8), F' has more one coupled fixed points. In fact, F’
has three coupled fixed points which are (0,0), (8,0), and (0, 8).

The following example shows that Theorem 2.5 is effective.

Example 2.8. Let X = [1,64] with the metric d(z,y) = |x — y|, for all z,y € X
and the usual ordering. Then (X, d) is a complete metric space.
Let F: X x X — X be defined by

F(x,y) = 8§/§, foralz,ye X
Yy
then F has the mized monotone property and F is continuous.
Let T : X — X be defined by
Tr=Inz+1, forallxe X
then T is an ICS mapping. Let ¢ : [0,00) — [0,00) be defined by

o(t) = %L for allt € [0, 00)

Then ¢ € ®.
Taking z,y,u,v € X with x > u and y < v, we have

d(TF(z,y), TF(u,v)) = d (1118\3/54— 1,1n8€/ﬂ+ 1)
Y v

1
= Inz —Iny —Ilnu+ lnv|

2
= (nz—-Inu|+|Iny —Inv)

3
e (d(Tx, Tu) + d(Ty, Tv))

N~ DN — W

Also, there exist xg = 1,y = 64 such that
F(xo,yo) = F(1,64) = 8\3/ ]./64 Z 1= i)

and
F(yo,z0) = F(64,1) =8y/64/1 < 64 = yo

FEvidently, for every (z,y),(z,t) € X x X, there always exists a (u,v) € X x X that
is comparable to (x,y) and (z,t). Therefore, all the conditions of Theorem 2.5 hold
and (8,8) is the unique coupled fixed point of F.

Notice that we can apply neither Theorem 1.3 nor Theorem 1.4 to this example
because the condition (1.1) does not hold. Indeed, for x = 8,y = u =v = 1, then

(1.1) becomes
d <8§/§,8§E> < g(d(& 1) +d(1,1))

8§ < —

or

a contradiction (since k < 1).

Finally, we give a simple example which shows that if 7" is not an ICS mapping
then the conclusion of Theorem 2.1 fails.
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Example 2.9. Let X = R with the usual metric and the usual ordering. Let
F: X xX — X be defined by

F(z,y)=2x—y+1, forallz,ye X

then F has the mized monotone property and F is continuous and there exist xg =
1,90 = 0 such that xg < F(zo,y0) and yo > F(yo, o)
Let ¢ : [0,00) — [0,00) be defined by

p(t) = %, for allt € [0, 00)

then ¢ € .
Let T : X — X be defined by

T(x)=1, forallzeX

then T is not an ICS mapping. Obviously, the condition (2.1) holds. However, F
has no coupled fized point.
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