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COUPLED FIXED POINT THEOREMS IN PARTIALLY

ORDERED METRIC SPACES DEPENDED ON ANOTHER

FUNCTION

(COMMUNICATED BY MOHAMMAD SAL MOSLEHIAN)

NGUYEN VAN LUONG, NGUYEN XUAN THUAN, TRINH THI HAI

Abstract. The purpose of this paper is to prove some coupled fixed point

theorems for mappings having the mixed monotone property in partially or-
dered metric spaces depended on another function. These results are exten-
sions of the main results of Bhaskar and Lakshmikantham [T.G. Bhaskar, V.

Lakshmikantham, Fixed point theorems in partially ordered metric spaces and
applications, Nonlinear Anal.TMA 65(2006) 1379 - 1393]. We also give some
examples to show that our results are effective.

1. Introduction

Existence of fixed points for contraction type mappings in partially ordered met-
ric spaces has been considered recently by many authors (see, for details, [2]- [5], [7]-
[24]) .

In [10], Bhaskar and Lakshmikantham introduced notions of a mixed monotone
mapping and a coupled fixed point and proved some coupled fixed point theorems
for mixed monotone mappings and discuss the existence and uniqueness of the so-
lutions for periodic boundary value problems. Afterward, some coupled fixed point
theorems in partially ordered metric spaces were established by Lakshmikantham
and Ciric [14], Luong and Thuan [15], [16], B. Samet [22] and others. The notions
of mixed monotone mappings and coupled fixed points state as follows.

Definition 1.1. ([10]) Let (X,≼) be a partially ordered set and F : X ×X → X.
The mapping F is said to have the mixed monotone property if F (x, y) is monotone
non - decreasing in x and is monotone non - increasing in y, that is, for any
x, y ∈ X,

x1, x2 ∈ X, x1 ≼ x2 ⇒ F (x1, y) ≼ F (x2, y)
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and

y1, y2 ∈ X, y1 ≼ y2 ⇒ F (x, y1) ≽ F (x, y2)

Definition 1.2. ([10]) An element (x, y) ∈ X × X is called a coupled fixed point
of the mapping F : X ×X → X if

x = F (x, y) and y = F (y, x)

The main results of Bhaskar and Lakshmikantham in [10] are the following cou-
pled fixed point theorems

Theorem 1.3. ([10]) Let (X,≼) be a partially ordered set and suppose there exists
a metric d on X such that (X, d) is a complete metric space. Let F : X ×X → X
be a continuous mapping having the mixed monotone property on X. Assume that
there exists a k ∈ [0, 1) with

d(F (x, y), F (u, v)) ≤ k

2
[d(x, u) + d(y, v)], for each x ≽ u and y ≼ v. (1.1)

If there exist x0, y0 ∈ X such that

x0 ≼ F (x0, y0) and y0 ≽ F (y0, x0)

then there exist x, y ∈ X such that

x = F (x, y) and y = F (y, x)

Theorem 1.4. ([10]) Let (X, d,≼) be a partially ordered set and suppose there
exists a metric d on X such that (X, d) is a complete metric space. Assume that X
has the following property:

(i) if a non-decreasing sequence {xn} → x, then xn ≼ x for all n,
(ii) if a non-increasing sequence {yn} → y, then y ≼ yn for all n.

Let F : X × X → X be a mapping having the mixed monotone property on X.
Assume that there exists a k ∈ [0, 1) with

d(F (x, y), F (u, v)) ≤ k

2
[d(x, u) + d(y, v)], for each x ≽ u and y ≼ v.

If there exist x0, y0 ∈ X such that

x0 ≼ F (x0, y0) and y0 ≽ F (y0, x0)

then there exist x, y ∈ X such that

x = F (x, y) and y = F (y, x)

Definition 1.5. Let (X, d) be a metric space. A mapping T : X → X is said to be
ICS if T is injective, continuous and has the property: for every sequence {xn} in
X, if {Txn} is convergent then {xn} is also convergent.

In this paper we give some coupled fixed point theorems for mappings having the
mixed monotone property in partially ordered metric spaces depended on another
function which are generalization of the main results of Bhaskar and Lakshmikan-
tham [10].



COUPLED FIXED POINT THEOREMS IN PARTIALLY ORDERED METRIC SPACES 131

2. The main results

Let Φ denote all functions φ : [0,∞) → [0,∞) which satisfy φ(t) < t and
limr→t+φ (r) < t for all t > 0.

Theorem 2.1. Let (X,≼) be a partially ordered set and suppose there exists a
metric d on X such that (X, d) is a complete metric space and T : X → X is
an ICS mapping. Let F : X × X → X be a mapping having the mixed monotone
property on X such that there exist two elements x0, y0 ∈ X with

x0 ≼ F (x0, y0) and y0 ≽ F (y0, x0)

Suppose there exists φ ∈ Φ such that

d(TF (x, y), TF (u, v)) ≤ 1

2
φ (d(Tx, Tu) + d(Ty, Tv)) , (2.1)

for all x, y, u, v ∈ X with x ≽ u and y ≼ v. Suppose either
(a) F is continuous or
(b) X has the following property:

(i) if a non-decreasing sequence {xn} → x, then xn ≼ x for all n,
(ii) if a non-increasing sequence {yn} → y, then y ≼ yn for all n.

then there exist x, y ∈ X such that x = F (x, y) and y = F (y, x), that is, F has a
coupled fixed point in X.

Proof. Let x0, y0 ∈ X be such that x0 ≼ F (x0, y0) and y0 ≽ F (y0, x0). We construct
the sequences {xn} and {yn} in X as follows

xn+1 = F (xn, yn) and yn+1 = F (yn, xn), for all n ≥ 0. (2.2)

We shall show that

xn ≼ xn+1 for all n ≥ 0 (2.3)

and

yn ≽ yn+1 for all n ≥ 0 (2.4)

Since x0 ≼ F (x0, y0) and y0 ≽ F (y0, x0) and as x1 = F (x0, y0) and y1 = F (y0, x0),
we have x0 ≼ x1 and y0 ≽ y1. Thus (2.3) and (2.4) hold for n = 0.

Suppose now that (2.3) and (2.4) hold for some n ≥ 0. Then, since xn ≼ xn+1

and yn ≽ yn+1, and by the mixed monotone property of F , we have

xn+1 = F (xn, yn) ≼ F (xn+1, yn) and F (yn+1, xn) ≼ F (yn, xn) = yn+1 (2.5)

and

xn+2 = F (xn+1, yn+1) ≽ F (xn+1, yn) and F (yn+1, xn) ≽ F (yn+1, xn+1) = yn+2

(2.6)
Now from (2.5) and (2.6), we obtain xn+1 ≼ xn+2 and yn+1 ≽ yn+2

Thus by the mathematical induction we conclude that (2.3) and (2.4) hold for
all n ≥ 0. Therefore,

x0 ≼ x1 ≼ x2 ≼ ... ≼ xn ≼ xn+1 ≼ ... (2.7)

and

y0 ≽ y1 ≽ y2 ≽ ... ≽ yn ≽ yn+1 ≽ ... (2.8)
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Since xn ≽ xn−1 and yn ≼ yn−1, from (2.1) and (2.2), we have

d(Txn+1, Txn) = d(TF (xn, yn), TF (xn−1, yn−1))

≤ 1

2
φ (d(Txn, Txn−1) + d(Tyn, T yn−1)) . (2.9)

Similarly, since yn−1 ≽ yn and xn−1 ≼ xn, we have

d(Tyn, T yn+1) = d(TF (yn−1, xn−1), TF (yn, xn))

≤ 1

2
φ (d(Tyn−1, T yn) + d(Txn−1, Txn)) . (2.10)

Adding (2.9) and (2.10), we obtain

d(Txn, Txn+1) + d(Tyn, T yn+1) ≤ φ (d(Txn−1, Txn) + d(Tyn−1, T yn)) . (2.11)

Set dn := d(Txn, Txn+1) + d(Tyn, Tyn+1), we have

dn ≤ φ (dn−1) (2.12)

Since φ(t) < t for all t > 0, it follows from (2.12) that {dn} is a decreasing sequence
of positive real numbers. Therefore, there exists some d ≥ 0 such that

lim
n→∞

(d(Txn, Txn+1) + d(Tyn, T yn+1)) = lim
n→∞

dn = d+

Assume that d > 0, taking n → ∞ in two sides of (2.12) and using the property of
φ, we have

d = lim
n→∞

dn ≤ lim
n→∞

φ (dn−1) = lim
dn−1→d+

φ (dn−1) < d

which is a contradiction. Thus d = 0, that is,

lim
n→∞

(d(Txn, Txn+1) + d(Tyn, T yn+1)) = lim
n→∞

dn = 0 (2.13)

In what follows, we shall prove that {Txn} and {Tyn} are Cauchy sequences. Sup-
pose, to the contrary, that at least of {Txn} or {Tyn} is not a Cauchy sequence.
Then there exists an ε > 0 for which we can find subsequences

{
Txn(k)

}
,
{
Txm(k)

}
of {Txn} and

{
Tyn(k)

}
,
{
Tym(k)

}
of {Tyn} with n(k) > m(k) ≥ k such that

d
(
Txn(k), Txm(k)

)
+ d

(
Tyn(k), T ym(k)

)
≥ ε (2.14)

Further, corresponding to m(k) , we can choose n(k) in such way that it is the
smallest integer with n(k) > m(k) ≥ k satisfying (2.14). Then

d
(
Txn(k)−1, Txm(k)

)
+ d

(
Tyn(k)−1, T ym(k)

)
< ε (2.15)

Using (2.14), (2.15) and the triangle inequality, we have

ε ≤ rk := d
(
Txn(k), Txm(k)

)
+ d

(
Tyn(k), T ym(k)

)
≤ d

(
Txn(k), Txn(k)−1

)
+ d

(
Txn(k)−1, Txm(k)

)
+d
(
Tyn(k), T yn(k)−1

)
+ d

(
Tyn(k)−1, Tym(k)

)
≤ d

(
Txn(k), Txn(k)−1

)
+ d

(
Tyn(k), T yn(k)−1

)
+ ε

Letting k → ∞ and using (2.13)

lim
k→∞

rk = lim
k→∞

[
d
(
Txn(k), Txm(k)

)
+ d

(
Tyn(k), T ym(k)

)]
= ε+ (2.16)
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By the triangle inequality

rk = d
(
Txn(k), Txm(k)

)
+ d

(
Tyn(k), T ym(k)

)
≤ d

(
Txn(k), Txn(k)+1

)
+ d

(
Txn(k)+1, Txm(k)+1

)
+ d

(
Txm(k)+1, Txm(k)

)
+d
(
Tyn(k), T yn(k)+1

)
+ d

(
Tyn(k)+1, T ym(k)+1

)
+ d

(
Tym(k)+1, T ym(k)

)
= dn(k) + dm(k) + d

(
Txn(k)+1, Txm(k)+1

)
+ d

(
Tyn(k)+1, T ym(k)+1

)
(2.17)

Since n(k) > m(k), xn(k) ≽ xm(k) and yn(k) ≼ ym(k), from (2.1) and (2.2), we have

d(Txn(k)+1, Txm(k)+1) = d(TF (xn(k), yn(k)), TF (xm(k), ym(k)))

≤ 1

2
φ(d(Txn(k), Txm(k)) + d(Tyn(k), T ym(k)))

(2.18)

Similarly,

d(Tyn(k)+1, T ym(k)+1) = d(TF (yn(k), xn(k)), TF (ym(k), xm(k)))

≤ 1

2
φ(d(Tyn(k), T ym(k)) + d(Txn(k), Txm(k)))

(2.19)

From (2.17), (2.18) and (2.19), we have

rk ≤ dn(k)+dm(k)+φ
(
d(Txn(k), Txm(k)) + d(Tyn(k), T ym(k))

)
= dn(k)+dm(k)+φ(rk)

Taking k → ∞, and using (2.13), (2.16) and the property of φ, we have

ε = lim
k→∞

rk ≤ lim
k→∞

(
dn(k) + dm(k) + φ (rk)

)
= lim

rk→ε+
φ (rk) < ε

which is a contradiction.
Therefore, {Txn} and {Tyn} are Cauchy sequences in X. Since X is a complete
metric space, {Txn} and {Tyn} are convergent sequences.
Since T is an ICS mapping, there exist x, y ∈ X such that

lim
n→∞

xn = x, and lim
n→∞

yn = y. (2.20)

Since T is continuous, we have

lim
n→∞

Txn = Tx, and lim
n→∞

Tyn = Ty. (2.21)

Suppose that the assumption (a) holds. By (2.20), (2.2) and the continuity of
F , we get

x = lim
n→∞

xn+1 = lim
n→∞

F (xn, yn) = F ( lim
n→∞

xn, lim
n→∞

yn) = F (x, y), (2.22)

and

y = lim
n→∞

yn+1 = lim
n→∞

F (yn, xn) = F ( lim
n→∞

yn, lim
n→∞

xn) = F (y, x). (2.23)

From (2.22) and (2.23), we get x = F (x, y) and y = F (y, x)
Suppose that the assumption (b) holds. Since {xn} is non-decreasing and xn → x

and as {yn} is non-increasing and yn → y, by the assumption (b), we have xn ≼ x
and yn ≽ y for all n. We have

d(Tx, TF (x, y)) ≤ d(Tx, Txn+1) + d(Txn+1, TF (x, y))

= d(Tx, Txn+1) + d(TF (x, y), TF (xn, yn))

≤ d(Tx, Txn+1) +
1

2
φ (d(Tx, Txn) + d(Ty, Tyn))
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So taking n → ∞ yields d(Tx, TF (x, y)) ≤ 0. Hence Tx = TF (x, y)
Similarly, we can show that Ty = TF (y, x)
Since T is an injective mapping, we have x = F (x, y) and y = F (y, x).
Thus we proved that F has a coupled fixed point. �
Corollary 2.2. Let (X,≼) be a partially ordered set and suppose there exists a
metric d on X such that (X, d) is a complete metric space. Let F : X × X → X
be a mapping having the mixed monotone property on X such that there exist two
elements x0, y0 ∈ X with

x0 ≼ F (x0, y0) and y0 ≽ F (y0, x0)

Suppose there exists φ ∈ Φ such that

d(F (x, y), F (u, v)) ≤ 1

2
φ (d(x, u) + d(y, v)) ,

for all x, y, u, v ∈ X with x ≽ u and y ≼ v. Suppose either
(a) F is continuous or
(b) X has the following property:

(i) if a non-decreasing sequence {xn} → x, then xn ≼ x for all n,
(ii) if a non-increasing sequence {yn} → y, then y ≼ yn for all n.

then there exist x, y ∈ X such that x = F (x, y) and y = F (y, x), that is, F has a
coupled fixed point in X.

Proof. In the Theorem 2.1, taking Tx = x, for all x ∈ X, we get Corollary 2.2 �
Corollary 2.3. Let (X,≼) be a partially ordered set and suppose there exists a
metric d on X such that (X, d) is a complete metric space and T : X → X is
an ICS mapping. Let F : X × X → X be a mapping having the mixed monotone
property on X such that there exist two elements x0, y0 ∈ X with

x0 ≼ F (x0, y0) and y0 ≽ F (y0, x0)

Suppose there exists k ∈ [0, 1) such that

d(TF (x, y), TF (u, v)) ≤ k

2
(d(Tx, Tu) + d(Ty, Tv)) , (2.24)

for all x, y, u, v ∈ X with x ≽ u and y ≼ v. Suppose either
(a) F is continuous or
(b) X has the following property:

(i) if a non-decreasing sequence {xn} → x, then xn ≼ x for all n,
(ii) if a non-increasing sequence {yn} → y, then y ≼ yn for all n.

then there exist x, y ∈ X such that x = F (x, y) and y = F (y, x), that is, F has a
coupled fixed point in X.

Proof. In the Theorem 2.1, taking φ(t) = kt, for all t ∈ [0,∞), we get Corollary
2.3 �
Remark 2.4. In Corollary 2.3, taking Tx = x, for all x ∈ X, we get the main re-
sults of Bhaskar and Lakshmikantham [10] (Theorem 1.3 and Theorem 1.4). There-
fore, Corollary 2.3 is a generalization of Theorem 1.3 and Theorem 1.4 and so are
Theorem 2.1 and Corollary 2.2.
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Now we shall prove the uniqueness of the coupled fixed point. Note that if (X,≼)
is a partially ordered set, then we endow the product X × X with the following
partial order relation:

for (x, y), (u, v) ∈ X ×X, (x, y) . (u, v) ⇐⇒ x ≼ u, y ≽ v.

Theorem 2.5. In addition to the hypotheses of Theorem 2.1, suppose that for every
(x, y), (z, t) ∈ X ×X, there exists a (u, v) ∈ X ×X that is comparable to (x, y) and
(z, t), then F has a unique coupled fixed point.

Proof. From Theorem 2.1 the set of coupled fixed points is non-empty. Suppose
(x, y) and (z, t) are coupled points of F , that is x = F (x, y), y = F (y, x), z = F (z, t)
and t = F (t, z), we shall show that x = z and y = t.
By assumption, there exists (u, v) ∈ X ×X that is comparable to (x, y) and (z, t).
We define the sequences {un} and {vn} as follows

u0 = u, v0 = v, un+1 = F (un, vn) and vn+1 = F (vn, un), for all n

Since (u, v) is comparable with (x, y), we may assume that (x, y) & (u, v) = (u0, v0).
Now we shall prove that

(x, y) & (un, vn), for all n (2.25)

Suppose that (2.25) holds for some n ≥ 0. Then by the mixed monotone property
of F , we have

un+1 = F (un, vn) ≼ F (x, y) = x,

and

vn+1 = F (vn, un) ≽ F (y, x) = y,

that is, (x, y) & (un+1, vn+1). Therefore (2.25) holds.
From (2.1), we have

d(Tx, Tun) = d(TF (x, y), TF (un−1, vn−1)) ≤
1

2
φ (d(Tx, Tun−1) + d(Ty, Tvn−1))

and

d(Tvn, T y) = d(TF (vn−1, un−1), TF (y, x)) ≤ 1

2
φ (d(Tvn−1, T y) + d(Tun−1, Tx))

Adding to the above inequalites, we get

d(Tx, Tun) + d(Ty, Tvn) ≤ φ (d(Tx, Tun−1) + d(Ty, Tvn−1)) (2.26)

Set δn = d(Tx, Tun) + d(Ty, Tvn). It follows from (2.26) and the property of φ
that {δn} is a monotone decreasing sequence of positive real numbers. Therefore
there is some δ ≥ 0 such that

lim
n→∞

δ = lim
n→∞

[d(Tx, Tun) + d(Ty, Tvn)] = δ+

Suppose that δ > 0, taking n → ∞ in (2.26), we have

δ = lim
n→∞

d(Tx, Tun) + d(Ty, Tvn) ≤ lim
n→∞

φ (d(Tx, Tun−1) + d(Ty, Tvn−1))

= lim
δn−1→δ+

φ (δn−1) < δ

which is a contradiction. Thus δ = 0. Therefore,

lim
n→∞

[d(Tx, Tun) + d(Ty, Tvn)] = 0
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This implies

lim
n→∞

d(Tx, Tun) = lim
n→∞

d(Ty, Tvn) = 0 (2.27)

Similarly, one can show that

lim
n→∞

d(Tz, Tun) = lim
n→∞

d(Tt, Tvn) = 0 (2.28)

From (2.27) and (2.28), we have Tx = Tz and Ty = Tt which imply x = z and
y = t (since T is injective) �

Theorem 2.6. In addition to the hypotheses of Theorem 2.1, suppose that x0, y0
are comparable then x = y, that is, x = F (x, x) or F has a fixed point.

Proof. Let us assume that x0 ≼ y0. We shall show that

xn ≼ yn, for all n. (2.29)

where xn = F (xn−1, yn−1), yn = F (yn−1, xn−1), n = 1, 2, 3, .....
Suppose that (2.29) holds for some n ≥ 0. Then by the mixed monotone property
of F , we have

xn+1 = F (xn, yn) ≼ F (yn, xn) = yn+1

Thus (2.29) holds. From (2.29) and (2.1), we have

d(TF (yn, xn), TF (xn, yn)) ≤
1

2
φ (2d(Tyn, Txn))

By the triangle inequality,

d(Ty, Tx) ≤ d(Ty, Tyn+1) + d(Tyn+1, Txn+1) + d(Txn+1, Tx)

= d(TF (yn, xn), TF (xn, yn)) + d(Ty, Tyn+1) + d(Txn+1, Tx)

≤ 1

2
φ (2d(Tyn, Txn)) + d(Ty, Tyn+1) + d(Txn+1, Tx) (2.30)

Taking n → ∞ in the above inequality, we have

d(Ty, Tx) ≤ 1

2
φ (2d(Ty, Tx))

which implies d(Ty, Tx) = 0 or Ty = Tx. Since T is injective, we get x = y. �

The following example shows that Corollary 2.3, and Theorem 2.1 are both
indeed proper extensions of Theorem 1.3 and Theorem 1.4.

Example 2.7. Let X = {0, 1, 2, 8} with the metric d(x, y) = |x−y|, for all x, y ∈ X.
On the set X, we consider the following relation:

for x, y ∈ X, x ≼ y ⇔ x = y or (x, y ∈ {0, 1, 2} and x ≤ y) ,

where ≤ is the usual ordering.
Clearly, (X, d) is a complete metric space and (X,≼) is a partially orderd set.
Moreover, X has the property:
(i) if a non-decreasing sequence {xn} → x, then xn ≼ x,
(ii) if a non-increasing sequence {yn} → y, then y ≼ yn.
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Set A := {(2, 0), (2, 1)} and B := {(8, 0), (8, 1), (8, 2)}
Let F : X ×X → X be given by

F (x, y) =


1, if (x, y) ∈ A

8, if (x, y) ∈ B

0, if (x, y) ∈ X2 − (A ∪B)

Obviously, F has the mixed monotone property. Also, we have

0 ≼ 0 = F (0, 2) and 2 ≽ 1 = F (2, 0),

i.e. there exist x0 = 0 and y0 = 2 such that

x0 ≼ F (x0, y0) and y0 ≽ F (y0, x0)

The condition

d(F (x, y), F (u, v)) ≤ k

2
[d(x, u) + d(y, v)],∀x ≽ u, y ≼ v,

in the Theorem 1.3 and Theorem 1.4 is not true for every k ∈ [0, 1). Indeed, for
x = 2, y = 1, u = 1, v = 1, we have

k

2
[d(x, u) + d(y, v)] =

k

2
[d(2, 1) + d(1, 1)] =

k

2
< 1 = d(F (x, y), F (u, v)),∀k ∈ [0, 1).

So we can apply neither Theorem 1.3 nor Theorem 1.4 to the mapping F .
If we define the mapping T : X → X as follows:

T0 = 0, T1 = 1, T2 = 8, T8 = 2

then T is an ICS mapping.
Now, we show that F and T satisfy the condition (2.24) with k = 4/7. We have
the following cases:
Case 1 . (x, y), (u, v) /∈ {(2, 1), (2, 0)} or (x, y) = (u, v) or (x, y) = (2, 0), (u, v) =
(2, 1), we have

d(TF (x, y), TF (u, v)) = 0 ≤ 4

14
[d(Tx, Tu) + d(Ty, Tv)]

Case 2 . (x, y) = (2, 1), (u, v) ∈ {(2, 2), (1, 1), (1, 2), (0, 1), (0, 2)}, we have

d(TF (x, y), TF (u, v)) = d(T1, T0) = d(1, 0) = 1,

and
4

14
[d(Tx, Tu) + d(Ty, Tv)] =

4

14
[|T2− Tu|+ |T1− Tv|] ≥ 4

14
.7 = 2 > 1

Case 3. (x, y) = (2, 0), (u, v) ∈ {(2, 2), (1, 0), (1, 1), (1, 2), (0, 0), (0, 1), (0, 2)}, we
have

d(TF (x, y), TF (u, v)) = d(T1, T0) = d(1, 0) = 1,

and
4

14
[d(Tx, Tu)+d(Ty, Tv)] =

2

7
[|T2−Tu|+|T0−Tv|] = 2

7
[|8−Tu|+|Tv|] ≥ 2

7
.8 > 1

Consequently, for all x, y, u, v ∈ X with x ≽ u and y ≼ v,

d(TF (x, y), TF (u, v)) ≤ 4

14
[d(Tx, Tu) + d(Ty, Tv)],

Therefore, applying Corollary 2.3, we can conclude that F has a coupled fixed point
in X.
Notice that since there does not exist any (x, y) ∈ X × X such that (x, y) is
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comparable with (0, 1) and (0, 8), F has more one coupled fixed points. In fact, F
has three coupled fixed points which are (0, 0), (8, 0), and (0, 8).

The following example shows that Theorem 2.5 is effective.

Example 2.8. Let X = [1, 64] with the metric d(x, y) = |x − y|, for all x, y ∈ X
and the usual ordering. Then (X, d) is a complete metric space.
Let F : X ×X → X be defined by

F (x, y) = 8 3

√
x

y
, for all x, y ∈ X

then F has the mixed monotone property and F is continuous.
Let T : X → X be defined by

Tx = lnx+ 1, for all x ∈ X

then T is an ICS mapping. Let φ : [0,∞) → [0,∞) be defined by

φ(t) =
2

3
t, for all t ∈ [0,∞)

Then φ ∈ Φ.
Taking x, y, u, v ∈ X with x ≥ u and y ≤ v, we have

d(TF (x, y), TF (u, v)) = d

(
ln 8 3

√
x

y
+ 1, ln 8 3

√
u

v
+ 1

)
=

1

3
|lnx− ln y − lnu+ ln v|

≤ 1

2
.
2

3
(| lnx− lnu|+ | ln y − ln v|)

=
1

2
φ (d(Tx, Tu) + d(Ty, Tv))

Also, there exist x0 = 1, y0 = 64 such that

F (x0, y0) = F (1, 64) = 8 3
√

1/64 ≥ 1 = x0

and
F (y0, x0) = F (64, 1) = 8 3

√
64/1 ≤ 64 = y0

.
Evidently, for every (x, y), (z, t) ∈ X×X, there always exists a (u, v) ∈ X×X that
is comparable to (x, y) and (z, t). Therefore, all the conditions of Theorem 2.5 hold
and (8, 8) is the unique coupled fixed point of F .
Notice that we can apply neither Theorem 1.3 nor Theorem 1.4 to this example
because the condition (1.1) does not hold. Indeed, for x = 8, y = u = v = 1, then
(1.1) becomes

d

(
8

3

√
8

1
, 8

3

√
1

1

)
≤ k

2
(d(8, 1) + d(1, 1))

or

8 ≤ 7k

2
a contradiction (since k < 1).

Finally, we give a simple example which shows that if T is not an ICS mapping
then the conclusion of Theorem 2.1 fails.
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Example 2.9. Let X = R with the usual metric and the usual ordering. Let
F : X ×X → X be defined by

F (x, y) = 2x− y + 1, for all x, y ∈ X

then F has the mixed monotone property and F is continuous and there exist x0 =
1, y0 = 0 such that x0 ≤ F (x0, y0) and y0 ≥ F (y0, x0)
Let φ : [0,∞) → [0,∞) be defined by

φ(t) =
t

2
, for all t ∈ [0,∞)

then φ ∈ Φ.
Let T : X → X be defined by

T (x) = 1, for all x ∈ X

then T is not an ICS mapping. Obviously, the condition (2.1) holds. However, F
has no coupled fixed point.
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