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AN EXTENSION OF A RESULT ABOUT THE ORDER OF
CONVERGENCE

(COMMUNICATED BY HAJRUDIN FEJZIC)

DAN STEFAN MARINESCU, MIHAT MONEA

ABSTRACT. In this note, we analize the context in which the calculation of
limits of sequences is performed using the integration of product of Riemann
integrable functions. We will also study the degree of convergence of such
sequences.

1. INTRODUCTION

The integration is one of the most useful concept in introductory calculus. Its
development was started with Newton which considered this process like a reverse
of differentiation. Later, Leibniz and Riemann have seen the integration as ”sum-
mation of many quantities”. This approach led to the current definition of Riemann
integral (see e.g. [5], pag. 216).

To evaluate Riemann integral without derivative is not easy. Therefore, in this
article, we will analize the Riemann integral as a limit. First, we recall a classic
result(see e.g. [8], pag. 49).

Lemma 1.1. Let f : [a, b] — R be Riemann integrable. Then

" b
nlir&b;a];f<a+z(ba)>—/f(x)dm.

In [8], p. 49, Polya and Szego have formulated the problem of "the degree of
approximation” (see problem 10) and gave an answer (p. 232) which is presented
in the next lemma.
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26 D.S. MARINESCU, M. MONEA

Lemma 1.2. Let f : [a,b] — R be continuously differentiable. Then

lim n b_a;f(a—&—i(b—a))—a/bf(x)dm =(b—a)w_

n—00 n

In this paper we want to extend these results for product of two functions. In
order to do this, we recall the next results about the product of two integrable
functions (see e.g. [9], theorem 7.9).

Theorem 1.3. If f,g : [a,b] — R are two Riemann integrable functions, then fg
is Riemann integrable.

=2 change the interval [a,b] into [0, 1], we will
present all our results for the functions defined on the interval [0, 1]. In this context,
by using theorem 1.3, lemmas 1.1 and 1.2 admit the following extensions:

Since the transformations x —

Lemma 1.4. If f,g:[0,1] = R are two Riemann integrable functions, then
1
I~ ,(k k
lim — — — | = dx.
tm 5320 () o (5) = [ £
= 0

Lemma 1.5. If f,g:[0,1] — R are two continuously differentiable functions, then

i n iéf@)g(i)_o/lf(z)g(@dx R ICHGE {UFIC)

We will generalize these lemmas in the next section. The main result is the
proposition 3.1, which will be presented in section 3. This result will give more
information about the convergence’s order of a sequence, more general then the
one from lemma 1.5.

2. SEQUENCES WHOSE LIMITS ARE CALCULATED USING
RIEMANN INTEGRALS

First, we formulate the next lemma to establish a general framework for the
main results of this note.

Lemma 2.1. Let f,g:[0,1] — R be two Riemann integrable functions. For any
n € N* and k € {1,2,...,n}, we denote I}, = [%, %] We define Ay, = sup f (x),
xely

ar, = inf f(z), By = sup g (z) and by, = xlél]f g (z) . We consider the sequences
k

z€l} zel}
1 n
Ty = — E axby
n
k=1
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and
1 n
Yn = > AxBg.
k=1
Then:
a) lim (y, —x,) =0;

n—oo

b) lim z, = h_>m yn—ff

n—oo

Proof. As the functions are Riemann integrable, we obtain from Darboux’s crite-
rion, that lim %kzl (Ag —ax) =0 and lim %kz (Br, — bi) = 0.

a) First, we assume that the functlons f and g are nonnegative. Then

n

1
0<yp — 2y = - Z (ArBi, — ayby)

k=1
= lEn:(Ak—ak)Bk—Flzn:(Bk—bk)ak
"= "=
< sup g(z lzn: Ay —ag) + sup f(z)- 1i(Bk—bk)~
z€[0,1] n.— z€[0,1] "=

But f, g are integrable, so they are bounded. Then, we obtain

I 1
lim | sup g(z) - — ) (Ax—ak)+ sup f(z)-—) (Br—bx)] =0
n—0o0 (zE[O,l] n:3 z€[0,1] n ;
and lim (y, —2,) =0.
n—oo
In the absence of the nonnegative assumption, we note a = 1[nf f (z) and,
x€|0,
respectively b = i[%f 1}g(ac). Consider the functions F' : [0, 1] — R F(z) =
xe|0,

f(x) —aand, G: [0, 1] = R,G (x) = g (x) — b, which are nonnegative functions.
Then :

n

. . 1
nlirr;o (Yyn — zpn) = nhHH;O - ’; (A By — axby)
= lim lzn: A —a) (B —b) — (ar, —a) (b —b))—i—lia(B —b)—i—lib(A —ag)
= hm n 2 k k k k n 2 & — bk n 2 k k

because
n

1
Jim kz::l ((Ax — a) (Bk = b) — (ar — a) (b — 1)) =0,
in accordance with previous calculations for the functions F', respectively G.
b) If f, g are nonnegative, then for any interval I C [0, 1], the following inequal-

ities are satisfied:

sup (f (z) g (v)) < sup f (x) -sup g (z)

xel xel x€el
and

inf f(x)g(z) > inf f(z) - inf g (z).

xel zel xzel
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This implies that
1
xn</f@M@Mz<%,
0

for all n € N*, as any Riemann sum attached to the function fg lies between x,,
and y,. So, we obtain

which means that
Similarly

and we obtain

1
lim z, = /f (z) g (z)dx.
n—oo

0
If f, g are not necessarily nonnegative, we obtain the same result by applying

the same reasoning for functions F' and G, defined at the previous point.
O

The result from 2.1 help us to prove the next lemma. We should mention that
this result was presented by Bényi and Nitu in [3] but without a solution.

Lemma 2.2. Let f,g: [0, 1] = R be two Riemann integrable functions. For any

ke€{1,2,3,...,n} and for any ay, By € [b E] , the sequence

M ACIICS
k=1
1

converges to [ f (z)g (z) dz.
0

Proof. We have two cases. First, we assume that the functions f and g are non-
negative. We choose the sequences z,, and y, from lemma 2.1. Obviously we have

Ty < 2n < Yn

and the conclusion follows.
In the absence of the nonnegative assumption, we note a = i[nf | f (z) and,
ze(0, 1

nf 1] g (x). Similar with the proof of lemma 2.1., we consider the

respectively b= i
z€[0
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functions F': [0, 1] > R, F(z) = f(z) —aand G : [0, 1] > R, G (z) = g(x) — b,
which are nonnegative functions. Then

lim % > f(ar)g(Be) = lim % > (F(ax) +a) (G (Br) +0)
k=1

~ lm (iszk)G(m +
k=1

1 1
= /(F(m)+a)(G(x)+b)dx:/f(x)g(a:)dx
0 0
which conclude the proof. (I

A similar result could be found in [10], where Spivak has posed the same problem
(see problem 1, p.263) but for continuous functions . Evidently, our result is more
general.

A consequence of lemma 2.2 is the following result from [3].

Corollary 2.3.(Bényi, Nitu) Let f : [0, 1] — R be a Riemann integrable func-

tions. Then
1
I, (k-1 k
lim — ) =17 .
s oSS (50 (5) = [ e
k=1 s
Proof. We apply 2.2 for g = f and the sequences «,, = % and 3, = % O

3. THE ORDER OF CONVERGENCE

Lemma 2.2 gives us an answer about the limits of sequences of the type

L3 ) b,
k=1

but we want to know more details about these limits. We would like to study
their order of convergence and we can deliver a good estimation in the case of the

sequence
1 — k—a k—p
2 (50)(50)

with «, 8 € [0, 1]. The results are included in next proposition.
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Proposition 3.1. Let f,g: [0, 1] = R be two continuously differentiable functions.
Let define a, 8 € [0, 1] and the sequence

anjf<x>g<x>dwiif(kna)é’(knﬂ)’

for all n € N*. Then:

1

(f(O)g(O)*f(l)g(l))+Oé/f’(93)g(x)d:c+ﬂ/f($)g'(w)dﬂf-
0

0

lim na, =
n— oo

| =

Proof. After some algebra we have

But

(

lim n (jf(x)g(m)dx—iéf(fl)g(z>) _ f(0)9(0>;f(1)g<1).
[
k

However, for any k € {1,2,3..,n} and any interval |==2, %], we apply mean value

n
theorem for the function g and we find ¢, € (%, ) which verifies the relation

9(2) _9<k26> =9’(ck)§.
Ef(fi) (v(3)-+(57)) ﬁgf(ﬁ)g'<ck>.

From 2.2, we obtain
n 1
Jim, (i > (fj) J <ck>> —5 [ @) (@) do.
k=1 o

Similarly, for the function f on the interval [k_—a k], applying mean value the-

n 'n
orem, we find by, € (kgl , %) so that

f(i) —f<k;“) = () S
;g<k;ﬁ><f(i>_f<k;a>)= ;f’wk)g(’ﬁ;ﬁ).

So

Then

3Ie
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Applying Lemma 2.2. we find that

Jim (Zzn:f' (0x) g (W)) =a/1f’ () g (v) da.

k=1

Finally, we obtain

I _ 1
i, M = 5

If we choose the particular values for the numbers a and 8 from proposition 3.1,

we obtain some results as:

For « =0 and =1, we obtain
1
I~ [k —-1
oo [ 155 (5)o(52))
0

(f(0)g(0)=f(1)g (1)) +/f(17)9’ (z) dx
0

For o = % and 8 = 1, we obtain

e

— 5 (090~ fWg() + 5 [ £ @ 9@ o+ [ f(@)g (0)da
0

Using the formula of integration by parts, we obtain

oo L (520 (552)) -4 o
0 0

If we choose g(x) = 1 we obtain the next result, which represent the theorem 1
from [4].

Corollary 3.2. (Chitescu) Let f : [0, 1] — R be a continuously differentiable
functions. Let define o € [0, 1] and the sequence
*)

h - k
:O/f(x)dx—:l;f<

for all n € N*. Then:
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Proof. We apply 3.1 for g(x) = 1. O

4. APPLICATIONS

At the end of this note, we present three applications whose solutions are ob-
tained using the results from the previous paragraph. The first problem reads

Problem 1. Let the sequence
k2 —k
a”:Z 3 2
—n + kn
for any n € N*. Show that lim a, = 1n2—fand evaluate lim n(ln2—f—an)
n—00 n—o0
Solutions: By using Lema 2.2 for the functions f,g: [0,1] = R, f(z) = {35,
g () =z, we have
-k 1 k(k-1) 1 » k-1
n3+kn2 n nn+k) n 1+5 n 7
SO
1gs b g1
n . o
nlgﬂcan—ggf;o;;l%- . _/x L,
= 0
But
1 1
x2 1 22 |t ! ! 1
dr = —1+—)dx=—| — In (1 =In2- -
/1+xw /(x +1+)x 2|, "%, T+ =h2-g
0 0
From Prop. 3.1, we obtain
lim n(ln?—l—an>
n— o0 2
h k -1
EVIELEDMOUCY
0
) 1
— 5 (PO - F g+ [ 1
0
1 1
1 1 ! o3
=—- = de =—- -1 1 = ——In2.
4+/1+x 4+/( ) ’ 4” , "
0 0
0.n] = R, f(2) = Ve 5.

Problem 2. Let n € N, n > 2 and the function f :
We note V,,, the volume of the solid obtained by rotating the graph of f about x

azis. Find lim Y.
n—oo ™
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n 2]

Solution: As V,, = 7rff2 Vdz = 7rf:z:e dx we evaluate first fxe o dz.
We have

n

k
_20) - _20a) ) "2k —1 _20-)
re ndm:E re ndx:E e n xdx:E 5 e~ .
k=1 k=1 Bl

0 k-1 k=1
Then
1
Vo 2k —1 _20:-1) 9
nlgr;oﬁ —ﬂnlgngoﬁz ™ e n —/ze dz.
= 0
But
1 1
1 1 _ 1 _
/xe*%dx: _re - Jrl/tfz””clac e - - L= 3e 2,
2 |, 2 2 o 4 | 1
0 0
SO
. Vo 11— 3e~2
ngr;o n2 =7 4

Problem 3. (Pr. 11535 from AMM 9/2010) Let f be a continuously differentiable
1

function on [0, 1]. Let A = f (1) and let B = [ 2~ Y2f (x)dz. Evaluate
0

L n 2 2
p [ a3 (K- S0 (H20)

in terms of A and B.
1

Solution: We perform the change of variables z = y?, so we have [ f (z)dz =
0

f12yf( ) dt andfx’l/zf Ydx = f2f( ?) dt. Using the notation g (y) = 2f (y?),
0

the hypothesis becomes ¢ (1) = 2A and fg (y)dy = B.
0

Then, we compute

1
2%k—1 (k-1
= i dy — —
Jim n /yg(y) y nz o™ g( - )
0
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from proposition 3.1. But
1

/ yg' (v) dy = yg (y)

0

;—/g(y)dy:g(l)—/g(y)dy=2A—B.

Finally we obtain that the limit value is A — %.
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