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ON QUASI EINSTEIN MANIFOLDS ADMITTING A RICCI
QUARTERSYMMETRIC METRIC CONNECTION

(COMMUNICATED BY UDAY CHAND DE)

S. ALTAY DEMIRBAG, H. BAGDATLI YILMAZ, S. A. UYSAL, F. OZEN ZENGIN

ABSTRACT. The object of the present paper is to study quasi Einstein mani-
folds admitting a Ricci quartersymmetric metric connection satisfiying certain
curvature conditions.

1. INTRODUCTION

It is well known that a Riemannian manifold or a semi-Riemannian manifold
M"™, n =dim M > 2, is said to be an Einstein manifold if its Ricci tensor Ry; of
type (0,2) is of the form

R
Rkj = ggkj (1.1)

where R is the scalar curvature of the manifold. According to [IJ, is called
the Einstein metric condition.

In 2000, the notion of a quasi Einstein manifold was introduced by Chaki and
Maity [2]. A non-flat Riemannian manifold M™ is called a quasi Einstein manifold
if its Ricci tensor Ry; of type (0, 2) is not identically zero and satisfies the following:

Ry; = agrj + bprp; (1.2)

where a and b are scalar functions and py, is a non-zero covariant vector. It is obvious
that if b = 0, then this manifold reduces to an Einstein manifod if a = %, namely,
Einstein manifolds form a subclass of quasi Einstein manifolds. Quasi Einstein
manifolds arose in the study of exact solutions of the Einstein field equations and in
the study of quasi-umbilical hypersurfaces of conformally flat spaces. This manifold
has many applications in physics, especially general relativity, e.g, a quasi Einstein
manifold can be taken as a model of perfect fluid spacetime in general relativity
[7]. This manifold has also been studied by De and Ghosh [6] and De and De [5]
and many others.

It is to be noted that Chen and Yano [3] introduced the notion of a manifold of
quasi-constant curvature. A conformally flat Riemannian manifold M™ is called a
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manifold of quasi-constant curvature if its curvature tensor R;xjnm, of type (0,4) is
of the form

Rikjm = B 9r;jgim = GijGrem] + ¥ [9kiNiNm — GijMktim + Gim Mty — Grmming]  (1.3)
where 3, v are scalar functions, n is a 1-form. In particularly, if v = 0, then it
reduces to the manifold of constant curvature.

In 1970, Yano [12] studied some curvature and derivational conditions for semi-
symmetric connections in Riemannian manifolds. In 1975, Golab []] introduced
the idea of a quarter-symmetric connection in differentiable manifolds. In 1980,
Misra and Pandey [10] introduced a quarter-symmetric F-connection in Riemann-
ian manifolds with F-structures; especially, they considered the case of Kaehle-
rian structure. In 1982, Yano and Imai [I3] studied some curvature conditions for
quarter-symmetric metric connections in Riemannian, Hermitian and Kaehlerian
manifolds.

A linear connection V in a Riemannian manifold M™ is called a semi-symmetric
connection if its torsion tensor T satisfies the relation [12]

T(X,Y)=n(Y)X - n(X)Y

where 7 is a 1- form. In [4], De and De studied some properties of this connection.
A linear connection V in M™ is called a quarter symmetric connection if its torsion
tensor T satisfies the relation

T(X,Y)=n(Y)LX — n(X)LY (1.4)

where 7 has the meaning already stated, L is a tensor field of type (1,1) [13].
If there is a Riemannian metric g on M™ such that

Vg=0
then the connection V is called a metric connection [12].

In (1.4), if a tensor field L is a Ricci tensor of a Riemannian manifold M™, then
the connection V of the manifold M™ is called a Ricci quartersymmetric connection
[10]. In local coordinates, the torsion tensor T of the connection V is the following
form

T}, = Rimy, — Ry, (1.5)
where 7 is a 1-form associated with the torsion tensor of the connection V and
Rl = R;g". From (1.5), it is clear that V is a metric connection. Some properties
of this connection has been studied by Kamilya and De [9].

} is given by [13], [10],

Thus, the relation between I"f;k and { zlk

It = { Zlk } + Rlmy, — Rypr! (1.6)

l . . . .
where Fik and { ik } are the connection coefficients of the Ricci quartersymmetric

metric connection V and the Levi-Civita connection V, respectively and 7! = m,g%,
7! being contravariant components of ;.

The paper is organized as follows: Some theorems about a Riemannian manifold
with a Ricci quartersymmetric metric connection and whose Ricci tensor Ry is
Codazzi type are proved. In section 4, it is obtained necessary condition that the
Ricci quartersymmetric metric connection reduces to the semi symmetric metric
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connection and under this condition, some properties of this manifold are also
studied.

2. PRELIMINARIES
1

Let Eikj and Rﬁ»kj be denoted the curvature tensor of the connection V and V
. =l .
respectively. The curvature tensor R;;; is defined by
1
— ary,  or;

ikj — ot - ok JrFétF)l:cj 7F§ctrgj (2~1)

Then substituting (1.6) in (2.1), it is obtained the following equation for the cur-
vature tensor of the connection V

Rikjm = Rikjm — RimTrj + RemTij — Tim Rij + Tem Rij (2.2)
+ (ViRgm — ViRim) mj — (ViRkj — ViRij) T
where
Ty = ViTj — Rktﬂ'tﬂj + %’/TtTFtRkj (2.3)
and 7} = mjg™.
Contracting for i and m in (2.2)), we get
Ry; = Ryj— Rmyj + Rjmy; — mRy; + mpRij (2.4)
+ (ViRj, — ViR) m; — (ViRij — Vi Rij) '
where R = R;,¢'™ and ¢'™m,, = ©°, T = m;mg'™. Moreover, it follows from

that
R=an+0bP (2.5)

where P = p;p’.

3. SOME PROPERTIES OF A RIEMANNIAN MANIFOLD ADMITTING A RIcCcCI
QUARTERSYMMETRIC METRIC CONNECTION

In this section, we give some theorems of a Riemannian manifold admitting a
Ricci quartersymmetric metric connection. We assume that the Ricci tensor Ry; is
of Codazzi type to V. Then we have

Rikjm = Rikjm — RimTkj + RemTij — TimRij + Trem Rij (3.1)
By the aid of the equation (3.1)), we can write
Rigjm — Rjmix = (Tmi — Tim) Rj + (73 — 7ji) R (3.2)

+ (Mjk — ) Rim + (Tkm — Tmk) Rij

If the tensor my; is symmetric, then we find

Rikjm = Rjmi (3.3)
In view of the equation (3.1)), we get
Rikjm + Rijim + Rjikm = (mij — 7ji) Riem (3.4)

+ (ki — Tik) Bjm + (7j5 — ki) Rim
Considering that the tensor my; is symmetric in (3.4)), then we can obtain

Rikjm + Rijim + Rjikm =0
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Now, let us find the condition to be the symmetry of the Ricci tensor with respect
to V. Since Ry; is of Codazzi type to V, it follows from 1} that

Ryj = Rij — Rmyj + Rymij — ™Ry + i Ry (3.5)
By using , it can be written

Rji = Rj, — Rmjp, + Rimye — mRjk + 7, Rig (3.6)
Thus, from the equations and , it follows that

Rij — Rjr = R(mjp — mry) + R (mpe — men) + Ry, (o5 — 7je) (3.7)
Finally, if the tensor my; is symmetric, then the equation gives
By = Byt

Thus, we can state the following theorem:

Theorem 3.1. Let a Riemannian manifold M™ admit a Ricci quartersymmetric
metric connection whose Ricci tensor is Codazzi type. If the tensor my; is sym-
metric, then the curvature tensor and the Ricci tensor of Y satisfy the following
properties:

(i) Els]m = :jmiIm .
(ii) Rikjm + Rijim + Rjikm =0,
(iii) Rg; = Rjy.
After that, using the equation (3.1), we can write
ViRikjm = ViRikjm — Vi (RimTrj) + Vi (Rimmij) (3.8)
=V (mimBRij) + Vi (T Rij)

Considering that the Ricci tensor Ry; of V is Codazzi type and using (3.8)), it
follows that

ViRikjm + ViRiijm + ViRiijm = Rim [Vimi; — Vimy)
+Rm [VﬂTkj - Vkﬂij]
+Rim [V — Vimgs) (3.9)

+le [Vkﬂ'im — Vﬂ'km]
+Rij [ViTem — ViTim)
+Rp; [Vimtim — ViTim]
If the tensor my; is of Codazzi type to V, from , we get
ViRikjm + ViRkijm + ViRiijm =0 (3.10)
In view of this, we can state the following:

Theorem 3.2. Let a Riemannian manifold M™ admit a Ricci quartersymmetric
metric connection whose Ricci tensor is Codazzi type. If the tensor my; which is
of Codazzi type to V is symmetric , then the curvature tensor Eikjm satisfies the
second Bianchi Identity to the connection V.
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4. SECTIONAL CURVATURE OF A QUASI EINSTEIN MANIFOLD WITH A SPECIAL
Ricct QUARTERSYMMETRIC METRIC CONNECTION

In this section, necessary condition that the Ricci quartersymmetric metric con-
nection reduces to the semi-symmetric metric connection is obtained by proving
the following theorem. After that, under this condition, we study some properties
of this manifold.

By the use of (1.2]) and (1.6]), we get

l
I}, = { ik } + adimy — agiem + bp; (p'my — pr7’) (4.1)
If p; and 7; are collinear, we have
Tk = CDk (4.2)
where c¢ is a non-zero constant. From (4.1) and (4.2)), we get
Tix = { Zlk } + acsipi — acp'gix (4.3)

From (2.1) and (4.3)), the curvature tensor of a Riemannian manifold admitting a
Ricci quartersymmetric metric connection is the following form

Rikjm = Rikjm — GimThkj + GkmTij — TimGkj + Thkmij (4.4)
where
2 (ac)2
Tk = (ac)Vip; — (ac) prpj + Tgkjp (4.5)

and a is a non-zero constant. Therefore, we can state the following:

Theorem 4.1. Let M™ be a quasi Finstein manifold admitting a Ricci quarter-
symmetric metric connection. If p; and m; are collinear, then the Ricci quartersym-
metric metric connection reduces to a semi-symmetric metric connection.

From (4.5)), it is clear that

mij — ik = (ac) (Vip; — Vipk) (4.6)
Using (1.2)) and (2.3)), we get
bP ac?
Thj = Cvkpj — 2 (a + 2) PLp; + TijP (4.7)
Thus, it follows from (4.5) and (4.7) that
bP ac(l —a
(1—-a)Vip; —c <a —a+ 2> PrD; + %gk]‘P =0 (4.8)

Hence, we can state the following:

Theorem 4.2. Let a Riemannian manifold M™ admit a Ricci quartersymmetric
metric connection whose Ricci tensor satisfies the condition . If py, and 7y, are
collinear then py satisfies the equation @

Now, we consider the conformal curvature tensor Cjj;,, defined by

Cikim = Rikjm — ( Rijgim — RijGkm + 9rj Rim — 9ij Rem)  (4.9)

ek
+L( . .. )
(n—1)(n—2) JimJkj — GijJkm
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Suppose that the sectional curvature of a linear connection V is independent
from the orientation chosen. Using Theorem 4.1 and remembering that Riemannian
manifold with a semi-symmetric connection is conformally flat and the curvature
tensor of V is zero, if the sectional curvature of this manifold is independent from
the orientation chosen [I4].

Thus, from the equation (4.9), we obtain

1
Rigjim = n=2) (Rk;jGim — RijGrm + 9k Rim — 9ijRim,) (4.10)
,L( . g )
(n _ 1)(n _ 2) glmgkj gljgkm
Substituting the equation (1.2 in , we get
2a R

b
+m [PkPjGim — PiDjIkm + GrjDPiPm — 9ijPkDm)]
Hence, by virtue of (1.3]), we can state the following:

Theorem 4.3. Suppose that a quasi Einstein manifold admits a Ricci quarter-
symmetric metric connection whose 1-form m is a non-zero constant multiple of a
covariant vector py, and this manifold has a sectional curvature of the connection V
independent from the orientation chosen, then the manifold is of a quasi constant
curvature.

In a conformally flat Riemannian manifold, we know that

ViRy; — VjRyi = =2 [(ViR) grj — (V;R) gki] (4.12)
Multiplying (4.4) by ¢'™, we get
Ryj = Rij — (n — 2)mj — mg; (4.13)

Since the sectional curvature of this manifold is independent from the orientation
chosen, the curvature tensor is zero. By using (4.13]), we can say that m; is sym-

metric. From (4.6), p; is gradient.
If b is chosen as a constant, using (|1.2)) in the equation (4.12)), we have

1
blp; (Vipk) — pi (Vpr)] = =2 [(ViR) gij — (V;R) gri] (4.14)
Transvecting (4.14) with ¢*7, we find
k(. . w1 (n—1) ,
b [p* (Vipk) — pi (Vip®)] = 22y VoF (4.15)

where p* = ¢*™p,,. As we know, the following property is satisfied in a Riemannian
manifold.

V,R
VmR} = ; (4.16)
Thus, from (1.2) and (4.16)), we obtain
V,R
bV (pip"™) = =5 (4.17)

2
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Hence, we get
ViR
b(piVip") = —— = b Vipi (4.18)
In this case, substituting (4.18]) in the equation (4.15)) and since py is a gradient

vector, we have

4b (P*Vipk) = ((2:’_23))%3 (4.19)
For a component of tangent vector field of a geodesic line, we have [11]
p*Viept =0 (4.20)
Thus, from the equations and , we have
V:R=0 (4.21)

We see that the scalar curvature R is a constant. Moreover, from (4.12)) and (4.21])
we get
ViRy; — VR =0 (4.22)
Therefore, the Ricci tensor Ry; is of Codazzi type to V .
This leads to the following theorem:

Theorem 4.4. Let a conformally flat quasi Einstein manifold, (b=constant), admit
a Ricci quartersymmetric metric connection whose a covariant vector my is a non
zero constant multiple of a covariant vector py. If px is a component of the tangent
vector field of the geodesic line , then the Ricci tensor Ry; is of Codazzi type to V
and the scalar curvature R is also a constant.
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