BULLETIN OF MATHEMATICAL ANALYSIS AND APPLICATIONS
ISSN: 1821-1291, URL: HTTP://WWW.BMATHAA.ORG
VOLUME 3 ISSUE 4(2011), PAGEs 201-212.

DOUBLE TRIGONOMETRIC SERIES AND ZYGMUND CLASSES
OF FUNCTIONS WITH TWO VARIABLES

(COMMUNICATED BY HUSEIN BOR)

RUQIAN GUO, DANSHENG YU

ABSTRACT. In the present paper, we generalize Zygmund classes of functions
with two variables defined by Méricz by means of modulus of continuity, and
give the necessary and sufficient conditions for double sine, sine-cosine, cosine-
sine and double cosine series so that their sums belong to the generalized Zyg-
mund classes. Some new results of Fiilop [1] and [2] on double trigonometric
series are extended.

1. INTRODUCTION

Given a double sequence {a;j,1%,j,= 1,2, ...} of nonnegative numbers satisfying

ZZaij < 00, (1].)

i=1 j=1

then the following double trigonometric series (called double sine, sine-cosine, cosine-
sine,and double cosine series, respectively)

f11(z,y) ZZCLU sin ix sin jy,

=1 j=1
oo oo
fia(z,y) = Zzaij sin iz cos jy,
i=1j=1
oo oo

for(z,y) == Z Z a;; cos iz sin jy,

i=1 j=1

fao(z,y) Z Z @i COS T COS jY

i=1 j=1
are continuous, due to uniform convergence.
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For any continuous function f (z,y), 2r—periodic in each variable, in symbols
fed (’JT2) , Méricz defined the double Zygmund classes A, (2) and little Zygmund
classes A\« (2) as follows (see [1] and [2] for details):

A(2) = {f(z,y) . |A*?(f;2,y;h k)| < Khk, h>0,k>0},

M@%—{ﬂ%w:mggQA“wamwﬂ—Q h>mk>@,

where

A?2(fiwyhok) o= fe+hoy+ k) + fo = hy+ k) + [+ hy — k) + f(@ = hy — k)
—2f(z,y+k) = 2f(x,y — k) = 2f(z + h,y) = 2f(x — h,y) + 4f(z,y).

Recently, Fiilop ([1], [2]) obtained the necessary and sufficient conditions for the

double trigonometric series belonging to the the double Zygmund classes A, (2) and

the little Zygmund classes A.(2). Combining the results of Fiilop in [1] and [2], we
actually have

Theorem F. Let {a;;,7,7,=1,2,...} be a double sequence of nonnegative numbers
such that satisfying (1.1), then
(1) fpq € Ai(2),p,¢=1,2, if and only if

oo

Ziaij_o(n;n)’ m,n=1,2 ...

1=m j=n
(2) fpq € M\(2),p,q,= 1,2, if and only if

o0

Ziaij:0<7§n)’ m,n — OQ.

i=m j=n

Let w(h, k) be a modulus of continuity, that is, w(h, k) is a continuous function on
the square [0, 27] X [0, 27| ,nondecreasing in each variable,and possesses the following
properties:
w(0,0) =0,
w(t1 + o, tg) < w(tl, t3) + w(tg, t3)7
W(tl, tQ —+ tg) S W(tl, tg) + W(tl, tg).
By adopting the modulus of smoothness, we can further generalize the double
Zygmund classes A,(2) and the little Zygmund classes \.(2) as follows
AL(2) = {f|A*2(fi2, 930, k)| = O (w(h,k))  h>0,k>0},
A(2) o= {f  |A*2(f;2,y5 b, k)| = o (w(h,k)) h>0,k>0}.

When w(h, k) = hk, A%(2) and A% (2) reduce to A,(2) and A\.(2) respectively.
The main purpose of the present paper is to generalize Theorem F to the gen-

eralized classes AY(2) and AY(2). Our main results are presented in Section 2, and
the proofs are given in Section 3.
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2. MAIN RESULTS

In what follows, we always assume that {a;;} is a double sequence of nonnegative
numbers satisfying (1.1). We first give a sufficient condition for f,, € AY(2),p,q =
1,2.

Theorem 2.1. If
izn:izjzaij =0 <m2n2w (7711’ i)) , (2.1)
i i ifa;; = O (m2w (;L, i)) , (2.2)
> sty =0 (e (1)), (2.3
1
m

) e

We have the following necessary conditions for fp, € AY(2),p,q=1,2:

i=m-+41j=n+1
then fpq € AY(2),p,q =1,2.

Theorem 2.2. If f,q € AY(2),p,q = 1,2, then
S°3 #00ay = 0 (ma(p)nm)w (17 1)) , (2.5)
L £ m’n
1=1 j=1

where f(1) = 3,5(2) =

If w(u, v) satisfies some further conditions, we can obtain the necessary and sufficient
conditions for f,q € AY(2),p,q = 1,2. In fact, we have the following Theorem 2.3-
Theorem 2.5.

Theorem 2.3. Ifw ( satisfies the following conditions

w0 )
o0

Lol e
Sh:-ob() e

J=n

for all m,n =1,2, ..., then fos € A¥Y(2) if and only if (2.1) holds.

Theorem 2.4. Ifw (— 5) satisfies (2.6), (2.7) and the following two further con-
ditions

R RIS N
Sa(E-ofud) e

for all m,n =1,2,..., then f11 € AY(2) if and only if (2.4) holds.

NE

-
S
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Theorem 2.5. (i) Ifw (L, 1) satisfies (2.6), (2.7), (2.9), then fo1 € A% (2) if and
only if (2.2) holds.

(it) If w (=, 1) satisfies (2.6), (2.7) and (2.8), then fi2 € AY(2) if and only if
(2.8) holds.

Now, we give some useful corollaries of Theorem 2.3-Theorem 2.5.
A nonnegative sequence {a,} is said to be almost decreasing (increasing), if there
is a positive constant C' such that

am < Cay, (@ > Ca,)  for all m > n.

Corollary 2.6. If there are pui1, vy (0 < py,v1 < 2) such that {m"'w (X,1)} and
{n”lw (%, %)} are almost decreasing on m and n respectively, then

(i). faz € A¥(2) if and only if (2.1) holds.

(ii). If there are pig, vo (0 < pig, v < 2) such that {m"2w (X, 1)} and {n*2w (L, 1
are almost increasing on m and n respectively, then fi1 € HHY if and only if (2.4)

holds.

(iti). If there is a vz (0 < v3 < 2) such that {n"*w (X, 1)} is almost increasing
on n, then fo1 € AY(2) if and only if (2.2) holds.

(iv). If there are pg (0 < pg < 2) such that {m"*w (£, 1)} is almost increasing
on m, then fio € AY(2) if and only if (2.3) holds.

By taking w(h, k) = h®k?, from Corollary 2.6, we immediately have the following

Corollary 2.7. (i)Ifw(h,k) = h*k? (0 < «,B < 2), then faa € A¥(2) if and only
if

m n
Z Z i2j2aij =0 (m2_“n2_ﬂ) .
i=1 j=1

(ii) If w(h, k) = h®k? (0 < o, B < 2), then fi1, € AY(2) if and only if

i i a;; =0 (m*("n*’B) .

i=m j=n

(i5)If w(h, k) = h*kP (0 < a < 2,0 < B <2), then for € A¥(2) if and only if
Z Z izaij =0 (inD‘nfﬁ) .
i=1 j=n

(w)If w(h, k) = hk? (0 < a < 2,0 < B<2), then fia € A(2) if and only if

i ifaij =0 (mfanzfﬁ) .

i=m j=1

For the little double Zygmund classes A\¥(2), we have the following Theorem 2.8
and Theorem 2.9.
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Theorem 2.8. If

Z izjzaij =0 <m2n2w (;, ;)) , (2.10)
> ifay=o <m2w (7711 i)) , (2.11)
=1 j=n+1

Z jzaij =0 (n2w <7;I-1, i)) , (212)

11
aij =0 <w (, )) , (2.13)
m’'n
1
then fpq € A2 (2),p,q¢ =1,2.

Theorem 2.9. If f,, € A¥(2),p,q = 1,2, then

Zziﬁ(p)jﬁ(q)aij < B(P) 8@, ( )) ,

— < m’'n

=1 j=1
where f(1) = 3,5(2) =2
Remark 1. When ‘O’ is replaced by ‘0’, the corresponding results of Theorem
2.3-Theorem 2.5, Corollary 2.6 and Corollary 2.7 still hold.

3. AUXILIARY RESULTS

Lemma 3.1. If w (%, ) satisfies (2.6), (2.7), then, for any 6,m > 2,

n

ZZZ jaij —O<m n%(l 1)) (3.1)

=1 j=1

implies

Z :zn; ia;; = O <m5w (nll, ;)) : (3.2)
S Emofel)  w
£ Sl

Proof. (A) Let N be integer for which 2 < n < N, by Abel’s transformation and
(3.1), we have

m N m N
Ziézaij Zléz] 77] azg

=1 j=n =1 Jj=n

Il
3‘H
M
S
St
M7
o
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m 1 m N
oY nHZZwaw RID IR

Jj1= n =1 j=1 =1 j=1
11
6§ o
= mw|—,—
<m j1>+ (m n)
Jl_’ﬂ

Letting N tend to oo, by (2.7), we get (3.
By using (2.6) instead of (2.7), we have (
Let M and N be integers for which 2
transformation twice,we obtain that

2).
3.3).
<n < N,2 <m < M,by using Abel’s

M N N— M-1 1 J1 i1 J1
> > ai Z n+ S D0 Y+ g > 71+1 $°5 i,
i=m j=n ji=n 11=n 1 j:l =1 Jji=n 1 j=11i=1
> ng
N"] Z 5+1 J Z a"] MJNW ZZ] ? a’l]
i1=n 5t j=11:i=1 j=11i=1

Letting M and N tend to oo, by (3.1), (2.6) and (2.7), we obtain

N _0 1 (1 1 — 1 (11
> w=o|X > e (mi) i)t X e (i

i=m j=n i1=mj1=n Jji=n 11=m

11
=0 ()
m’'n
which proves (3.4). O

Lemma 3.2. If w (%,%) satisfies (2.8) and (2.9), then, for any 0,m > 2, (3.4)
implies (3.1)-(3.5).

Proof. Let M and N be integers for which 1 < m < M,1 < n < N, by Abel’s
transformation, we conclude that

IO SRS Sl DRIUEER Y -t

=1 j=1 J=Jj1 J=j1 j=n+1
n N m
-n—1 )

< E nJ1 E E 1 Qi
j1=1 Jj=j1 i=1
n N m M M

_ n—1 5

= E nJ1 E E — (i1 —1) ) E a;j —m E a;j
Ji=1 Jj=7j1 \i1=1 =iy i=m+1

N M

anl 1262? 122‘%]

J1=1 11=1 J=Jj1 i=11
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Letting M and N tend to oo, by (3.4), (2.6) and (2.7), we have

SNy -0 (3 Y dt (.1, .1>

i
=1 j—1 jimlii—1 L

ol )

)
Si=1 =1 1]1

1 1
=0 | mon"2 w()
> o

Jji=1
11
=0 (m‘sn"w ( )) ,
m’'n
which proves (3.1)

By Abel’s transformation again, we have

m oo oo m
IS of D SITETEIUD IS )
) j j 11=1 =11 1=m-+1

M oo

ST S

11=1 1=1%1 j=n
Letting M tend to oo, by (2.8), we have

£ 00w (1)

=1 j=n i1=1

11
ofe(i2)

m’'n
Thus, (3.2) is proved.

In a similar way to the proof of (3.2), we have (3.3). O

In similar ways to the proofs of Lemma 3.1 and Lemma 3.2, we can prove the
following two lemmas.

Lemma 3.3. If w (— %) satisfies (2.6) and (2.9), then, for any d,m > 2, (3.2)
implies (3.1), (3.8) and (3.4).

Lemma 3.4. Ifw (X, 1) satisfies (2.7), (2.8), then, for any 6,1 > 2, (3.3) implies
(3.1), (3.2) and (3.4).

Remark 2. When ‘O’ is replaced by ‘o’, the corresponding results of Lemma
3.1-Lemma 3.4 still hold.
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4. PROOF OF THE THEOREM

Proof of Theorem 2.1 Write m := [%] ,N = [%] for given A > 0,k > 0. Direct
calculation yields that

o0 o0
‘Az 2(fisx,y; b, k Z Z a;; sin iz sin jy(1 — cosih)(1 — cos jk)
ih ik
<16 a;j sinix sin jy sin? % sin? %
=1 j=1
o0 o0

m n m (o) o0 n (o) (o) h k
16 ZZ—FZ Z + Z Z—!— Z Z aij smz%sm2%
i=1j=1 i=1j=n+l i=m+lj=1 i=m+lj=n+l

=: 51+ S5+ 53+ 5,.
By (2.1), we have

S <h2kQZZl]a”: (hvk))a

i=1 j=1

By (2.2) and (2.3), we have

Sy <4n?> " N ifay; =0 (w(h, k),

i=1j=n+1
and
S3 < 4k? Z Zg ai; = O (w(h, k),
1=m+1 j=1

respectively. Finally,by (2.4), we have

54 <16 Z Z Ai5 = O(w(h,k))
i=m+1j=n+1
Combining all the estimates above, the proof of Theorem 2.1 for f1; € A.(w) is

complete.
All the other cases can be proved exactly in the same way.

Proof of Theorem 2.2 We prove the result by considering the following many
cases.
Case 1. p=¢ = 1. Since f11 € A¥(2), there exists a constant C such that

oo o0

‘AQ’Q(fH; x,y; h, k)| =4 Z Z a;; sin ¢z sin jy(1 — cosih)(1 — cos jk)
i=1j=1

< Cw(h,k), h>0,k > 0.
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Noting that fq; is uniform convergent (due to (1.1)), we can integrate with respect
to x on (0,h) and y on (0, k) to obtain that

= (1 —cosih)? (1 — cosjk)?
437 ay - ; < Chkw(h, k).
=1 j=1

In other words,

ZZ azj (1 — cosih)?(1 — cos jk)? —1622 2k<C'hk (h, k).

i=1 j=1 1=1j=1
(4.1)
Since 9
sint> =, 0<t< ., (4.2)
s 2
then
4 414
4 th 2 ih *h 1
sin 32 <7T2> =1 i=1,2,...,m:= 7l (4.3)
4 414
4 Jk 25k\ _ J°k |1
S ?2 <7T2) - 7_[_4 ) ]_1727 , = E (44)

By (4.2)-(4.4), we have

S5m0 () -o(ras(id). o

i=1 j=1

which proves Theorem 2.2 in the case when p = ¢ = 1.
Case 2. p=1,qg = 2. Since f12 € A¥(2), there exists a constant C' such that

oo o0

|A2’2(f12; z,0;h, k)‘ =4 ZZ a;j sinix(1 — cosih)(1 — cos jk)
i=1 j=1

< Cw(h, k).

By the uniform convergence of f12 (due to (1.1)), we can integrate with respect to
z on (0, h) and obtain that

4ZZCLU (1 — cosih) (1 = cosjk)” cosyk) < Chw(h, k),

=1 j=1
that is
= Gij . 4ih 5 gk
ZZ —% sin® — sin® — < Chw(h, k). (4.6)
— i~ 2 2
=1 j=1
By (4.2) and (4.6), we have

Zzawzh j k:2

=1 j=1

(h, k), (4.7)

where m := [%] ,n = [%] . Therefore,

which proves Theorem 2.2 in this case.
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Case 3. p=2,¢q = 1. In a way similar to Case 2, we see that Theorem 2 holds in
this case.
Case 4. p =g = 2. Since fa3 € AY(2), there exists a constant C such that

|A%2(f220,0; h, k)| = aij(1 = cosih)(1 — cos jk)

'M8
ng

i=1 j=1
R 5 ih . 5 jk
= 1622(1” sin Esm 5
i=1 j=1
< Cw(h, k).
Making use of inequality (4.2), we get
m.on -2h2 '2k2
NN ay -l < Cuih k), (4.8)
T

i=1j=1

where m := [%] ,n = [%] . Therefore,

S5 oo (44))

=137

Thus, Theorem 2.2 holds for p = ¢ = 2.

Proof of Theorem 2.3 The necessity follows from Theorem 2.2, while the suffi-
ciency follows from Lemma 3.1 with § =7 = 5(2) = 2 and Theorem 2.1.

Proof of Theorem 2.4 The necessity follows from Theorem 2.2 and Lemma 3.1
((3.1) = (3.4)), while the sufficiency follows from Lemma 3.2 and Theorem 2.3.

Proof of Theorem 2.5 (i) Proof of the first part. The necessity follows from
Theorem 2.2 and Lemma 3.1 ((3.1) = (3.2)), while the sufficiency follows from
Lemma 3.3 and Theorem 2.1.

(ii) The proof of the second part can be done in a way similar to that of the first
part.

Proof of Corollary 2.6. (1) If there are yi1, 11 (0 < py,v1 < 2) such that {m"w (L,

and {n”lw (m )} are almost decreasing on m and n respectively, then
= 11
i—1 —1l—p1 [ ;1 i
Se(in) - (e (i)
11
=0 M, [ = i—1—pn
(’” ()2 )
11
ol (in))
m'n

which implies (2.6). Similarly, we have (2.7). Therefore, (i) follows from Theorem
2.3.

)}
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(ii) If there are also fiz, 2 (0 < g, vs < 2) such that {m#2w (L, 1)} and {n"2w (L, 1)}
are almost increasing on m and n respectively, then

Zm 11 Z’" 11
Z'w <.7 ) - il_uz (iu?w (’7 >)
X T n N T n
1=1 1=1
1 1\ &
=0 2 - i1—po
<m o(53) > )

and

Thus, (ii) follows from Theorem 2.4.
Similarly, (iii) and (iv) follows from Theorem 2.5.
Proof of Theorem 2.8 The proof of this part is similar to that of Theorem 2.1.

Proof of Theorem 2.9 (i) If p = ¢ = 1, that is, f11 € A¥(2), then, for every ¢ > 0,
there exist hg > 0, kg > 0 such that

‘AQ’Q(fH; x,y; h, k)| = Z Z a;; sin iz sin jy(1 — cosih)(1 — cos jk)

i=1j5=1

<ew(h, k), 0<h < hg0<k<kp.
Similar to (4.5), we have

35 3,3
;;”a”_ h3k3 (hak)ée(mnw<m7n)

— =
provided that 0 < h < hg,0 < k < kp, and m = [%] > {h%} , N
€ > 0 is arbitrary, then

NN 33 53 (11

ZZ@jaijzo m°nw | —, , m,n — 0o.

— < m'n

=1 j=1

Here § =~ = 3.
(ii) If p = 1,q = 2, that is, fi2 € A¥(2), then, for every £ > 0 there exist hy >
0, kg > 0 such that

Il
—
=
P

vV
[ —
-
S
—_
wn
=
=}
Q
@

|A%2(f1152,0; A, k ZZ a;j siniz(1 — cosih)(1 — cos jk)
i=1 j=1
<ew(h, k), 0< h<hy0<Ek< k.
Similar to (4.7), we have

n 4h4 2/€2

Yy P

i=1 j=1

(h, k),
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provided that 0 < h < hg,0 < k < kg, and m := [%] > {i} ,n o= [ﬂ > [i}
Since € > 0 is arbitrary, then

E g i3j2aij =o0 <m3n2w (, )> m,n — 00.
— £ m'n
i=1 j=1

The proofs of the other two cases p = 2,q¢ =1 and p = ¢ = 2,can be done similarly.
We omit the details here.
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