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FEKETE-SZEGO PROBLEM FOR A CLASS OF COMPLEX
ORDER RELATED TO SALAGEAN OPERATOR

(COMMUNICATED BY R.K RAINA)
S.P. GOYAL, R. KUMAR

ABSTRACT. For non-zero complex b, let b, () (m >n), m €N, n € Ny de-

note the class of normalized univalent functions f satisfying 1+% (%:’Z]{((zz)) — 1) =<

¢(2), z in the open unit disk U, where D™ f denotes the S&ldgean derivative
of f. In this paper, we obtain sharp bounds for the Fekete-Szegd functional

las — pa3).

1. INTRODUCTION

The problem called Fekete-Szego arised from the estimate:
laz — Aa3| < 1+2 exp(=2X\/(1—N)) (1.1)

due to Fekete and Szegd [6]. Here ag, ag are the coefficients of a normalized univalent
function

f(2) :Z+Zakzk (1.2)
k=2

in the open unit disk 4 = {z € C: |z|] <1} and X is a real number such that
0 < XA < 1. In [6] authors stated that inequality (1.1) is sharp for each A. We
observe that the coefficient functional as — a3 was not chosen incidentally, but it
represents several geometric quantities. Let Sy denotes the Schwarzian derivative
of normalized analytic functions f in the unit disk e.g. Sy = (f”/f") — "/ /2.
Then S;(0)/6 is just Fekete-Szegd functional for A = 1, and the hyperbolic sup-
norm of the Schwarzian derivative

1571l = sup(1 — |2[*)?|S¢(2)].
zeU

plays an important role in the theory of Teichmiiller spaces. In connection with
Teichmiiller spaces, it is an interesting problem to consider estimation of the norm of
the Schwarzian derivatives as well as Fekete-Szego functional for typical subclasses
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of univalent functions. For that reason Fekete-Szego functional was studied by
many authors and some estimates were found in a many subclasses of normalized
univalent functions (see, for example [1] - [12]).

Let S be the set of all functions normalized, analytic and univalent in the unit
disk U of the form (1.2). By P we denote the well-known class of Carathéodory
functions, so that P = {p : p analytic in U, Re{p(z)} > 0}. Assume also that ¢ € P
is such that ¢(0) = 1, ¢’(0) > 0 and ¢ maps the unit disk U onto a region starlike
with respect to 1, and symmetric with respect to the real axis. We note that ¢
has a real coefficients around the origin. By ST (¢), CV(¢), CC(p) we denote the
following classes of functions

= z @) z), z
ST(@)—{f()eS. 8 =< o(z), eu} (1.3)
S resias O Lo
CV(ga)—{f()GS.lJr ) =< p(2), eu}. (1.4)
Let
g(z)zz—!—Zbkzk, z€eU. (1.5)
k=2
Consider the class
CC(gp){f()ES. o) < p(z), g € ST, eu} (1.6)

”

where ” < 7 denotes the subordination between analytic functions. The classes
ST (p) and CV(yp) are the extensions of a classical sets of a starlike and convex
functions, and in a such form were defined and studied by Ma and Minda [13].

In this note we consider a complex generalization of the mentioned above classes,
namely the class ST(¢) (resp. CVy(p), CCh(p)) of all functions f as follows

STu(p) = {f(z) €S: 1+ E (Zf/(z) — 1) < o(2), z € u}, (1.7)

b\ f(2)
CVu(p) = {f(z) €S 1+ % <Z}f(S)> <o(2), z€ u}. (1.8)
CCh(yp) = {f(z) €S:1 +% (ng(/i)z) — 1> < ¢(z), g€ ST, = eu}. (1.9)

We note that the choice b = 1 reduces ST () and CVy(¢) to ST (¢) (resp. CV(p)).
Let a differential operator be defined (Séldgean, [15]) on a class of analytic
functions of the form (1.2) as follows

Dof(z):f(z)’ le(z):Df(z):Zfl(z)’
and in general
D"f(z) =D (D" 'f(z)) (neNy=NU{0}).
We easily find that

D" f(2) :z—l—ik”akzk (n € Np). (1.10)
k=2
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Definition 1.1. Let b be a non zero complexr number, and let f be an univalent
function of the form (1.2), such that D™ f(z) # 0 for z € U\ {0}. Also, let ¢ be an
analytic univalent function with positive real part in the unit disk U with p(0) =
1, ¢'(0) > 0 which maps the unit disk U onto a region starlike with respect to 1
which is symmetric with respect to real axis. We say that f belongs to ./\/7317“(@) (m >
n), m €N, n € Ny, if

1 /D™f(z

1+b<D"]J:((z))_1> <p(2), z€el. (1.11)

For m =n+ 1, n € Ny, the condition (1.11) reduces to

1 <Z(D”f(2))’ (st

(1.12)
which is a natural generalization of classes ST(p) (resp. CVp(p)) for a choice
n =0 (resp. n =1).

Definition 1.2. Let b be a non-zero compler number, and let f be a univalent
function of the form (1.2), we say f belongs to Mg, (o) if

12(D"f(2))"

1+ 5 (D" (2) <¢(z), ze€l, (1.13)
and f is a member of CN7, ,(¢) if
1 Dn-i—lf(z)

where g € NP, (¢).

2. MAIN RESULTS

We shall require the following estimates for the Carathéodory class P during our
investigation.

Lemma 2.1. ([13], see also [14]) If p(2) = 1+ c12+ ca 2% + -+ is a function with
positive real part, then for any complex number u,
lco — pci| < 2max{l,|2u — 1]},
and the result is sharp for the functions given by
1422 1+2
= or .
1—22" 1—2
Lemma 2.2. ([13]) Let p € P with p(z) =1+ c12 + c22% + ... Then
2 4v if <0,
\cz—vcﬂg 2 if 0<wv<l,
qv—2 if v>1.
When v < 0 orv > 1, inequality holds if and only if p(z) is (1+2)/(1—z) or one of

its rotations. If 0 < v < 1, then equality holds if and only if p(z) is (14 22)/(1—22)
or one of its rotations. Inequality becomes equality when v = 0 if and only if

1 1 142 1 1 1—2
=+ - — = <A<l1
p() (2+2)1—z+<2 2/\)1—1-2’0_)\_ ’

p(z)
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or one of its rotations. While for v = 1, equality holds if and only if p(z) is the
reciprocal of one of the functions such that equality holds in the case of v =10. For
0 < v <1 the above can be improved by

N |

|co fvcﬂ +v\01|2 <2, 0<wv<
and

1
lco —ve2| + (1 —v)|e1]? < 2, 3 <v<l1.

Theorem 2.3. Let b be a non zero complex number and ¢(z) = 141 z2+as 224
If f(z) given by (1.2) belongs to N}, (), then for p e C

% N |:2n(2m _ 271) _ M(gm _ 3n):| bal
(2.1)

bla
lag — pa3| < (37|n|;n)max{1,

oy (Qm _ 2n)2

The result is sharp.

Proof. For a function f given by (1.2) and by the definition of the class
NP (@) (m > n) there exists p € P such that

D™ f(z) 2
A — 1} =1 2.2
D f(2) +b{p(z) } + beyz + begz® + , (2.2)
and p < . Then the function
1 -1
W(z) = 1 2_TPE) W) ) gz (2.3)

S 1—o7(p(2))
is analytic and has positive real part in &/. Hence

p(z) =¢ (1/)(2)—1> : (2.4)

P(z)+1
Equating power series expansion of ¢(2) = 1+ a1z + agz? + -+ -, we express ¢,
in terms of d,, and a,, in terms of d,, and «,,. From the equation (2.4), we obtain
c = %aldl, and ¢y = %al (d2 — ;d?) + iagd%. (2.5)
From (2.2), we get
np .2
as = me%%, and a3 = T b_3n [02 + 2i Ecin} ) (2.6)
By the equations (2.5) and (2.6), we have
boaidy
9 = 3w —an)
and
az = band, bdj [ 2"bay + ag — a1] .
2(3m —3n)  4(3m —3n) [2m — 27
Therefore we have
9 bay o
az — pag = m{dz —vdi}

where (note that a; = ¢'(0) > 0)

e ()]
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Our result now follows by an application of Lemma 2.1. The result is sharp for the
function defined by

1 (D"f(z) 2 1 (D™f(z)
1+ (22 1) = T4+ - (2 1) = (2).
5 (an(z) ) P Uy D) #e)

We next consider the case, when both p and b are real. Then we have
Theorem 2.4. Let b > 0 and ¢(z) = 1+ a1z + agz® + ---. If f given by (1.2)
belongs to Nﬁw(tp), then for € R, we have

bas ,U,bQOL? 2nb2af
3m _3n (2m_2n)2 + (2m_2n)(3m_3n) fOT’ ’U, S 017

boy for o1 < p< oy,

lag — pa3| <

3’!”_3”
ba b2()é2 2nb2a2
_3m,23n + (27*:1,2711)2 - (2m,2n)(3v}z,3n) fOT’ N 2 g2,
where
2m — 2" [27ba? + (ag — ) (2™ — 27)
o1 =
1 3m _ 3n a%
and
2m — 2" [27ha? + (2™ — 2") (g + )
09 = .
27 gm _3n ba?
The result is sharp.
Proof. By Theorem 2.3, we have
ba1
ag — pa3 = m{dz —vdi}
where ( ) ( )
1 a2 M 3m _ 3” _ 277, 2TYL _ 27l
=—-11-—= b )
Y73 { a1+( (2m — 2n)2 “

Our result now follows by an application of Lemma 2.2.

Remark 2.5. If f given by (1.2) belongs to Nﬁln(gp) and o1 < p < o9, then, in
view of Lemma 2.2, Theorem 2.4 can be improved. Let o3 be given by

om _on {2%0[{ + ag(2m —27) ]

o3 —

3m _ 3n ba?
Ifoy < < o3, then
T Cir 10 S P (3™ —3") —2m(2m —2M)] by
[ ﬂa2‘+4b(3m —3n) (a1 — az) 4 bay (2m — 2n)2 jaz]” < 3m —3n
If 03 < u < o9, then
) (2771 _ 2n)2 2”(37” _ 3n) _ 2n(2m _ 271) 9 bOé]
o e e b <
|az MG2\+4b(3m —37) (1 + ag) + bay (2m — 2n)2 jaz|” < 3m _ 3n

Taking m =n+1 (n € Ny), Theorem 2.3 and 2.4 reduce to

Corollary 2.6. Let b be a nonzero complex number and ¢(z) = 14+ay z+ag 22+ - -.
If f(z) given by (1.2) belongs to N}, (), then for u € C, we have

o))
(651} 4

bla
o pf] < g mac {1

The result is sharp.
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Corollary 2.7. Let b > 0 and ¢(2) = 1 + a1z + a2z +---. If f given by (1.2)
belongs to Nt ,,(¢), then for p € R, we have

b ub?a? b2a? .
%3‘22—?,,14-3721 if w< o1,
2 .
laz — paz| < 35 if o1 <p<oy,
b ub?a? b2 a2 .
_37(’1!22—1— 22n1 - 3n21 if I'LZU27
where
o1 — 1 4 " 1+ Qg — Q1
1==\|= .
2\3 ba?
and

1 /4\" ag + oy
=—|(= 1 .
=3 (5) [+ %

Remark 2.8. If f(z) given by (1.2) belongs to N£+17n(<p) and 01 < | < 0, then,
in view of Lemma 2.2, Corollary 2.7 can be improved. Let o3 be given by

1 4 " (6]
=—|= 1+—= 1.
7 2(3) {maﬂ
If 01 < p < o3, then

1 4 " [ 3 " | bOél

o=l + 5 (3) {te - +00 [ (3) | b < 22

If 03 < u < og, then
1 [/4\" [ 3\" 1 ba

|az — paj3| + % <3> {(a1 +az) + baf _2# <4) - 1_ } jaz]* < 2.32'

On taking b = (1 — B)e ®cosd (0< B <1, |0] < F)andp(z) = =2 in Theo-
rem 2.3 and Corollary 2.6, we get the following result

The result is sharp.

Corollary 2.9. If f(z) given by (1.2) belongs to J\/‘,l,’l’n(cp), then for u € C, we have

2(1 — B)cosé ax {1,

is
2
(3m — 3n) e’ +

|az—pa3| <

](1—5)cos5

b

[2”(2m —2") —p(3™ = 3")
(2m _ 2n)2

The result is sharp.

Corollary 2.10. If f(z) given by (1.2) belongs to N}, 1 (), then for p € C, we

have

Acknowledgment:The authors are thankful to Prof. S. Kanas, Rzeszow Uni-
versity of Technology, Poland, for his valuable suggestions.

jas — paj| <

(1 —B)cosd i {1’

3n e"‘5+2{1—2u(i) ](1—6)6086

The result is sharp.
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