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HARMONIC MAPS ON GENERALIZED WARPED PRODUCT
MANIFOLDS
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AND SEDDIK OUAKKAS

ABSTRACT. In this paper, we present some new properties for harmonic maps
between generalized warped product manifolds .

1. INTRODUCTION

Consider a smooth map ¢ : (M™,g) — (N", h) between two Riemannian mani-
folds. The energy functional of ¢ is defined by

B0) = 5 [ Vol B0) = [ (o, (11)

(or over any compact subset K C M), where e(¢) = 1|dp|?, denote the energy
density of ¢.

A map is called harmonic if it is a critical point of the energy functional E(¢)
(or E(K) for all compact subsets K C M), the Euler-Lagrange equation associated
to (1.1) is

T(¢) =Tr,Vde, (1.2)
7(¢) is called the tension field of ¢. For any smooth variation {¢;},.; of ¢ with

¢o=¢ and V = L

, we have

d
%E (¢¢)

= —/h (1(¢),V)dv,. (1.3)

M

t=0
Then, we have

Theorem 1.1. A smooth map ¢ : (M™,g) — (N™, h) is harmonic if and only if
7(¢) = TryVde = 0. (1.4)
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If (#%)1<i<m and (y*)1<a<n denote local coordinates on M and N respectively,
then equation (1.4) takes the form

o 007097 . Of 09
oxt OxJ oxt OxJ

0)" = (86% 4+ 49T )0 1zasa 0s)

where A¢® = ﬁ% ( lglg® g‘zj) is the Laplace operator on (M™, g) and Nl‘gv
g
are the Christoffel symbols on N. One can refer to [1], [3], [4], [5] and [8] for

background on harmonic maps.

2. SOME RESULTS ON GENERALIZED WARPED PRODUCT MANIFOLDS

In this section, we give the definition and some geometric properties of general-
ized warped product manifolds.

Definition 2.1.  Let (M™,g) and (N™,h) be two riemannian manifolds, and
f: M x N — R be a smooth positive function. The generalized warped metric on
M x¢ N is defined by
Gr=m"g+(f)’n"h (2.1)
where w: (z,y) € M X N -z € M andn: (x,y) € M x N — y € N are the
canonical projections. For all XY € T(M x N), we have

Gy(X,Y) = g(dn(X),dn(Y) + (f)*h(dn(X),dn(Y))
and we denote by X NG o Y, the linear map :

Z € H(M) x H(N) — (X NG, 2 Y)Z =Gy (Z, Y)X — G (Z,X)Y (2.2)

Proposition 2.2.  Let (M™,g) and (N™,h) be two Riemannian manifolds. If V
denote the Levi-Civita connection on (M xy N,Gy), then for all X1,Y1 € H(M)
and X2,Ys € H(N) whe have :

1 1
—§h(X2,Y2)(gmde2, ﬁgmdeQ)
where X = (X1, X5), Y = (Y1,Y2) and VxY = (VY Y, VY YV?)

In the general case, the geometry of product manifolds is considered in [6].

Proof follows from the Kozul formula and the following formulas:
X(f2)h(Ya, Zo) = 2X(Inf)Gs((0,Y2), 2)
Y (f*).0(X2, Z2) 2Y (In )G £((0, X2), Z)
1
Z(f*).n(X2,Y2) = h(X2,Y2)Gy((grada f, ﬁgradzvfz), Z)
Gy(VxY,Z2) = g(V¥Y1,Z1)om+ [P h(VY,Ya, Z2) 0
where Z = (Z1,Z3) € H(M) x H(N)
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Remarks. :
(1) If f: (z,y) € M x N = f(z,y) = f(x) , then

VxY = VXY+X1(1nf)<0,Y2) +Y1(1nf)(0,X2>

—%h(X27Y2)<gradM(f2), O)

is the Levi-Civita connection of warped product manifolds.

(2) If f:(zy) € M x N f(z,y) = f(y) , then

VxY VY + Xo(In f) (o, Yg) 4 Ya(ln f) (o, XQ)
—%h(xg, v3) 0. %gradN(fQ))

- (vé({yl, €X2Y2)

is the Levi-Civita connection of product Riemannian manifolds (M, g) and
(N, f2h), where

Vx,Ys = VY, Ys + Xo(In f)Ya + Ya(In f) Xz — h(Xs, Ya)grady In f
From Proposition 2.2, we obtain

Corollary 2.3. For all X1,Y7 € H(M) and X2,Y> € H(N), we have:

V011,00 = (VX 11,0).

Vix,00,Y2) = Xi(Inf)(0,Y2).

V(0,x5)(Y1,0) Y1 (In £)(0, X3).

Vio,x)(0,Y2) = (0,VY,Y2) + Xo(In f)(0,Y2) + Ya(In £)(0, X2)

1 1
—ih(X27 Ys) (gradag f2, PgradN]d).
From Proposition 2.2, Corollary 2.3 and formula of curvature tensor, we obtain

Proposition 2.4. Let (M™,g) and (N™,h) be two Riemannian manifolds and
f: M x N = R be smooth positive function. If R and R denote the curvatures
tensors of product manifold (M x N,G) and generalized warped product manifold
(M x5 N,Gy) respectively, then
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R(X,Y)Z - R(X,Y)Z

(V%gradM In f +Yi(In f)gradas In f,0) Ag, (0, X2)
— (V¥ grady In f + X1(In f)grada In f,0) Ag, (0,Y2)

1
N
— (0,VX,grady In f — Xy(In f)grady In f) Ag, (0,Y2)

(O,V{\/;gradN In f — Ya(In f)grady In f) Ag, (0, X2)

— (f*lgradyInf |* + | grady In f *)(0, X2) A, (0,Y2)

+ [Xi(Za(n ) + Xa(Z1(10 £))] 0, Y2)
~ [M(Zn ) + Va(Zi(n 1)) 0, Xa) (2.4)

for all XY, Z € H(M) x H(N), where X = (X1,X2), Y = (Y1,Y2) and Z =
(Z1,Z5).

Proposition 2.5. Let (M™, g) and (N™, h) be two Riemannian manifolds and
f:M x N — R be smooth positive function. The Ricci curvature from generalized
warped product manifolds (M x§ N,Gy) is given by the following formulas:

Ric((X1,0), (Y1,0)) = Ric™(X1,Y1) —ng(VY grady In f + X1 (In f)grada In f,Y7)
Ric((X1,0),(0,Y2)) = —nXi(Yz(In f))

Ric((0,X32),(Y1,0)) = h(X2,grady(Yi(In f))) — nXz(Y1(In f))
Ric((0,X2),(0,Y2)) = Ric"(Xa,Y2) + (2 —n)h(VY,grady In f,Ys)

+ (2-n)[h(X2,Y2) | gradyIn f | —Xo(In f)h(grady In f, Ys)]
bR Y)[nf? | gradyginf P ~Ay(nf) — Ay (1n )]
for all X1,Y1 € H(M) and X2,Ys € H(N).

The proof follows from Proposition 2.4 and the Ricci formulas.

3. HARMONIC MAPS ON GENERALIZED WARPED PRODUCT MANIFOLDS

Let (M™,g),(N™ h) and (PP,{) be Riemannian manifolds of dimensions m,n
and p respectively, f : M x N — R be smooth positive function, and (M x ; N, Gy)
be the generalized warped product manifold.

3.1. Harmonicity conditions of ¢ : (P,{) — (M x; N,Gy). .

Proposition 3.1. If p : P - M and v : P — N are reqular maps, then the
tension field of
¢: (PP l) — (M xyN,Gy)
— (e(2),¥(2))

T
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is given by the following relation:
r(¢) = (7(e)7() +2(0,dv(gradp(in f o 6))) (3.1)
—e(¥) (gmdeQ, %gmdeQ)

Proof.  Choose a local orthonormal frame (e;); with respect to £ on M. Then by
definition of tension field, we have

T(QS) = t'l"[Vd(]S
= Veidqﬁ(ei) - dd’(viei)

= Vide(e:)dv(e) (dp(ei), dip(e;)) — (d@(vg ei), dp(VE €i)>
= Vidg(e:).dp(e:)) (dp(ei), di(eq)) + 2(dp(ei), dip(e;))(In f)(0, dip(e;))
—(w)(gradut £ 0 9, gygrady 0 v) = (dp(VEe), du(V L)

= (7). 7)) +2(0, dv(gradp(in £ 0 9)))
—(w)((gradus 1) 6. (Fgrady ) o )

From Proposition 3.1, we have

Remarks. :

e If f is a constant function, then the tension field of ¢ is given by

7(0) = (7(2), 7))

and ¢ is harmonic map if and only if ¢ et Y are harmonic maps.

o If P= M and ¥ = yg is constant, then the tension field of ¢ : x € M ——
(p(x),y0) € M x N is given by
7(¢) = (7(¢),0)

o If P= N and ¢ = g is constant then the tension field of ¢ : y € N —
(zo,¥(y)) € M x N 1is given by

1

12

o If P = N and ¢ = Idy, then e(v)) = § and then the tension field of
¢:y€N— (p(y),y) € M x N is given by

7(6) = (0,7(1)) + 2(0, d(gradu (n f 0 9))) — e(w)(gradas f2, 5 grady f*)

7(6) = (7(9) ~ Sorada /2, 2~ n)grady f2)

From definition of conformal map and Proposion 3.1, we deduce
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Proposition 3.2. Let o : M — M be conformal map with dilatation X\, then the
tension field of

¢:(M,g) — (M xyM,Gy)
r o (@), (x))

is given by
T(¢) = (2—m) (d(p(gradln A), dp(gradln )\)) + 2(07 dp(grad(ln f o 90)))
7%)\2 (grade, %grad]ﬁ) o

For more details on conformal maps, we can refer to [2], [7]

3.2. Harmonicity conditions of ¢ : (M x; N,Gy) — (P,). .

Let ¢ : (z,y) € (M xy N,Gy) — ¢(x,y) € (P, k) be smooth map. If we denote
by

éN =N (N,h) — (Pk)
y — on(y) = o(z,y)

and

d)]u = QZ)Z;W : (M,g) — (P,k')

then for all X € H(M) , Y € H(N) and (z,y) € M x N, we have:

A2,y (X, 0) = dudiy (X) = duppr (X)
d(w,y)¢(07 Y)=dyo3(Y) = dyon(Y)

Proposition 3.3. The tension field of ¢ : (M x¢ N,Gy) — (P, k) is given by:

7(¢) = 7(dm)+ ndon(grady In f)
+ S {ron) + (n=2dox (gradyn )}, (3.2)

Proof. Any local orthonormal frame {E;,i = 1,m} and {F},j = 1,n} on (M™,g)
and (N™, h) respectively, induces a local orthonormal frame on (M x; N,Gy) by:

L
f

{Uz = (E2a0)7 Um+j = (07 FJ) : {



162 A. BOULAL, N.E.H. DJAA, M. DJAA AND S. OUAKKAS

Using formula of tension field, we have :

T(¢) = trg,VPde

= {V§¢(Ei,0)d¢(Ei7 0) — d(b(v(EiyO)(E“ 0))}

=1

~.

n

1 1 1= 1
> {5 Vh0m) 7900 F) — 465500, 50, F)) }

)

_|_

J
- Z {v§¢AI(Ei)d¢M(Ei) — d¢M(V%-Ei)}

+Z%[—P i(f)don (Fy) + Vd¢N(F)d¢N( )}

f
(0, grady In f) Zfi (0, V%Fl)}

(0, grady In f) — (gradas f?, 12 grady f )]

2f2 f
f2d¢N(gmdN In f) +Z dem(mdw( 5)

n

-> %dd)N(V% F;) 4+ ndga(graday In f) — %dm (grady In f)

hence

7(6) = T(dar) + nddar(gradas In f) + 7 { (6n) + (n —2)d¢)N(g7‘alenf)}.
0

Particular cases :

o If f € C(N) (i.e: f(z,y) = f(y)), then
7(¢) = 7(¢m) + ndn (grada In f)
o If feC™(M) (ie: f(z,y) = f(x)), then
(6) = 7(6a1) + 5 ((én) + (n = Do (gradu n ).
o Let p=7:(z,y) € M xy N =z € M, then 7(7) = n.gradp; In f and 7 is
harmonic map if and only if f is constant on M,(i.e: f(z,y) = f(y)) .
e Lletp=n:(z,y) € M Xy N =y €N, then 7(n) = ”f 2grady In f and 7

is harmonic map if and only if f is constant on N, (i.e: f(z,y) = f(z)), or
dimN = 2.

+ %r@sm.
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e Let p: (M,g9) — (P, k) be a smooth map and ¢(z,y) = ¢(x), then
7(¢) = 7(¢) + n.de(grady In f)
therefore, if ¢ is a conformal map with dilatation A, then

7(¢) = (2 — m)dep(grady In \) + n.de(grady In f)

m—2

and ¢ is a harmonic map if and only if f = C(y).\ = .
o Let ¢y : (N,h) — (P, k) be a smooth map and ¢(z,y) = ¢(y), then

1
e

therefore, if ¥ is a conformal map with dilatation A, then

7(9) (7’(1/)) + (n —2).dy(grady In f))

-2
7(¢) = (nf2 ) (dw(gradN In f) — dy(grady In /\)>
and ¢ is a harmonic map if and only if f = C(z).A or dimN = 2.
o Let ¢ : (M,9) — R and ¢ : (N,h) — R are a smooth functions, if
¢(z,y) = ¢(x)¥(y), then

T(9) = ¢{T(<p) + ndp(gradys In f)} + %{T(?ﬁ) + (n — 2)dy(grady In f)}

3.3. Harmonicity conditions of ¢ : (M x; N,G;) — (P X4 B,G4). .

Let (M™,g),(N™, h), (PP, £) and (Q9, p) be Riemannian manifolds of dimensions
m,n,p and g respectively, f : M X N — R (resp a : M x N — R) be smooth positive
functions, and (M x s N, Gy) (resp (P X4 Q,Ga)) be the generalized warped product
manifolds of (M™,g) and (N™, h) (respectively (P?,¢) and (Q,p)).

Proposition 3.4. Let ¢ : (M,g) — (P, £) and ¢ : (N,h) — (Q, p) be a smooth
maps. The tension field of

¢: (M xfN,Gf) — (PxaQ,Ga)
(z,y) — (p(@),¥(y))
is given by:
m(¢) = (T(f)»o) + n(dp(grada In f),0)
72 (0,7(4)) + (n = 2)(0, do(grady In f))

+2(0, dp(grady (Ina o ¥))) — e(y) (gradpa?, %gmonf)

Proof. Let (E;); (resp(F};);) be an orthonormal frame on (M, g) (resp(N,h)). If
V(respV) denote the Levi-Civita connection on the generalized warped product
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manifolds (M x; N,Gy) and (P X, Q, G,) respectively, then we have
() = trg,Vdp
= (Vi) de(Ei),0) — (de(VE Ei),0)

1~ 1 1— 1
+?V(0,dw(m)?(07 dy(F;) — d¢(?v(o7ﬂ)?(0, Fy))
= ()0 + 0.7 + "2 0. avgrady 1 )

_e(¥)
72
+n(dp(gradys In f),0)

1
(gradpa?, ﬁgradBoﬁ) +

72 (0.dv(grady(inac )]

From Proposition 3.4, follows:
Proposition 3.5. The tension field of
¢=TIdyx,;N: (M xyN,Gy) — (M xqN,Gy)
(z,y) — (z,9)
s given by

7(¢) = n(gradM Inf— n-2

gmgMa2,0)+ 72 (O,gralen(f)).

a
(li(z) = 1)a” = Ix(y)
So, Idyrx ;N is harmonic if and only if ¢ A

f=lh(2).a

L
212

where l; € C®(M) and ly € C*(N).

Proposition 3.6. If p: M — M and ¢ : N — N are harmonic maps, then the
tension fields of

¢1: (M x5y N,Gy) — (M xN,G)
(z,y) — (e(@),9¥(y))
and
¢2: (M x N,G) —
(z,y) — (p(@),9%(y))

are given by the following formulas:
(n—-2)
12
1
7(p2) = 2(0,dyp(grady (Ina o)) — e(v) (gradya?, EgradNoﬂ)

Proposition 3.7. Let p : M — P and ¢b : N — Q are conformal maps with
dilation \ and p respectively. The des tension field of

¢:(MXfN7Gf) — PXQ

(@,y) — (p(@),¥(y))

7(¢1) = n(de(grady In f),0) + (0, dy(grady In f))
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is given by
7(¢) = ((2—=m)de(grady InX) + nd(e(gradys In f)),0)
+2f—72n [(O,dw(gmd]vln?))}

A (@) = aly)
and ¢ is harmonic map if and only < A

ny) = fB(x)
therefore, ¢ is harmonic map if and only if the function f takes the form
fi(@y) e M x N = f(z,y) = lL(2)l2(y),
where l; € C®°(M) and ly € C*(N).

Example
¢: (R" —{0} xy R" —{0},Gy) — (R"—{0} xR" —{0},G)
r oy

‘/L.7 )

then ¢ is harmonic if and only if
22-m) o
f@,y) = |z| ly]
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