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NEW INEQUALITIES USING FRACTIONAL Q-INTEGRALS
THEORY

(COMMUNICATED BY R.K. RAINA)

ZOUBIR DAHMANI, ABDELKADER BENZIDANE

ABSTRACT. The aim of the present paper is to establish some new fractional
g-integral inequalities on the specific time scale: Ty, = {t : t = tog™,n €
N} U {0}, where top € R, and 0 < ¢ < 1.

1. INTRODUCTION

The integral inequalities play a fundamental role in the theory of differential
equations. Significant development in this area has been achieved for the last two
decades. For details, we refer to [12, 13, 16, 22, 18, 19] and the references therein.
Moreover, the study of the the fractional g-integral inequalities is also of great
importance. We refer the reader to [3, 15] for further information and applications.
Now we shall introduce some important results that have motivated our work. We
begin by [14], where Ngo et al. proved that for any positive continuous function f
on [0, 1] satisfying

/1 f(r)dr > /1 Tdr,x € [0,1],

and for § > 0, the inequalities

' 5+1T T 17'6 T)aT .
/Of <)dz/0 f(r)d (1.1)
and

1 1
/ o (r)dr > / Tfo(r)dr (1.2)
0 0
hold.
Then [10], W.J. Liu, G.S. Cheng and C.C. Li established the following result:
b b
[ etz [ -, (13)
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where o > 0,8 > 0 and f is a positive continuous function on [a, b] such that
b b
/ fr(r)dr > / (1 —a)dr; v:=min(l, ),z € [a,b].

Recently, Liu et al. [11] proved that for any positive, continuous and decreasing
function f on [a,b], the inequality

Jo £P(@)dr [ —a)’ £ (r)dr
4 > =4 , 8> 0,0 >0 1.4
f: fr(r)dr f:(T —a)dfr(r)dr 7 ~ 4

is valid.

This result was generalized to the following [11]:

Theorem 1.1. Let f > 0,9 > 0 be two continuous functions on [a,b], such that f
is decreasing and g is increasing. Then for all B> v > 0,5 > 0,

Jo £7@)dr [ ¢" ()17 (r)dr
L p@dr [ () f(r)dr

The same authors established the following result:

(1.5)

Theorem 1.2. Let f > 0 and g > 0 be two continuous functions on [a, b] satisfying

(£2)g*(0) = L (0)g" (1)) (777 (7) = 77 (p)) = 037, p € [0, D]
Then, for all >~ > 0,5 >0 we have

Jo 7P @)dr [ g ()P (n)dr
i e (ndr D g (n) fi(r)dr

More recently, using fractional integration theory, Z. Dahmani et al. [6, 7] estab-
lished some new generalizations for [11].

Many researchers have given considerable attention to (1),(3) and (4) and a number
of extensions and generalizations appeared in the literature (e.g. [4, 5, 6, 7, 9, 10]).
The purpose of this paper is to derive some new inequalities on the specific time
scales Ty, = {t : t = toq",n € N} U {0}, where tp € R, and 0 < ¢ < 1. Our
results, given in section 3, have some relationships with those obtained in [11] and
mentioned above.

(1.6)

2. NOTATIONS AND PRELIMINARIES

In this section, we provide a summary of the mathematical notations and defi-
nitions used in this paper. For more details, one can consult [1, 2].
Let tg € R. We define

Ty :={t:t=1to¢",n e N}U{0},0 < ¢ <1 (2.1)
For a function f : T, — R, the V g-derivative of f is:
t)— f(t

(q—1)t
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for all t € T\ {0} and its Vg¢-integral is defined by:

| 1097 = = a3 piea) (23

The fundamental theorem of calculus applies to the g-derivative and g-integral. In
particular, we have:

Vq/o f()Vr = f(1). (2.4)

If f is continuous at 0, then

/0 V£ (1)V7 = £(t) — £(0). (2.5)

Let T3, , T}, denote two time scales and let f : T3, — R be continuous, and g : T3, —
T;, be g-differentiable, strictly increasing such that g(0) = 0. Then for b € T}, we
have:

b g(b)
/ F(H)V,g(t)V = / (fog)(s)Vs. (2.6)
0 0

The g-factorial function is defined as follows:
If n is a positive integer, then

(t— ) = (¢ — 8)(t — qs)(t — ¢%s)...(t — " 's). (2.7)

If n is not a positive integer, then

(t_s)(n) _t"ﬁ 17(% qk (2.8)
- _ (S n+k :
o L= ($)g
The g-derivative of the g-factorial function with respect to ¢ is
1 _ n
Vot—s)®==""9_ g1 (2.9)
1-¢q
and the g-derivative of the g-factorial function with respect to s is
1 _ n
Vot —5)™ = ———L (4 — gg)»=D), (2.10)

I—gq
The g-exponential function is defined as
eq(t) = [ (1= ¢"1),e,(0) = 1 (2.11)
k=0

The fractional ¢-integral operator of order o > 0, for a function f is defined as
VvV, of(t) = ﬁ fot(t —qr)=Lf(1)Vr; a>0,t>0, (2.12)

where I'y() := - fl(l%q)afleq(qu)Vu.
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3. MAIN RESULTS
In this section, we state our results and we give their proofs.

Theorem 3.1. Suppose that f is a positive, continuous and decreasing function on
Ti,. Then for alla > 0,8 >~ > 0,0 > 0, we have

0] - Vo)
L] T Ve )
Proof. For any t € T;, then for all 3 >~ > 0,0 > 0,7,p € (0,t), we have

t> 0. (3.1)

(0 =) (7@ = 1700) 2 0 (3.2)
Let us consider
H(r.p) = () (0) (0" = 7°) (F777) = 17770 (3.3)
Hence, we can write
o [ — qu/zg_l)ﬂ(ﬂp)vapVq“[fﬁ(t)]vq“[t‘;f”(t)]

—a —afyd
=V @IV )] = 0.
(3.4)
The proof of Theorem 3.1 is complete.
We have also the following result:

Theorem 3.2. Let f,g and h be positive and continuous functions on Ti,, such
that

(9(7) - g(p)) (*Z - 7:) > 0;7,p € (0,t),t > 0. (3.5)

Then we have

(3.6)

\Y
\Y

q
q

o R
—~| —~
| S
—| =
~ ~~
|

for any o > 0,t > 0.

Proof. Let f,g and h be three positive and continuous functions on 73;,. By
(3.5), we can write

9(7)% + g(p)‘m - g(p)m - g(T)W

where 7, p € (0,t),t > 0.
Therefore,
9()f(L)M(T) + 9(p) f(T)h(p) — g(p)f(p)h(T) — g(7) f(T)h(p) = 0,7, p € (0,1),t > 0.
(3.8)
Multiplying both sides of (3.8) by % then integrating the resulting in-
equality with respect to 7 over (0,t), yields

F(P)V g “gh(t) + g(p)h(p)V f(t) — g(p) f(p)V g “h(t) — h(p)V, “gf(t) >0

>0, (3.7)

and so,
V, Y f()V, “gh(t) =V, “h(t)V, “gf(t) > 0. (3.10)
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This ends the proof of Theorem 3.2.

Using two fractional parameters, we have a more general result:

Theorem 3.3. Let f,g and h be be positive and continuous functions on Ty, such

that
(g(r) - g(p)) ({LEZ; - M) > 0;7,p € (0,t),t > 0. (3.11)

Then the inequality
Vi (f@) Vg« (gh(t) + V< (f () Vg *(gh(t))
Vg (h(t))Va“(gf (1)) +Va“(h(t))Vy

holds, for all o > 0,w,t > 0.

>1 (3.12)

Proof. As before, from (3.9), we can write

IR ()9, gh(o) + o))V, " 1)
! (3.13)
—~9(0)F(p) V3 h(t) = h(p)V; 29 (1)) = 0,
which implies that
Vo (F0)V57 (9h(8) + Y (F(1) Y (gh(2))
(3.14)

=V (h()V g (gf (1) + V= (h(t) Vi (g f (1))
Theorem 3.3 is thus proved.

Remark 3.4. It is clear that Theorem 3.2 would follow as a special case of Theo-
rem 8.3 for a = w.

We further have

Theorem 3.5. Suppose that f and h are two positive continuous functions such
that f < h on Ti,. If% is decreasing and f is increasing on Ty, then for any
p>1,a>0,t>0, the inequality

Vi (f1) | Vgt (P @)

— > = (3.15)
Vg (h(t) — Vg (hr(t))
holds.
Proof. Thanks to Theorem 3.2, we have
Y U0) | Vi) 610
Vg “(h(t)) = Vg (hfr=1(t))
The hypothesis f < h on T}, implies that
%hfp‘l(ﬂ < %hm)m € (0,2),¢ > 0. (3.17)
Lg(a) — Tyla)

Then by integration over (0,t), we get
- —1 —a
VA (RfPR() <V, (RP(1)), (3.18)
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and so,

VA UTI®) | VU )
Vg (hfr=(t)) — Vg (hr ()
Then thanks to (3.16) and (3.19), we obtain (3.15).

(3.19)

Another result is given by the following theorem:

Theorem 3.6. Suppose that f and h are two positive continuous functions such
that f < h on Ty,. If% s decreasing and f is increasing on Ty, then for any
p>1l,a>0,w>0,t>0, we have

Ve "))V = (hP (1) + V(1) V(WP ([1)

3.20
Vo )V (P 0) + Vi OV (7P10) 20
Proof. We take g := fP~! in Theorem 3.5. Then we obtain
Vo (F()Va* (b7 (1) + Vg (F(1) V3 (") (1) o)
Vi (WE)Vg = (fP(1) + Vg (h@))V (7)) —
The hypothesis f < h on T}, implies that
%hﬂ)—l(p) < %hp(p) pe(0,t),t>0. (3.22)
Iy(w) - Dyw) ’ n
Integrating both sides of (3.22) with respect to p over (0,t), we obtain
V() € V(). (3.23)
Hence by (3.18) and (3.23), we have
Ve FOVEE(RPTHE) + Ve F () V(P (E)
(3.24)

SVLOFOVGE(RP () + V@ f(£) V> (hP(1)).
By (3.21) and (3.24), we complete the proof of this theorem.

Remark 3.7. Applying Theorem 3.6, for a = w, we obtain Theorem 3.5.
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