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ON SUBORDINATION RESULTS FOR CERTAIN NEW CLASSES
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ABSTRACT. In this paper we derive several subordination results for certain
new classes of analytic functions defined by using Salagean operator.

1. INTRODUCTION
Let A denote the class of functions of the form:

f(2) = 2452, ap2", (1.1)
that are analytic and univalent in the open unit disc U = {z € C : |z| < 1}. Let
f(2) € A be given by (1.1) and g(z) € A be given by

9(2) = 2 432, bpz". (1.2)

Definition 1 (Hadamard Product or Convolution ). Given two functions f and g
in the class A, where f(z) is given by (1.1) and g(z) is given by (1.2) the Hadamard
product (or convolution) of f and g is defined (as usual) by

(f 9)(2) = 2 +72p arbiz" = (g% £)(2). (1.3)

We also denote by K the class of functions f(z) € A that are convex in U.
For f(z) € A, Salagean [11] introduced the following differential operator:

D°f(z) = f(2), D'f(2) = 2f'(2),..., D"f(2) = D(D" "' f(2))(n € N={1,2,...}).
We note that

D" f(2) = 2+, ka2 (n € Ng = NU {0}).
Definition 2 (Subordination Principle). For two functions f and g, analytic in U,

we say that the function f(z) is subordinate to g(z) in U, and write f(z) < g(2),
if there exists a Schwarz function w(z), which (by definition) is analytic in U with
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w(0) = 0 and |w(2)| < 1, such that f(z) = g(w(z)) (z € U). Indeed it is known
that

f(z) < g(z) = f(0) = g(0) and f(U) C g(U).

Furthermore, if the function g is univalent in U, then we have the following equiv-
alence [8, p. 4]:

f(2) < g(2) <= f(0) = ¢(0) and f(U) C g(U).

Definition 3 [7]. Let U,, ,,(8, A, B) denote the subclass of A consisting of functions
f(2) of the form (1.1) and satisfy the following subordination,

D™f(2)
D f(z)

(1.4)

ﬁ‘Dmf(z) 1’{ 14 Az

D f(z) 1+ Bz
(-1<B<A<1;6>0meN;neNy,m>n;z€U).

Specializing the parameters A, B, 8, m and n, we obtain the following subclasses
studied by various authors:

(1) Unn(B,1—2a,—-1) = Npn(o,pB)
= {reamne{ T o} ﬁ’D’"f -1

D f(z) Drf
(O§a<1;520;m6N;n6N0;m>n;z€U)}

(see Eker and Owa [4]);

(”) UnJrl,n(Bvl - 2&,—1) = 71 avﬁ
{ fea: Re{D”“f() }>B‘D”“fz 1‘

Dnf(z) Dnf(z)
0<a<16>0n€No,z€U)}

(see Rosy and Murugusudaramoorthy [10] and Aouf [1]);

(ti1)  U1p(B,1—-2a,—-1) = US(a,p)

_ e,
= {feA R{f(z) }>B

2f ()
1) 1‘

(0§a<1;620;z€U)

RO
{feA Re{ 70 }>B

O<oz<1ﬂ>OzeU)}

UQ,l(ﬂvl —20[,—1) =

2f(2)
f(2)

(see Shams et al. [13] and Shams and Kulkarni [12]);
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(iv) U1,0(0,A4,B) =

1+ Bz
Uz1(0,A,B) =

' (2) - 1+ Az
1 (z) 1+ Bz

feA:1+ 2

S*(A, B)
{feA:Zf;S) =< Lt Az (—1§B<A§1;zeU)},

(1§B<A§1;ZEU)}
(see Janowski [6] and Padmanabhan and Ganesan [9]).

Also we note that:

D™f(z) 14 Az
Dnf(z) 1 + Bz

(—1§B<A§1;m€N;n€N0;m>n;z€U)}.

Unn(0,A,B) = U(m,n;A,B)= {f(z) eA:

Definition 4 (Subordination Factor Sequence). A Sequence {ci}5, of complex
numbers is said to be a subordinating factor sequence if, whenever f(z) of the form
(1.1) is analytic, univalent and convex in U, we have the subordination given by

2 apcpz’ < f(2) (a1 = 1;2 € U) (1.5)

2. MAIN RESULT

Unless otherwise mentioned, we assume in the reminder of this paper that, —1 <
B<A<1,pB>0,meN,neNy, m>nandzeU.
To prove our main result we need the following lemmas.

Lemma 1. [16]. The sequence {ci}72 is a subordinating factor sequence if and
only if

Re{l1+22,¢,2"} >0 (2 €U). (2.1)

Now, we prove the following lemma which gives a sufficient condition for func-
tions belonging to the class Up, n (8, A, B).

Lemma 2. A function f(z) of the form (1.1) is in the class Un n (5, A, B) if

L [(1+Ba+1BY) (B - k) + ‘Bkm — k||l < A- B (2.2)
Proof. Tt suffices to show that
‘ piz) -1 |
A-DBp(z)|
where
w0 = g | |
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We have
’ p(z) —1 ‘ D™ f(z) = Be’ D™ f(2) — D" f(2)| = D" f(2) ’
A — Bp(z) AD"f(2) — B[D™f(z) — Be® [D™ f(z) — D" f(z)|

2y (™ — k™) apzF — Bet? |72, (K™ — k™) ap2|
(A—B)z— [, (Bk™ — Ak™) apzk — BBe® |32, (k™ — k™) ay2F|]

)
Ry (K™ — k") lan] |21 + 872 (k™ — k") |ax] |2

IN

(A= B)l| = [f2a |BE™ — Ak |ag] 21" + | B| 872 (b — k") |a] |2I*]

< reg (K™ — k") lak| + BiZy (K™ — k™) |ak|
~ (A= B) 3L, [BE™ — Ak™||ag| — [B| By (K™ — k) |ak]

This last expression is bounded above by 1 if

<, [(1 YA+ |B|)) (km - k") n ‘Bkm — A"

[lax| < 4~ B,
and hence the proof is completed. I

Remark 1.

(i) The result obtained by Lemma 2 correct the result obtained by Li and Tang [7,
Theorem 1];
(ii) Putting A =1 —-2a (0<a < 1), and B = —1 in Lemma 2, we correct the
result obtained by Eker and Owa [4, Theorem 2.1];
(iii) Putting A=1-20 (0<a<1), B=—-1and m =n+ 1(n € Ny), we obtain
the result obtained by Rosy and Murugusudaramoorthy [10, Theorem 2].

Let Uy, (8, A, B) denote the class of f(z) € A whose coefficients satisfy the
condition (2.2). We note that Uy, (8, A, B) C Uy n(B, A, B).

Employing the technique used earlier by Attiya [3] and Srivastava and Attiya
[14], we prove:

Theorem 3. Let f(z) € Uy, (B8, A, B). Then

(1+8(1+|BJ)) (2™ —2™) + |B2™ — A2"|
2[(1+ B(L+|B)) (2" —27) + | B2 — 42" + (A - B)

(fxh)(2) <h(z) (z€U),

(2.3)
for every function h in K, and
(I+5(1+1|B))) (2™ —2") +|B2™ — A2"|+ (A - B)
Rel/CN > ——a33a+ By @ 2+ [B2n — Az € U()' |
2.4

The constant factor ST +,£51(—1~_f\(11;|r)‘)£(;2|22(Eztgirj)a;lan:z_nﬁ?/‘p ] in the subordination

result (2.3) cannot be replaced by a larger one.
Proof. Let f(z) € Uy, (8, A, B) and let h(z) = z 432, ¢xz" € K. Then we have

(14 B+ |B) (2™ — 27) +|B2™ — A2"] (Fah) (2
211+ B(L+ |BI)) (2 — 27) + [B2m — A2"] + (A — B)]

B (14 8(1+|B|)) (2™ —2™) + |B2™ — A2"|
T 21+ AL+ |B]) @ — 2) + [B2" — A2 [+ (A B)]

(z +is akckzk) .

(2.5)
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Thus, by Definition 4, the subordination result (2.3) will hold true if the sequence

{ (1+8(1+|BJ)) (2™ —2™) + |B2™ — A2"| u }OO
2[(1+ B+ [B) 27 —27) +[B2m — A2 [+ (A= B)] " ,_,
is a subordinating factor sequence, with a7 = 1. In view of Lemma 1, this is

equivalent to the following inequality:
(1+B(1+|BJ)) (2™ —2™) 4 |B2™ — A2"|
(1+58(1+1|B))) (2™ —2") + |B2m — A2"|+ (A - B

Re{1+,;“;1 )akzk}>0(z€U).
(2.6)
Now, since
(k)= (1+B8(1+|B]) (K™ — k™) + |BE™ — AK"|
is an increasing function of k (k > 2), we have
(1480 +[B) (2" —2%) +|B2" — A2 Zk}
(1 B+ B) (@ —27) 1 B2 — Az + (4~ B)™
(1+B(1+|BJ) (2™ —2") +|B2™ — A2"|
(1481 +B[) (2™ —27) + |B2™ — A2"| + (A — B)

o0 m n m n k
AT @ o F B = AT T A=5) ,, [(1 + B+ |B]) (2™ = 2") + [B2™ — A2"[ a2 }

Re {1 +io

= Re{1+ 2+

(1480 +|B) (@ —2") + B2n —A>|
(1+pB(1+|BJ)) (2m —2n) + |B2™ — A2"| + (A — B)
(1+/3(1+\B\))(2m—2n)1+|32m—A2n|+(A_B) Z; [(1+B(1+|B]) (K™ — k™) + |Bk™ — Ak™|] |ag| r*

S 11— (+A(A+|B) (2™ —2")+|B2™ —A2"] A-B -
(1+B(1+|BJ))(2m—2n)+|B2m—A2" |+(A—-B) (1+8(1+|BJ))(2m —2")+|B2m—A2" [+ (A—-B)

= 1-r>0(z=r<1),

Y

1—

where we have also made use of assertion (2.2) of Lemma 2. Thus (2.6) holds true
in U, this proves the inequality (2.3). The inequality (2.4) follows from (2.3) by

k

z
taking the convex function h(z) = —— = z +32, 2. To prove the sharpness
—z

(1+/6(1+‘Bl))(21n_27L)+|B2’"L_A27L‘
of the constant AOFBALIB)) 2" —27)+[B2" —AZ" [+(A—B)]’

fo(2) € Uy, (B, A, B) given by

we consider the function

A-B )
fO(Z) =z — (1 +5(1 T |B|)) (2m — 2n) n |B2m — AQ"‘Z . (2.7)
Thus from (2.3), we have
(1+ B+ |B) (@ — 2%) + |B2" — A2 .
S+ B0+ |B)) @ —29) + B2 — Az + (A—B) 0P T 1= € r(f>. |
2.8

Moreover, it can easily be verified for the function fy(z) given by (2.7) that
1 14+ |BJ)) (2™ —-2" B2™ — A2 1
min (o UL IBD " o2 | R S
|z|<r 2[1+B(1+|B])) (2™ —27) + |B2m — A2"| + (A — B)] 2
(2.9)
. 1+8(1+|B]) (2™ —2™)+|B2™ — A2™ .
This shows that the constant 2[(1+/(3(1+\(B|)‘)(2|22(—2n)+|/%’27|ﬂ—,42"\+(l1—B)] is the best
possible. This completes the proof of Theorem 1. I

Remark 2.
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(i) Taking A =1 —-2a (0<a<1), and B = —1 in Theorem 1, we correct the
result obtained by Srivastava and Eker [15, Theorem 1];

(ii) Taking A=1—-2a (0<a <1), B=—-1and m =n+ 1(n € Ny), in Theorem
1, we obtain the result obtained by Aouf et al. [2, Corollary 4];

(i) Taking A=1—-2a (0<a<1), B=-1,m=1and n =0 in Theorem 1, we
obtain the result obtained by Frasin [5, Corollary 2.2];

(iv) Taking A=1—-2a (0<a<1), B=-1,m=2and n =1 in Theorem 1, we
obtain the result obtained by Frasin [5, Corollary 2.5];

(v) Taking A=1-2a (0<a<1),B=-1,8=0,m=1and n=0 in Theorem
1, we obtain the result obtained by Frasin [5, Corollary 2.3];

(vi) Taking A=1-2a (0<a<1),B=-1,=0,m=2and n =1 in Theorem
1, we obtain the result obtained by Frasin [5, Corollary 2.6];

(vii) Taking A=1,B= -1, =0, m =1 and n = 0 in Theorem 1, we obtain the
result obtained by Frasin [5, Corollary 2.4];

(viii) Taking A =1, B= -1, =0, m =2 and n = 1 in Theorem 1, we obtain the
result obtained by Frasin [5, Corollary 2.7];

(ix) Taking A=1-2a (0<a<1),B=-1,=1, m=1and n =0 in Theorem
1, we obtain the result obtained by Aouf et al. [2, Corollary 1];

(x) Taking A=1-2a (0<a<1),B=-1,8=1, m=2and n=1in Theorem
1, we obtain the result obtained by Aouf et al. [2, Corollary 2];

(xi) Taking A =1, B=—1, m =2 and n = 1 in Theorem 1, we obtain the result
obtained by Aouf et al. [2, Corollary 3];

Also, we establish subordination results for the associated subclasses S**(A, B),
K*(A,B) and U*(m,n; A, B), whose coefficients satisfy the inequality (2.2) in the
special cases as mentioned.

Putting 8 =0, m =1 and n = 0 in Theorem 1, we have

Corollary 4. Let the function f(z) defined by (1.1) be in the class S**(A, B) and
suppose that h(z) € K. Then
1+12B — A
21+ 2B — Al + (A— B)]

(f*h)(z) <h(z) (z€U), (2.10)

and

_1+|QB—A|+(A—B)
1+ 2B — A

The constant factor 2[1H21§|72f‘:&73)] in the subordination result (2.10) cannot be

replaced by a larger one.

Re{f(z)} > (z€U). (2.11)

Putting 8 =0, m = 2 and n = 1 in Theorem 1, we have
Corollary 5. Let the function f(z) defined by (1.1) be in the class K*(A, B) and
suppose that h(z) € K. Then
1+12B — A
2+22B—-A|+(A-B)

(fxh)(z) <h(z) (z€U), (2.12)

and
_2+2|2B—A|+(A—B)

24228 — A|

Re{f(z)} > (z€U). (2.13)

The constant factor 2+2‘21§‘_2§|:&_B) in the subordination result (2.12) cannot be
replaced by a larger one.
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Putting 8 = 0 in Theorem 1, we have
Corollary 6. Let the function f(z) defined by (1.1) be in the class U*(m,n; A, B)
and suppose that h(z) € K. Then

(2™ — 2™) + | B2™ — A2"|
2[(2m —27) 4+ |B2™ — A27| 4+ (A — B)]

(f*h)(z) <h(z) (z€U), (2.14)

and
(2m —2™) 4+ |B2™ — A2"| + (A — B)
(2m — 27) 4 |B2m — A27|

The constant factor 2[(2m(_Q;;iT;;LB_QZ;LTfa_B)] in the subordination result (2.14)

cannot be replaced by a larger one.

Re{f(2)} > — (zeU) . (2.15)
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